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Series introduction

Cambridge Internsiioaal AS & A Level Mathematiczs can be a life-changing course. (On the one hand, itis a
facilitating subject: there are many university courses that cither require an A Level or eguivalent gualification in
mathematics or prefer applicants who have it On the othes hiand, it will help you to learn to think more precisely
and logically, while also encouraging creativity. Doing mathematics can be like doing art: just as an artist needs to
master ey tools (use of the paintbrush, for example) and understand theoretical ideas (perspective, colour wheels
and 2o on), 8o does a mathematician (using tools such as algebra and calculus, which you will learn aboat in this
conrach Baut this is only the technical side: the jov inoart comes through creativity, when the artist uses her tools

(o express ideas in novel ways. Mathematics 1= very similar: the tools are needed, but the desp joy in the subject
comes through solving problems.

You might wonder what a mathematecal “problem’ is. This is a very good question, and many people have offered
different answers. You might like to write down your own thoughts on this gquesiion, and reflect on how they
change as you progress throoagh this course. One possible idea is that a mathiematical problem is a mathematical
question that you do not immediately know how to answer. (If you do b oow how to answer it immediately, then
wie might call it an ‘excrcise’ instead.) Such a problem will take time to answer: you may have to try different
approaches, using difierent tools or ideas, on your own or with ~thers, until you finally discover a way into it. This
may take minutes, lwours, days or weeks to achieve, and your sense of achievement may well grow with the effort it
has taken.

Im addiiion to the mathematical tools that you will lcarn in this course, the problem-solving skills that you

will develop will also help you throughout lifie, whatever you end up doing. It is very common to be faced with
pechlems, be it in science, engincering, mathematics, accountancy, law or beyond, and having the confidence to
aystematically work your way through thery will be very useful.

This series of Cambridge International AS & A Level Mathematics coursehooks, wiitien for the Cambridge
Assessment International Education syllabus for examination from 2020, wil! suppodt you both to learn the
mathematics required for thesc sxaminations and te develop your mathematical problem-zolving skills. The new
examinations may well inclvde more unfamiliar gquestions than in the past. and having these skills will allow you
to approach such questions with curiosity and confidence.

In addition to probicm solving, there are two other key concepis that Cambridge Asseszment International
Education have introduced in this syllabus: namely communication and mathematical modelling. These appear
in various foros throughout the coursebooks.

Comrmrunication in speech, writing and drawing lics ai the heart of what it is to be human, and this is no less

truz in mathematics. While there is a temptation to think of mathematics as only existing in a dry, written form
in tzxitbooks, nothing could be further from the truth: mathematical communication comes in many forms, and
Jiscussing mathematical ideas with colleagees is a major part of every mathematician™s working life. As you study
thiz course, you will work on many probicms. Exploring them or struggling with them together with a classmate
will help wou both to develop your understanding and thinking, as well as improving your (mathematical)
communication skills. And being able to convinee someons that your reasoning is correct, initially verbally and
then in writing, forms the heari of the mathematical =kill of “proof”™.



Mathematical modelling is where mathematics meets the ‘real world”. There are many situations where people need
to make predictions or 10 understand what is happening in the world. 2ed mathematics frequently provides tools
to assist with this. Mathcmaticians will look at the real world situation and attempt to capture the key aspects

of it in the form of couations, thereby building a model of real®ty. They will use this mode] to make predictions,
and where possible test these against reality. If neceszary, they will then attempt to improve the moedel in order

to make belter predictions. Examples include weather prediction and climate change moedelling, forensic science
{to understand what happened at an accident or crime zeene), modelling population change in the human, animal
and plant kingdoms, moedelling aircrafi and ship behaviour, moedelling financial markets and many others. In this
course, we will be developing tools which are vita! tor modelling many of these situations.

To support you in your karning, these covrsebooks have a variety of new features, for example:

B Explore activities: These activities are designed to offer problems for classroom use. They require thought and
deliberation: some introdwsce 2 new idea, others will extend your thinking, whike oihers can support consolidation.
The activitics arc often best approached by working in small growps and then sharing your ideas with cach other
and the class, as they are et generally routineg in nature. This is one of the ways in which you can develop problem-
solving gkills and confidence in handling unfamiliar questions.

B Cucstions labelled as ﬂ II:I or @ These are questions with a paricular emphasis on “Proot”, “Modelling” or
Problem solvina” They are designed to support you in prepasing for the new style of cxamination. They may or
miay not be harder than other questions in the exercise.

B The lanreane of the explanatory sections makes much more wse of the words “we’, "ug” and “our’ than in previous
courschooks, This language invites and encourages yout Lo be an active participant rather than an observer, simply
tollowing instructions {"you do this, then you do that") It is also the way that professional mathematicians uswally
wrile about mathematics. The new examinations may well present you with unfamiliar questions, and i you ane
used to being active in your mathematics. vou will stand a better chance of being able to successfully handle such
challenges.

At various points in the books, there ore also web links to relevant Underground Mathematics resources,

which can be found on the free mederground mathematics.org website. Underground Mathematics has the aim

of producing engaging, rich materialzs for all students of Cambridge International A% & A Level Mathematics
and similar qualifications. These high-quality resources have the potential to simultancously develop your
mathematical thinking zkills and your fluency in technigues, 20 we do cucourage you to make good wse of them.

We wish you every snccess as you embark on this course.

Julian Gilbey
London, 2018

Pagt exam paper questions throughout are reproduced by permsgion of Cambrd2e Adgesgment Inter matwonal Education.
Cambrwdge Adgegsment Internabonal Bduecation bears no regpongibility for the cxample angwers to guestions taken from is
paast quegtion papers which arc contained in the pubhcation.

The guesiions, ccampi- aRsWers, marks aWarded ahdler commrenis thal sppear in thiz ook Were Writter by the authoris). In
ecahrihadizh, the oy marks Would be awarded to anewers ke thete moy be differen,
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Cross-topic review exercises appear after several
chapters, and cover topics from across the preceding
chapters.
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In this chapter you will {2z:n how to:

m work with scalar suid vector quantitics for destance and speed
B use equations of conatant acceleration

B sketch and road displacement -time graphs and velocity-time graphs

m a0l proviems with multiple stages of maotion.
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PREREQUISITE KNOWILEL

| Where It comes rom | Whal you should be able to do | Check your skills |
IGCSE™ J O Lewe! Solve guadratics by factonzing or using | 1 Solve the following equations.
blathematica thee quadratic formula. a Z—2—15=0

b 2x*+x—-3=0

€ W -_5x-T=0

FEOSE MO Level Solve linear simuRancous equations, 2 Solve the following pairs of
plathematica aimullaneous aquations.

a M+ly=8and 5x-2y=1

b _1.1'+?_r_—. Tand p=4x—1

What is Mechanics about?

Howw far should the driver of a car stay behind another car to be able to stop safely inman
emergency? How long should the fuse on a firework be so the firework aoes of 7 at the
higheat point? Hos ouickly should you roll a ball e it stops as nean a3 posaible 1o a target?
How strong does a building have to be to survive a hurricane? Mechanics ia the study of

questions such as these. By modelling situations mathematicaliy and making suitable
- asaumptiong you can find answers to these questions

[ri thiz chapter, vou will study the motion of objects and kearn how to work out where an

shjpect is and how it i3 moving at different times. This area of Mechanics is known as

“dynamics”. Solving problems with obgects that do not move is called “statics’, you will stwdy
this later in the course.

1.1 Displacement and v=locity
Anold English mursery rissme goes like this:
The Grand Old Duke of York,
He had ten thousand men,
Hie marched them up to the top of the hill,
A he marched them dovn again.

Hig imen had cleardy marched soeme distance, but they ended up exactly where they atarted,
Ao you cannot work out low far they travelled sinply by measuring how far their finishing
point is from their starting point.

You can use two different measures wiwu thinking about how far something has travelled.

These are distance and displacement.

Distance is & scalar quantity aied is used to measure the total length of path travelled. In
the rhyme, if the distance covered up the hill were 100 m, the total distance in marching up
thie hill and then down again would be 100m + 1080 m = 2000m.



Chapter 1: Velocity and acceleration

Diizplacement is a veclor quantity and gives the lecation of an object relative to a fixed
reference point or orlgin. De this course, vou will be congidering dynamics problems in only
one dimension. To define the displacement you need 1o define one direciion as positive. In
thie rhyme, if you take the origin to be the bottom of the hill and Ow positive direction to
b up the hill, thes the displacement at the end i3 0m, since the men are in the same
location as they started. You can also reach this answer throagh a caleulation. I youw
azsume that they are marching in a straight line, then marching up the hill is an increase in
displacement and marching down the hill is a decreese in displacement, so the total
displacement i (+100m) + (-0 m) = Gm.

Since you will b working in only one dimenston, you will often refer te the displacement
a3 just a number, with positive meaning a displacement in one direction from the erigin
and negative meaning a displacement i the other direction. Sometimes the direction aod
arigin will be stated in the problen. In other cases, you will need to choose theze vourself.
In many cases the origin will simply be the starting position of an object and i positive
direction will be the direction the object i moving initially.

Displacement is o measure of location from a fixed origin or starting noint. 1t is a veclor and so has
bath magni*ud 2 and direction. IF you take displacement in a givea direction to be positive, then
displacement in the opposite direction is negative.

W aleo have two ways to measure how quickly an ohject ia moving: speed amd velocliy.
Speed is a scalar quantity, $o has only a magniade. Yelocity is a vector quantity, so has
both magnitude and direction.

For an object moving at constamt apeed, if you know the distamce travelled in a given time
you can work cut the speed of the sbject.

KN

- timee Lrken

e

A scalar quantity, such

as distance, has only a
magnilude. A veclor
quantity, such as
displacement, has
magnilude and
direction. When you
ire asked for o veclor
quantity such as
displacement or
velocity, make sure you
stale the direction as
well as the magnitude

Try the INscursing
divimnce resource it the
Imtrochecing cafonks
station an the
Underground
Mathematics website
{warw underground
mathematics.org).

This iz valid only for objects moving at constant speed. Yo objects moving at non-
conflant spesd you can congider the average speed.

okl distance covered

F =
e e

Velocity measures how guickly the displacement of an object changes. You cao write an
equation similar to the one (o apeed.
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‘| KEY POINT 1.4

For an abject moving ab oo nstanl velocity:

welcity = change in displacement

time taken

Let's see what this means in practice.

Suppose 2 oan is doing a fitness test. I each stage of the tes he runs backwards and forwands
alomg the kength of a small feothall pitch. He staris at the centre spot, mens to one end of the
piici, changes direction and rung to the other end, changes direction and runs back to the
centre spot, as shown in the diagrams. He rura ot 4ms " and the petch iz 4400m long.

To define displacement and velocity you will meed 1o define the origin and the direction voa
will call positive. Let's call the centre 2pod the origin and to the right as positive.

In the first diagram, he has travelizd a distance of piive
- - - - - - _—
10 . Because he is 1m in e positive direction, his
displacement is 10 m. His speed is 4ms . Because he '
i3 moving in the positive direction, his velocity is I |
L]
also $ms " —
10 m
In the aecond diagram, he has travelled a total 40 m

distamce of 30 m, but he is only 10 m from the centre

- apot. 5o his displacement is [0m. His spoed is still —_——
4 ms " but he is moving in the negative direction =
hig welocity 18 —Fdma .

I the third diagram, he has ravelled a tolal distance ~m
of 500m, but b ig mow [m from the contre spot in the

negative direction, 5o his displacement 2 -10m. His S e
apeed is still 4m s and he is si? moving in the

negative direction so his velocity 24 still —<bma .

[ the fourth diagram, De has travelled a total distance “am
of 70 m, bait his dizplacement i3 still —10m. His gpesd
iz atill 4 ms " and he is moving in the positive direction

again so his velocity is also 4ms ' I —

The magnitude of the velocity of an obgect is ita

apced. Speed can never be negative. For example, *

| o

an ciject moving with a velocity of +10mas™ and an 10m

vhject moving with a velocity of —10ms " both have a speed of [0 ms.
We use vertical lines 1o

As with speed, for objects moving &t non-constant velocily you can congider the average velmdiin indicate magnitude of

ik veclor.

"‘ -

3o, speed = | velocity

net change in displacement
todil time taken

avem ge velocity =




Chapter 1: Velocity and acceleration

Im the previous example, the nran's average speed i 4 m s~ but his average velowity is 0ms.

We can rearrange the eqeation for velocity to deduce that for an object suoving at congtant Ty the Speed rr
vielocity v for time 1, the change in displacement 5 (in the zame direction as the velocity) ia velpcity resource al the
given by: Introducing cafos
station an the
i=w Underground
The standard units used for distance and digplacement are metres (m) and for time are Mathematics website.

gecondd (a). Therefore, the units for speed and veleoty are metrea per aecond (usually
wrilten in mathematics and science as ma-!, atthough you may also come acros the
notation mis) These units ane thoae specifice by the Spsrdme Ditermationale (S1), which
defines the system of units vaed by scientiats all over the world. Other commonly used units
for speed include kilometres per how Chmih) and miles per howr {mph).

i . O

You usually anly
include unils in the
fimal answer toa
problem and mot i all
Okm = #m and Comvert to units reguired for the answer, which the earlier steps. This is
hecause it is easy bo
confuse umits and

i= W Substitute nto the equation for displacement wariables. For example,

50 9000 = H0v and sciv + for displacement can
0 e eazly mived up with

¥ = l0ms = for seconds. It i=
rmipariant Lo wark in
31 umits throughout, so
WORKED EXAMPLE 1.2 thal the units are

consizlent.

A car travels $km in 15 minutes at constant speed. Find its speed in misL

Answer

15 minuies = Wida are 51 units.

A evelist travels at Sma ' for 303 then turns back, travelling at 3ms ' o0 10s. Find
hier displacement in (he original direction of moticn from her starting gosition.

Answet
E=FW
S0 4 =5x30 Separate the twe stages of the journey.
= |50
I '“4 It Remembor travelling back means a negative
Al 3y = —3 X I

velocity and a negative displacement.

= — 4l
Ao the total displacement iz
£ = 150 +(-30)

= | 20 m
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WORKED EXAMPLE 1.3

A cyclist spends some of his journey going downhill at 15m s~ and (he rest of the time going uphill at Sms'. In
I minute he travel: S4m. Find how long he spent going downhill.

Answer
Let ¢ be the amount of time spent going downhill. Define the variable.
Thien 60 — { is the amount of time spent going wphill, Write an ex presgion for the time spent
travelling uphill.
lotal distance = 15 + 5{60 — 1) = 540 Set up an equaties Do the total distance.
151 + 3000 — 5¢ R
'} 240
il .
1 o
EXPLORE]L.1
!
Twr students are trying to golve this puzzle
A cveliat eycles from home uphill to the shop at Sms ' He then cycles home and wants
- e average I0ms! for the total journey. How fast must be cycle on the way home?

i he students” solutions are shown here, Decids whose logie i8 correct and try 1o m
caplain what i3 wrong with the other's anmeer.
= Wou may want to have

‘I i go il the Average
speed resource al the

Call the speed on the return journey v, | Cycling at 5ms™! will take twice as bong as it would
1 | if he were going at Hims~'. That means he has used

The average of Sms™ and ris10ms™,
so v must be 15ms.

Imiroducivg cafoniuy

up the time required Lo go there and back i the first station on the

part of the journey, so it is impossibis 1o averuge

10m =" for the total journey. Undergraund
- - Mathematics websibe.

MODELLINGASSUMPTIONS

i

Througiout this course, there will be questions aboat how realistic your anawers are.
To eimiplify problems yvou will make reasonable casumptions abouwt the scenario to
allow you to golve them to a satisfactory degroe ol accuracy. To improve the

1 agreement of your model with what happerss in the real world, you would need to
refine your model, taking inte account factors that vou had initially ignored.

In some of the questions go far, yoo might ask if it is reasonable to assaume comsian
gpeed. In real life, speed would always change slightly, but it could be chose envugh to
constant that it is a reasonablz asqumption.
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With real objects, such os bicyelkes or cars, there is the guestion of which part of the
olrject you are referring 1o You can be consistent and say it is the front of a vehicle,
but when it i3 a pereon the front changes from the lefi keg 1o the vight leg. You may
choose to eonsider the position of the torso as the position of the person. In all the
exampled in s coursebook, you will consider the object to be a particle, which is
very amall, so yvou do not meed 1o worry about these detais, You will assume any
redulling ervors in the cabeulations will be sufficicutly small to ignore. This could
cause a problem when you congider the gap between objects, because you may nod
I have allowed for the length of the object i, but in owr gimple models you will
ignore this isgue too.

1 ) DD You KNOW? O

Once they have reached top specd. saimmers
tend Lo mave at a fuirly constint speed at all
points during the stroke. However, the race ends
whien the swimmer Louches the end of the pool,
=0 it iz imporiant to fime the last two or thres
sirakes to finich with arms extended. I the
sirake fimishes =arly the ssimmer might naot do
anather stroke and instead keep their arms
exlended, but this means the swimmer slows

diwan. In o close race, another saimmer may
overtake il that seimmer times their strokes
better. Thiz happened 1o Michael Phelps when
be lost to Chad Le Clos in the final of the Moo
200 m Butterfly in the 2002 London (lyapics.

El' 1 A cyclistcovers 120m in 158 at conatant apeed. Find her apeed.
(E_I' 2 A gprinter runs at constant speed of 9ms! for 75, Find the distance covered.

3 a Acheetahspots a grazing gazelle 150 m away 2ad runs at a constant 23m s’ to catch it. Find how long the
cheetah takes to catch the gazelle.

b What assumptions hkave been made to answer the question?

4 The speed of light is 300 x 0¥ ms " 1o 3 significant figures. The average distance between the Earth and the
Sun is 130 millien km to 2 signifcant figures. Find how long it takes for light from the Sun to reach the Earth
on average. Give the answer in minutes and seconds,

E  The land speed recond was set in 1997 at 1225657 km b Find how fong in seconds it took to cover | km when
the record was set.
ﬂ 6 A runner rund »t 3ms " for 72 before increasing the pace to 7 mvs™' for the next 133
a Find her average speed.

b Vlat asgumptions have been made to angwer the question?
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A remote control car iravels forwards at Gms ! in Drive and backwards at 3ma! in Reverse. The car travels
fior 103 in Dirive botsre travelling For 32 in Reverse,

a Find its dfsptacenvent from its starting point.
b Find its average velocity in the direction in which it slaned driving forwards.

c  Find its average speaed.

A speed skater averages | lms over the first 52 of a race. Find the average speed required over the next 10
to average 12 ma" overall.

The speed of sound in wood i3 3300m s " and the speed of sound in air iz 330ms~". A hammer hits one end of
a33im leng plank of woed. Find the difference in timve between the sownd waves being detected at the other
end of the plank and the seund Being heard through the air.

An exercize routine invelves & mixture of jogging at 4m 3 Land aprinting a1 7V i | An athlete covers | km in
r

Iminutes and 10 seconds. Find how long she spent sprinting.
T cars are racing ower the same distamce. They start at the same tune, but one finishes 83 before the other.
The faster one averaged 43 ms ' and the slower one averaged 44 ia8~". Find the kength of the race.

Two air hockey pucks are 2m apart. One is struck and moves directly towards the other at L3ms ™. The other
is struck 0.2 later and moves directly towards the first at L7 ms . Find how far the first puck has moved
when the collizsion occurs and how long it has been oving for.

A motion from point A to peint O i split isioe two parta. The motion from A to 8 has displacement 2 and
takes time £, The motion frem & to O has displacement £ and takes time 5.

a Provethatif g = &, the average speed from A to O is the same as the average of the speeds from A to B
and from B e .

b Prove that if £ = 5, the average apeed from A 1o O is the same as the averzoe of the speeds from A 1o B
and from B to O if, and onlyif, § = 5.

The distance from poie A to point 8 is 2. In the motion from A to B and back, the speed for the first part of the
modion is v and the apoed for the return part of the motion is vy The cverage apeed for the entire motion s v
2y
a Provethai v= =11
¥+ ¥y
b Dedec that it i impossible to average twice the speed of the first part of the motion; that i, it is
impagaiblke to have v = 2w,
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1.2 Acceleration

Velocity 8 not the only mieaswre of the motion of an object. It is useful to know if, and how,

the velocity i charging. We wse scocleratlon to measure how quickly volocity is changing.

For an object maving at constant accelertion, The units of
acceleration are ms ™.

scceleration — STEnge i reiodty

time taken
| TF ani ohject has constant accelertion a, initial volooiy & and it reaches fimal velocity » in time 1,
then
v-u

where &, v amnd @ are all measured in e same direction.

Anincrease in velocity iz a positive acceleration, as shown in the diagram on the lefi

A decrease in velocity 15 2 negative aceeleration, as shown in the diagran on the right. This
is often termed a deccleration.

prossitive proesitive
diifection direction
—_— —_—
imitia | final inifia = = tunal
WAL wedoily velodity m ﬁ velodity
Hims! Hms! Hims 1Ums !

EXPLORE 1.2

If the initial velocity is negative, what effect would a positive acceleration have oo the
car? Would it be moving more quickly or less guickly?

What effect would a negative acceleration have on the car in this situation? Would it
b moving more quickly or lesa quickly?

When the aceeleration is constant, the average velocity is simply ithe average of the initial

and final velocities, which is given by the formula — (& + o This can be used o find

I
2
digplacements using the equation for average velocily from ey Point 1.5,

If an object has constant acceleration a, initia! velocity a and it reaches final velodity v in time &,
then the displacement 5 s given by

5= ; {ar+ v




Cambridge International AS & A L '

WORKED EXAMPLE 1.4

A parachutist falls Domn rest to 49ms I over 52, Find her acceleration.
“Fiest’ means not

Answer maving, so velocily is
¥ _ FETOL
(2] . =
i 0]
}Ema Make si. 2 y o wae the correct units, which
arems -
WORKED EXAMPLE 1.5

A tractor accelerates from Sms o 9ms! at 0.5ms 2. Find the distance covered by the tractor over this time.

Answer
F— b . . ¥— i
u : Substituie into o = furst tos fired £
S 0.5 .
5 -I.
1l 2
. . I
!. H+ F) Substitule inte 5 = 5 {u+ v tofind 5.
I = ] w
k] b I

1 A caraccclerates from 4ms ™ o I0ma " in 33 a1 constant acceleration. Find its acceleration.
A car accelerates from rest to ma" in 48 at consiant acceleration. Find its acceberation.

3 A car accelerates from 3mas " atl an acceleraiion of 6ms . Find the time taken 1o reach 12 ms

9 & 8
=]

An aeroplane accelerates at a congtant rate of 3ms for 58 from an initial velocity of $ms ", Find its final

%
=

welocity.

§ A speedboat accelerates at 2 constant rate of | Sms for 45, reaching a finz] velocity of @ms . Find its initial

welocity.

g Tl

6 A car decelerates at @ constant rate of 2 ms—2 for 3s, finishing at a volocity of Bms I Find its initial velocity.

T A car acceleraies frem an initial velocity of 4ms Mo a final sloscity of 8ms l'at a constant rate of 0.5ms.
Finad the cai's displacement in that time.
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D B A sprinter covers 600 in 108 accelerating from a jog. Her final velocity is 9 ma-'.
a Calculate her acceleration.

b What cgsumptions have been made to answer the guestion?

O A wigonis accelerating down a hill at constant aceeleration. It took 18 more to accelerate Mmom a velocity
of lme ™ to a velocity of Sm s than it took to aceclerate from rest to a velocity of lma . Find the
aceeleration.

10 A driver sees a turning 100 m ahead. She lets her car slow at constant deceleration of 0.4m s and arrives at
the turning 10 later. Find the vebocity she i3 travelling at when she reaches the turning.

{E 11 A cyclist is travelling at a velocity of 10m s when he reaches the top of a slope, which iz 80 m long. Thereis a

bend at the bettom of the dope, which it would be dangerous to go round any faster than | 1ms . Because of
gravity, if he did not pedai o¢ brake he would aceelerate down the slope a1 0.1 ms . To go as fast as possible
but still reach the botiom at a safe speed should the cyelist brake, do nething or pedal?

1.3 Equations of constant acceleration

In Worked example 1.5, you needed two equations to find the required angwer. Wherever
possible it & bettor to go directly from the information given to the requined answer using
Just one equation because it is more efficient and reduces the number of equations to solve,
and therefore reduces the likelihood of making mistakes

Therz are five equations relating the five vareables 5, w, v, @ and 1. Each equation relates

four of the five variables.

Uwo of these equations were introduced in Soction 1.2, altheugh the first one is normally
given in the rearranged form shown in Koy Point 1.5

OLL N

»
In peneral, these
Far an ohject travelling with consfant acceleration o, for time £, with initial velocity o, il selocity Eq"_'m'im are only )
B ] e ol el s witlid il the acceleration
is conslant.
¥ =+ ai
r= ' {r+ )t
X M= | FAST FORWARD
: :
¥ =+ it In Chaapser & you will
1 consder how aocelerabon,
I=p- ]E‘.'-' speed, distance and
PR timez are reliated when
. e the acceleration is not
These equations are ofien referred to as the serae cquations. constant.

You will derive these equations in Fxeccise 1T
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WORKED EXAMPLE 1.6

a A go-kart traves down a slope of kength T0m. [ iz given a push and starts moving at an initial
velocity of Jmia™" and accelerates at a constant rate of 2 s *. Find its velocity ai the bottom of

the slupe

b Find the time taken for the go-kart 1o reach the botiom of the shope.

Amayrer
a Thetime, i, is unknown. It is often wselul to list what information is

[he final velocity, ¥, is unknown. given and what is unknown.

* + D Chose 32 e equation with the known variables
Fa T and the one required.
= b this case, we know u, @ and 5. and we want
to find v.
ve know thaty = 3 From the context, the velocity is increasing
n v=1Tms from 3ms ', s0 enly the positive solution is
redui red.-

A negative velocity would indicate movement
in the opposite dircetion.

b $ = il +— af Use a fermuia that invoelves given values rather

: _ than rooy ing on your calculated values, as this
cel will increase your chances of getting the

| v rect answer even if your earlier anawer was

TEL] Thi =10 Wrong.

10 o o Megative time would refer to time before the
080§ —Tg go-kart stared its descent. Only the positive
solution i3 requined.



Chapter 1: Velocity and acceleration

WORKED EXAMPLE 1.T

A trolley has a conatant acceleration. After 23 it has travelled 8 m and afler another 22 it has travelled a further
20m. Find its acceberation.

Ansvet
Let the initial speed be \ There are unknown velocities at three different
Lot the speed after 25 be v,. times so simply using & and v may be
Let the speed after 42 be vy, ] el
Acceleration, 4, 8 unknown. List the information for the first 2 4.
¢ =8 — 2

) e There are tow woaey unknowns to be able to
=¥ V=P cabeulate cnv ol thern at this stage.
Acceleration, &, ig unkiown but the same asz for the first 25 List the information for the next 25,
s=20 ! =2

“ote that the speed after 2z is the final speed
o= Rl for the first 28 but the initial speed for the next
23 g0 we can use the same letter to represent it

£ = W —— al” Simee vy and a are the common unknowns in
- I ) both stages of the motion, we will write
8=1n -  HaE T equations relating them. First write the
Iry—Ja=8 equation for the first stage of the motion.
= il — I at’ Wie will a2an write the equation relating v,
- _I P, and a, but now for the second stage of the
M=Ln+yXaxs ki
vy +2a =M
4w, = 28 Solve simultaneously by adding the equations
¥ = Tms amd substituting the value for vy back in to ome
of the original equations.

o There is an alternative aclution by considering
the while 4 8 aa one motion and creating
equations involyieg v

S=I2n+_Haxl
I al
1 = 4y T o
e
ZIVINE lma .
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For cach part, assuming constant acceleration, write down the cquation relating the four variables in the
question and wie it to find the missing vanakble

a Find s when @ = 3ms~, w=2ms and 1 = 4a.

=

b Find s when a = 2ms™, v = 1Tms 'and ¢ = &=

¢ Find a when 2 =4ﬂ|‘|‘|, f=31ma " amd { =5

d Find awhen 1 =X m, v =13ma " and : =45,

& Findawhen 5= 2m, a=2ms " and v = 4ms,

f Finduwhen s =45m, a=13ms? and r = 64.

g Find vwhen 2= 2m, o = -235ms > and 1 = 4a.

h Find swhen a =075ms?, u=2ms" and v = Sma"

Assuming constan® aoceleration, find the first tinee £, for positive &, al which the following situations eccur.

. 3
a Findeiwhen 2 =-2ms™, w=10mas" and £ = M m.

b Find i when @ =05ms ™, v=35ms " and 2 =2l m.

- 1
¢ Findewhen a=1ma™, u=3ma" and £ = 20m.

Aazuming constant acceleration, find v when © = 5m, & =5ms land a = -2ms? if the abject has changed
direction during the motion.

Assuming constant acceleration, find ¢ when £ = 60m, v = 13ms " and a = Ims if the object has not
changed directicn during the motion.

a Assuming constant accelesaton, find ¥ when £ = 18m, & =3ms " and 4 = 2ms?.

b Why is it nod necessary 1o specilly in this question whether the object bz changed direction during the
motion?

A car is travelling =1 a velocity of 20m 3" when the driver sees the traffic lights ahead change 1o red. He
decelerates a1a constant rate of 4ma? and comed to a atop at the lighta, Find how far away from the lighis
the driver started braking.

An seroplane accelerates at a constant rate along a i viway from rest until taking off at a velocity of 60 ma .

The runway i8 400 m leng. Find the acceleration of the acroplanc.

An acroplane accelerates from rest along a runway al a constant rate of $m a2, I needs to reach a velocity of
B0ms " totake off. Find how long the rooway needs to be.

A motoreyelist sees that the traffic lights are red 40m ahead of her. She is travelling at a velocity of 20m s
and comes to rest at the lights Fied the deceleration she experiences, asauming it i3 constant.

A driver sees the traffic Yigits change to red 240 m away when he is travelling at a velocity of 30 ma . To avoid
wadling fuel, he does nod brake, but lets the car slow down naturally. The traffic lights change to green aftes
122, at the same time a8 the driver arrives at the lights.

a Find the spocd at which the driver goes past the lights,

b What ascumptions have been made to angwer the questivn’
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11 Ina game of curling, competiters slide stones ower the ice at a targst 38 m away. A atome is released directly
towards the tarpet with velocity 4.8 ms' and decelerates at a congtant rate of 0.3ms 2. Find how far from the
target the stoas comes to rest.

12 A golfLali is struck 10m from a hole and i2 rolling towaida the hole. It has an initial velocity of 24ms " when
gtruck and decelerates at a constant rate of 0.3 ms—=%. Does the ball reach the hole?

@ 13 A driverless car registers that the traffic lights cange to amber 40m ahead. The amber light i a 22 warning
before turning red. The car is travelling 21 17 ms " and can accelerate a1 $ms 2 or brake safely at 8 ms ™.
What opticns does the car have?

ﬂ 14 The first two equations in Key Poiol (.8 are v =+ af and 7= EI {a + ¥, You can use these to derive the
other equations.

- . . . I
a By substituting for v in the second equation, derive 5= ur+ _ ar.

- A - I 2 s . .
b Derive the remaining two equations, £ = v -5 ar’ and ¥v* = " + Jax. from the original two equations.

lﬂ 15 Show that an olyect acoelerating with acceleration & from welocty & o velocity v, where 0 < u <2 ¥, overa

. - o . +¥ N . . .
time £ 8 travelling at a velocity of - ,  atlime i that i<, that at the time halfway through the motion the

velocity of the object is the mean of the initial and final velocities.

lﬂ 16 Show that an obgect accelerating with acceleration o from velocity & to velocty v, where 0 &< ¥, over a

[v> 4+ [
dizplacement 7 iz travelling al a speed of || —,.i at a distance 5+ Hence, prove that when the object does

not change direction the speed at the midpoint of the distance is always greater than the mean of the initial and
final gpeeds. Deduce alao that the mean of the initial and final speeds occurs at a point closer to the start of the
motion than the end.

1.4 Displacement-time graphs and multi-stage problems
It can be wseful to show how the position of an object changes over time. You can do this
using a displacement—tinee giaph.

Imagine the following scenario. A girl is meeting a friend | km down 2 straight road. She
takes 20s to walk 30 aleng the road to a bus stop. Then she waits 205 for a bua, which
takes her tooa b stop 20m past her friend. The bus dees not stop to pick anyone else up
ar drop thes off. The journey takes 150, The girl takes 152 2o walk the 20 m back to meet
her friend.

The graph would look like the one shown., You always show time on the x-axis and fF‘T]

displacement on the p-axis. Motice you are defiung the time as being measured from llﬂ e petuialeitetaltetafal rar

when the girl starts walking and the dizplacensent from where she starts walking in : i

ihe direction of her friend. '
Where the graph s horizontal it indiates that the displacement iz uchanged and .“w 0 50 m:} :_:L} =)
therefore the girl is not moving. This was when she was waiting for the bus. If the

graph iz not horizontal it indistes the position 2 changing and the steepness of the
line indicates how gquickly 1 = changing.
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A gtraight line on a displacement time graph indicates a constant speed, as when the girl
wasd walking to the bus stop. A corved line indicates a change in gpeed; for czample, when
ihe bus started moving atter picking the girl up and when it slowed dowon 1o stop.

Modice that when the 2irl got off the bus to meet her friend she travelicd in the opposite
direction, 2o the change in ber displacement and hence her velocty are negative. Om the
graph there is a aegative gradient. The speed is the magnitede of the gradient, but the
velocity includes the negative sign to indicate the direction.

Dhsplacement—time graphs can have negative displacements below the x-axia, unlike
distamse—time graphs.

>,
D} KEY POINT 1.9 R\~
The gradient of a displacement-time groch s equal 1o the veloaty of the object. In Chapter &, you will
- — consider prdients of
curved displacement
When sketching a graph of the moticn of an object, you should show clearly the shape of time graphs

the graph, and carefully Jistinguizh a straight line from a curve. On a shefch you need to
show only the key pous. These include the intercept on the vertical aaia, shich is the
initial positicn of the object, and any intercepts on the horizontal time axis, where the
aobject is at the relerence point. If there i morne than one stage 1o the motion, you should
clearly indicate the time and displacement of the object at the change in the motion.

- :

A racing car passes the finish line of a race moving at a constant velocity of 60 m s After 53 it starts decelerating
at Ims? until coming to rest. Sketch the displacement-time graph for the motion affer the end of the race,
mzasuring displacement from the Auishing line

Answer

Let g be the time from the start of the first stage The fir<L nage of the journey iz while the car
and I b thee timee froam the start of the second slage tray el al constanl wvelocity.

WViee second atage is while the car is

Let 2 be the displacement up to time f during the first decelerating.

gtage and £, the distance travelled during the second stage

For the end of the first stage, Find the displacement during the first stage

vi becauae it will be marked on the sketch.
Sowhen § =5

G = 5

4L
For the graph for 0 < ¢ < 5, The graph uf tne firat stage relates the variables

&l £ and ¢ 2md is found using the equation for

ot welecity.
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& The iFrat stage is a straight line graph with
gradent 60 for 5a.
op= - . L.
N o . The line staris at the origin because initial
i dizplacement is 0 m.
Adter 58 the displacement is 300 m.
For the end of the second stage, Druring the deceleration stage use an equation
(P for constant acceleration to find the value of 5
at the end of that stage of the moticn.
So, 0 =60 +({-3)= 4 Use the final veiscity from the first stage as the
b= imitial veloe iy S the second stage.
v =t 4 D During the deceleration stage use an equation
02 = 50% + 2 x(-3) % = far constant aceeleration to find the value of 5
£y = GO0 20 e end of that stage of the motion.
lostal timee foa U journey = § + Iy The total ime is the valee 1o be marked on the
=5+ 20 =25z sketch.
Total displacement = 5 + 55 The total displacement from the fnizh line is
= 30 + &S00 the sum of both displacements.
= S m
For 5 <1< 15, The general displacement during the second
£ =300+ 3 stage is the aum of the displacenent at the end
and of the first 512 o a0d the displacement during
t=5+4 the secord sfage.
|
= Ml +—
| 3
iy = iy + n =3 | i3
e l:"l.".l L . i
For the graph for 5 <y = 25, We can now find the equation of the curve in
300 + Gl — _: i} terms of 5 and 7.
= 300 + 60(1 — 5)— = (1 = 5)°
Y 0 e T8
=—— I+ 75—
F{m}

Thee graph F the second stage is a negative
quadraticcurve, valid for 5 < ¢ < 25 finishing
Liocteontal al & = 25 (zince v = 0O).

T join between the graphs at ¢ =5 is amooth
with the same gradient on the line before the
Join and the curve immediately after the join.
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WORKED EXAMPLE 1.9

A cyclist s travelling a1 a velocity of 15ma l'when he pasaes a junction. He then decelerates at a constant rate of

=

06 ma until conring to rest. A second cyclist travels at a constant velocity of 20ms " and passes the junction 45
after the first ¢ychat. Find the time at which the second cyclist passes the first and the displacement from the

Junction when that happens.

Answe

Lt 1y me the tame Trom the hirst cychist reaching
the junction and § De the time (rom the secon
reaching the junction

L.t ) be the digplacement of the Diral cyclist
the junction and 5 be the digplaceroent of the 8
cycligt from the junciion.
al

I

12 .
.I I. 4
S0 Ml — 4

Lh

||_-\..- MO 1 43

= 50 ]
(4 +slNr [0
=]
! 11,
01 ]
S w0 I = 1
"
n
"

ychet

The eyclista pass the junction at different
times, a0 it meay be uselul to define times for
each of them separately.

Find 2 ixrmula for the displacement of the first
cypclist.

Find a formula for the displacement of the
secoid cyclist from the junction, noting that the
timne i3 mot measured from the same instant.

Find how the times ane related.

Ome cyclist passes the other when they have the
same digplacsinent.

Find the displacement from either formula as
they should give the same anawer.
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WORKED EXAMPLE 1.10

A 3
Cyelist A is travelinng at 16 ms™' when she sees cyclist B 15m ahead A B
travelling at a constant velocity of 10ma ™. Cyclist A then slows initial ,_—f'; ,ﬁ']
at L3ms . Find the minimum gap between the eyclists. position 14 _
i Lig - 15m s = el
1 ¥
al Eime 1 E ; fg;t..f:}_
——
i | P 1
- -
A nver -
Let f be the time measured from when the cycliats Find the gap between the cyclists by adding the
are [5m apart and let the gap between the cyclists at

original gap and the change in displacement of
the keading cyclia. and then subtracting the
change of diagiccement of the following eyelist.

time ¢ ba Gl

Ui ) = b+ 55 — 15

Gy = 15+ 100 — (16 — 0.750)

Gir) = 075t —4)" + 2 Comyele the square to find the minimum gap

Minimuam gap is 3m at 45 ann tne Ume at which it occurs.

Or 16— 150 =10 Alernatively, the dosest distance is when the
I cyclists travel at the same speed because once

G(f) = 15+ 108 — (16f — 0.75%) = Im the cyclist behind slows down the gap sall

incTease again.

E]' 1 Sketch the dizsplacement-time graphs from the information given. In each case, consider north to be the
positive direction and Liome to be the peint from which displacement is measured.

a Bob keaves his home and heads north at a constamt speed of 3ms ™' for 104
b Jenny is 30w north of home and walks at a constant speed of |5 ma ' until reaching home.
By ia sivting still at a point 10m south of his home,

d Mina iz 300 m north of her home. She drives south 51 & constant speed of 10m 8", passing her home, wntil
alve has travelled a total of 500 m.

2 Sketch the dizplacement-time graphs from the Siformation given. In cach case consider upwards to be the
pogitive direction amd ground kevel to be the point frem which displacement iz measuned. Remember to
include the valwes for time and displacen:omt at any peints where the motion changes.

a A firework takes off from ground level, accelerating upwards for 108 with constant acceleration 4m s>

b A ball is thrown upwards from a point [m above the ground with initial speed Sms ™. h accelerates
downwards at a constant rate of Wm s until it stops moving upwards, when it is caught by someone
standing on a ladder.

¢ A rocket is falling at [0ma ' at a height of 100 m above the ground when its engines turn on to provide a
constant acceleration of 2ms > upwards. The engines remain on until the rocket has reached a height of
175 m abov: groand level.

d A pebbic iz thrown upwards from the top of a oliff 18.75 @ above the sea. It has initial speed Sms,
Initielly it moves upwards, then it stops and falls dovwnwards to reach the sea at the bottom of the cliff.

Throughout the motion the pebble accelerates downwards at a constant rate of 10 m s, Displacement iz
measured from the top of the cliff.
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3 Bkeich the displacemcri—tine graphs from the information given. In cach case consider forwards to be the
positive direction and the traffee lights to be the peint from which Q2splacement is measured. Remember 1o
include the valucs for time and displacement at any points wherc dee motion changes.

a A car ic wailing at rest at the traffic lights. ht aceeleratea ot a constant rate of 3ma” for S, then remains at
constan speed for the next [0

b A motorbike passes the traffic lights at a constant speed of 10ma ", After 68 it starts to slow at a constant
rate of 2 mia? until it comes to rest.

€ A truck is moving al a constant speed of Sms™ and is approaching the traffc lights 60 m away. When it is
0m away it accelerates at a constand rate of 2ms ™ to get past the lights before they change colour.

d A scooter accelerates from rest 150 before the traffic lights at a constant rate of 1.5 m s until it reaches
6 ms ' It then travels at this speed until it reaches a peint 50m bevond the traffic lights. At that point the
seooter starts to slow at a consiant rate of Ims until i stops.

4  The sketch shows a dispiacement—time graph of the position of a train pasacing )
. . . . _ r
astation. The displaceoent is measured from the entrance of the station o the 1w
front of the train. Find the equation of the displacement—time graph and hence

the tirne at whiclh the front of the train reaches the entrance of the station.

il
n E} 5  The sketch shows a displacement—time graph of a car slowing down with 7 (mj
constant acceleration before coming to rost at a set of traffic lights 1
a The equation of the displacement- time graph can be written in the form
£ = plt — g0 + r. Using the two points marked and the fact that the car is "
i 3¢ (5]
stationary at = [0, find p. g and r. i
: . ; 1 S
b By comparison with the equation £ = g5 + uf + at”, find the initial speed
and acceleration of the car. B 5l

IE‘ 6 Twocars drive chong the same highway, Qe car starts at junction |, travelling north at a constant speed of
30ma ", The second car starts at junction 2, which ia 3k north of junction L, travelling south at a constant
speed of 20ma .
a Sskelch the two displacement—time graphs on the same set of axes.
b Find the equations of the two displacement: 1ime graphs.

€ Solve the equations to find the time at which the cars pass sach other and, hence, find the distance from
junction |at which they pasa.

T Two trains travel on parallel tracks that are 5km long. One starts at the southern end, travelling north ata
constant speed of 23m s The second train starts at the northern end 408 later, travelling south at a
constant speed of 15ma .

a Sketch the two displacement-time graphs on the same set of axes.

b Find the time for sohich the first train has been moving and the distance the first train has travelled when
the trains pass cach other.
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Chapter 1: Velocity and acceleration

8 A cyclistis stationary when a second cyclist passes, travelling at = constant speed of & ma—L. The first cyclist
then accelerates for 55 at a constant rate of 2 ma ' before continuing at constant speed until overtaking the
second cyclist. Hy sketching both graphs, find the eguations of the two straighi-line sections of the graphs
and, hercs, find how bong it i3 before the first cyclist overiabes the second.

8 Two rowing boats are completing a 2 km course. The first boat leaves, its crew rowing at a speed of 3.2 ms .
Thiz second boat leaves some time later, its crew towing at 4ms!, and overtakes the first boat after the second

has been travelling for 403,
a Find how much carlier the second boeat completes the course.

b What assumption has been made in your angwer?

10 The leader in a race has 500m io 2o and is running at a constant speed of 4ms~, but with 100 m 1o go
increases her speed by a conziant acceleration of 0.1ms—=. The second runner is [00m behind the leader when
the leader has 300m to po. and running at 38 ma " when she starts to accelorate at a constant rate. Find the
minimum acceleration she needs in order to win the race.

11 A vandriver wants o pull out from rest onte a road where cars 2re moving at a constant speed of 20 msL
When there is 2 large enough gap between cara, the van drives puils out immediately after one car passes. She
then accelorates at a constant rate of $ms = until moving ot 20ms ', To de this safely the car behind mst
always be at least m away. Find the minimum length of the gap between the cars for the van driver to pull out.

12 A police motoreyelist is stationary when a car passca, driving dangerously at a constant speed of $0ma ', At
the instant the car passes, the motoreyelist gives chase, accelerating at 2.5ms ™ until reaching a speed of
S0ms" before continuing at a constant specd. Show that the motorcyclist has not caught the car by the time
he reaches top speed. Find how long after the car initially passed him the motoncyclist catches up to the car.

13 The front of a big wave is approaching a beach at a constant speed of | Lémas ™. When it is 30 m away from a
boy on the beach, the wave stas 3 decelerating at a constant rate of Léms and the boy walks away from the
aea at a constant speed of 2 o 3" Show that the wave will not reach the boy 2nd find the minimum distance
between the boy and the wave.

14 Swimmers going down a waterslide 30 m long push themselves off with an initial speed of between lms ! and
2ma . They accelecate down with constant acceleration 0.8 mz * for the first 20m before more water is added
and the acceleration is |ms? for the last 10m of the slide. For safety there must be at least 55 between
awimmers a1 riving at the botiom of the slide. Find the minimum whole number of seconds between swimmers

being cliowed to start the slide.

15 A hallia projected in the air with initial speed @ ond goes up and down with acceleration g downwards, A
timer is at a height &, It records the time from the ball being projected wntil it passes the timer on the way up
ag fy and on the way down as &, Show thai the wetal of the two times is independent of & and that the initeal

apecd can be calculated as uw = ﬂf i;I. Show alao that the differemce between the tirmes is given by

L
M- Hence, find a formoela for i in terms of o, & and g.
X
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1.5 Velocity-time graphs and multi-stage problems
A owell as uaing a displacemeni- time graph, we can show the motion of an cbject on a
vielocity—time graph.

Imagine the fellowing scenario. An athbete goes for a run. He staris at rest and graduoally
increases his £ peed over the first 302 before maintaining the same speed of Sms! for 60z,
Then he gradually reduces his speed wntil coming to rest ancther 30s later. The athlete
then retusna to his starting point by increasing hia spesd queckly at the start and
continsally tryimg to increase his speed for 908, but ooly managing to increase it by
ginaller and smaller amounts, peaking at 6ms~'. He then slows down over 108 before
coming to rest at his starting point.

The graph would look like the one showe here, You alwaya show time on the x-axis and vimsT

velocity on the p-axis. q"'

A horizonial graph line imdicates that the velocity 8 unchanged and therefore the athlete

s moving at constant speed. 11 the graph is not horizontal it indicates the velooiy ia

1 5]
changing amd the steepness of the line indicates how quickly it is changing. Note that
when the athlete retursied to the start, the velecity became negative bocauge the direction
of modion changed

n The gacient of a velocity—time graph is equal 1o the acoc’erition of the object.

From this graph vou can see that the gradient s — = which is the same as the formula vims)
i s
given for acceleration in Section 1.2,
You can use the formula fer the aiza of a trapezium to ghow that the area under the graph ¥ 1
1
N I . ! '
line iz — {0+ v}, which ig the =sme as the formula for the dizplacement. This rule can be p :
i
generalised so that if the motion changes and the velocity—time graph has inore than one 0 : 3 [ (3]

line, the area under the graph may be found as the sum of separate aress conder the lines.

The area undier the lime of a velocity—time graph is the displacern=mt of the ohject.

Mode that in the previous scenanio of the athlete, part of the graph is under the x-axis.
The area below the axis iz a “negative area’ ard i indicates a negative displacement. In this
particular example, the athlete started and coded at the same point and s the area above

In Chapter & you will
consider gradients of
and areis under curved

the axis should equal the area below the axig o indicate no overall change in displacenen

Mote alae that part of the graph i curved. This indicates that the acceleration is not -
velocity—time graphs.

conatant.
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MODELLING ASSUMPTIQNSC

=

T the same way 25 we asked if' it is reasonable to asaume constant =pesd, we might ask
if it & reasonakls (o assume constant accekeration. In many ca2es 1 elose encugh, but
it is often hard or to maintain the same acceleration when moving at high speeds.

I scenanios involving people, we often say that someone initially is not moving and
thea walks at a given speed. We assume that the change i3 instantamecus. In the
case of walking at low speeds, the time taken to reach that speed i3 sufficiently

I amall that it is not a bad assumption, but for iunners there may be some error in
making thail assumpiion.

{Hympic sprinters take abowt 540t Lo reach Lop speed. By the end of the WM m race they are
narmally starting to dow downr. You might expect thal, because runners starl o =low down after
abcat 100 i, rce timres for 200 m will be more than dooble the times for 100 . In fact, for most
of the time snce warld recards were recorded, the 200 i world record nas been lezs than double
the [} m recers! because the effect of starting from a stationary position is larger than the effect of
slowing down by a small amount for the second [0 .

a Arthur travels at a constant speed of 5ms " for 108 and then decelerates at a constant rate of 0.5 ms ™ until
coming to rest. Sketch the velocity-time graph for his motion.

b Brendan travels at a consiant $m s starting from the zame time and place. Show that Arthur and Brendan
are travelling at the sanie speed after 1 2: and, hence, find the furthest A rthur gets ahead of Brendan.

I
€ Show that for i = i the gap between them is given by giéd=— -, 1 +6f — 25 and, hence, find the time
when Brendan overtakes Arthur. N

Answer
3 LetT bethe time spent in deceleration Uge an equation of constant acceleration to
V= i+ al find the time for the second stage of the motion.
0=5-05T
T =103
r=T+10

= Xz
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Cipmgtaon welocity means a horizontal line.

Moccleration from a positive velocity means a
nsgative gradient.

The x-axis intercept is at the total ime from
the start.

Find where the lines cross to solve when
velocities are equal.

Time in the second stage ia 10: less than total
time gince gtart.

The largest gap between them is equal to the
difference in displacements at the time when
thiy have the same velocity. After thia tims
Brendan iz travelling faster than Arthor and so
ataris to cateh up.

Distance travelled is area wider graph: a
rectangle plus a trapezium for Arthur and a
rectangle for Bremdan.

The gap at time ¢ is the starting gap plus the
distamce cowercd by the leading person minus
the distance covered by the following person.

For o o= 10, Arthur is in the second stage of the
riAwen, 80 the total distance is the distance
covered in the first stage plus the distance
covered in the second stage up o time 2.

Saolve gir) =0 to find 1.

Check the context and validity of the equations
1o det o mine which is the relevant solution.
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E} 1 Sketch the wlocity—time graphs from the infermation gives. Tn each case take north to be the positive
directicn.

a Rinesh starts from rest, moving north with a constant aceeleration of 3m s for 5s.

b Wendi is moving north at 2m s when she sizils o accelerate at a constant rate of 0.5 ms for 6.

¢ Dylon iz moving south at a constant speed of $ma.

d Susan is moving north at 6 ms ' when she starts decelerating at a constant rate of 0.3ms until she comes
1o pest.

ﬁ 2 Sketch the velocity-tinee graphs (rom the information given. In each case take upwards to be the positive direction.

a A ball is thrown up in the air from the surface of a pond with initial wolocity 20m s 1 accelerates
downwards under pravity with constant acceleration 10 ms . Ouce it has reached its highest point it
falla wntil it hits e aurface of the pond and goes underwater. Vnder the water it continues to accelerate
with constant aceeleration 1ma ™ for la.

b A parachaust falls frem a helicopter that iz Aying at a covsiant height. She accelerates downwards at a
constont rate of [ma™ for 0.58 before the parachule opens. She then remains at constant 2peed for 5z

c A liot-air balloon iz floating at a constant height before descending to a lower height. It descends with
constant acceleration 5ms2 for 62, then the bsermer is turned on and the balloon decelerates at a constant
rate of 2ms * until it is no longer descending

d A firework takes off from rest and accclecates upwards for 78 with constant acceleration 3ms 2, before
decelerating at a constant rate of 10ms until it explodes at the highest peint of its trajectory.

EI' 3 The graph shows the motion of 2 aotorcyclist when he starta travelling along a ¥ [m sy
highway until reaching top gpeal. Find the distance covered in reaching that

apeed. | :
i '
i o r s}
@' 4  The graph shows the motion of a ball when it is thrown apwards in the air witil '[": =
il hits the ground. Find the height above the growsnd from which it was thrown. [
1 (5}

E} E§  Thesketch graph shows the niotion of a boat. Find the distance the boat tiavels pymsyy
during the motion. A

w1 i3}




Cambridge International AS & A L

]

10

12

13

The graph shows the [oormey of a eyclist travelling in a straight line from home FmsT)
to school. Find the distance between her home and the school.

-d

i i

1 1

1 1 B
e

Wl 1200 g

A racing car is being tested along a straight | Lie course. i starta from rest, accelerating at a constant rate of
Ioms? for 52, I then travels at a constant 2peed until a time ¢3 after it started moving. Show that the
distamce coverad by time ¢ i8 given by 2 = 125+ 50(r — 5). Hence, find how long it takes to complete the course.

A rowing boat accelerates from rest at a constant rate of 0.4m s for 58, It continues at constant velocity for
some time until decelerating to rest at a constant rate of 0.8 ma. In total, the boat covers a distance of 30 m.
Find how long was spent at constant apeed.

A cyclist accelerates at a constant rate for 10g, starting from rest and reaching a speed of vms ', She then
remains at that apecd (Gr a further X0:. At the end of this she has trovelled 300 m in total. Find the valwe of v.

A boat accelerstes from rest at a rate of 0.2 ms ™ toa gpeed vima "It then remains at that apeed for a further
0a. At the end of this it has travelled 400 m in total.

a Find ihe value of v

b Wihat assumptions have been made to answer e question?

A crane lifts a block Mrom ground level at & constant speed of v ms " Afer 55 the block slips from its shackles
and decelerates at 10m s, it reaches a maximum height of &m . Find the value of v

A car is at rest when it accelerates st Sma for 45. 1t then continues at a constant velocity. At the instant the
car staris moving, a truck passes il moving at a constant speed of 22 ms Y. After 10s the truck starts slowing
at I ma ™ until coming to rest.

a Show that the velocities ave equal after 124 and, hence, find the mazimomn distamce between the car and
the truck.

b Show that the Jetance covered at a time #8 from the start by $he car and the treck, for f = 10, are given by
I : : :
A+ 2047 — &) and 230+ XN — 10) - 2 (i — 10, respectively. Hence, find the ime at which the car passes
the trsck.

T cyclista are having a race along a straight rood. Gradley starts 50m ahead of Chris. Bradley starts from
rest, acceleratea to 15ma ™" in 102 and remains st this speed for 40 before decelerating at 0.5 ms . Chris
siarts 52 later than Bradley. He starts from rest, accelerates to [6ms! in 83 and maintains this speed.

a Show that Bradley is still ahead whon be starts to slow down, and find how far ahead he iz,

b Find the amount of time Bradloy has been cycling when he is overtaken by Chris.

A driver travelling at 26m s zees a red traffic light ahead and starts to slow a1 Jm s by removing her foot
from the accelerator pedal. 4 little later she brakes at Sms and comes to rest at the lights after 65

a Sketch the velocity—time graph of the nwotion.

b Find the equaucas of the two sections of the graph.

€  Hence, (ind the time when the driver needs 1o stari braking.
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ﬂ 15 A car accelerates from rest to a speed v ms ' at a constant aceeleration. It then immediately decelerates at a
constant deceleration until coming back to rest ¢ 8 after starting e motion.

Show that the distance travellad is independent of the valoes of the acceleration and deceleration.

b Suppose instead the car spends a time T 8 at speed  mis ™! but still returns to rest after a total of 18 after
suiriing the motion. Show that the distance travelled is independent of the values of the acceleration and
deceleration.

1.6 Graphs with discontinuities

W hat happens when a ball bounces or is strock by a bat? It would appear that the velocity
instantancously changes from one value directly to a different value. If this did happen
instantancously, the acceleration would be infinite. In practice, the change in velocity
happens over a tiny amouwnt of time teat it i@ reasonable to ignore, 2o we will asseo the
change is instantaneous.

The velocity—time graph wili have a discontinuity, as shown in the followiicg graph, as the
velocity instantanecusly changes,

r{ms T
&

1

The displacement—time graph cannct have a discontinuity, but the gradient will
instantancously change, so the graph will no longer be smeoth at the jein between two
gtages of the motion. For the veloeity-time graph shown, the displacementtime graph will
look like the Following.

S}

Um the velocity—time graph of an abjec! il inslanianeously changes velocity by bouncing or v=mng
siruck, the change is represented by a vworiical dotted line from the velocity before impac! 10 e
velocity after impact.
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MODELLING ASSUMPTHION .

In practice, the objects reay not instantanecusly change velocity. In the esample of a tennis

ball being hit by a cacket, the strings stretch very slightly and spring back into shape. It is
during this time et the ball changes velocity. In the case of a tennis ball striking a solid
wall or a solbd obgect striking the ball, the ball may compress shahily during contact
before springing back into shape. In these cases, the time regquired to change iz 30 amall
that wou can ignore it By modelling the objects as particles, you can assum the olgjects
v i bose shape and the time in contact i suffecicatly small to be nsgligible.

WORKED EXAMPLE 1.12

a A ball iz travelling at a cousiant speed of 10 ma" for 28 until it strikes & wall
It bounces of f the wall ai Sms ! and maintains that speed until it reaches
where it started. When it passes that point it decelerates at lms . Find the

times and dizpiacements when cach chamge in the motion eecons,

b Sketch & vlocity—time graph and a displacement—time graph for the motion.
Measure displacements as distances from the starting point and the original

dircction of motion as pogitive.

Apairer
a | digtamce 1 wall 13
1% 2 = Mim
e tinwe between hitting o that tinses are measured from the start
the wall and returning to the af the motion.
starting point is, therefore,
__'I ds a0 I f4g
e tinwe from stariing to
decelerate until it stops is
! ;5 s
1
| itance coverad ia Mote that displacercnts are measured from
w5 4 (—Iy x5t = [25m thestarting pesition, taking the original

- direction s pugitive.

f= —12.5m Althongh decelerating, the acceleration is
pesitiae because the velocity is negative.
b ”T L Motice the graph is discontinuows at ¢ =2
" _: Although the ball is decelerating after « = &,
E the gradient s positive becawse the velocity
ll'l—'z—b ) ia negative,
5 2 "

Calf hallz leok wnd
feel =olid, but in the
imstand after impact

fram a golf clab
maving al around
200 km b~ the ball
ippears Lo squash so
that its length iz only
abowt B0 of its
angiml diameter and
its widih increases.
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Motice that at ¢ =2 the gradsens s different
on either side of the cusp. The ndicates a
discontinuity im the welochy,.

.
¥ \:l i
125rmenmsnees e

EI 1 Anice hockey puck slides 2long a rink at a constant speed of 10ms ', It sirikes the boards at the edge of the
rink 20m away and slides back along the rink at & m s until going into the goal 40 m from the board. Sketch
a velocity-time graph and a displacement-time graph for the motion, measuring displacement from the
gtarting podnt in e original di rection of motion.

2 A bowling ball rolls down an alley with initial speed 8 ms' 2nd decelerates at a constant rate of 0.8 m s,
Adfter 2 55 o strikes a pin and instantly shows down te 2rrs ' 1 continwes to decelerate at the zame constant
rate uwntil coming to rest. Sketch a velocity-time graph and a displacement—time graph for the motion.

E' 3 Tnagame of blind cricket, a ball is relled towa rda a player with a bat 20m away, who tries to hit the ball. On
one occasion, the ball is rolled towards the batsman at a constant speed of 4ms . The bataman hits the ball
back directly where it came from with initial speed & ma-! and decelerating at a constant rate of 0. 5ma—. =
Sketch a velocity—time graph and a displacementtime graph for the motion, taking the original starling peint
ad the origin and the original direction of motion as poesitive.

4 A ball iz dropped from rest 200 above the growmd. 1t accelerates towards the ground at a constant rate of
[0 ms . It bounces on the around and leaves with a speed that is half the apeed it struck the ground originally.
The ball i then caughit when it reaches the highest point of its bounce. Sketch a velocity—time grapgh and a
displacement—time graph for the motion, measuring dis placement aboe the groumd.

& A ball is thrown towards a wall, which iz 5 m away, at 225 ms " i slows down at a constant rate of 0.2 ms
wiitil it strikes tie wall. It bounces back at 0% of the speed & Aruck the wall originally. It again slows down at a
congtant iale of 0.2 ma ™ until coming to rest. Sketch 2 volucity-time graph and a displacement-time graph for
thee mootion, measuring displacement from the wall, taking the direction away from the wall as positive.

l:l & A balliard ball is on the centre spot of a 6m lone table and is streck towards omne of the cushions with initial
speed A lms!. Hslows on the table at 0.2 ms 2. When it bounces off the cushion its speed reduces to 709 of
the speed with which it struck the cushion. The ball is left until it comes to rest.

a Skeich the velecity-time and disptacement—time graphs for the ball, taking the centre of the table as the
origin for displacement and the soiginal direction of motion as positive.

b ‘What assumptions have beer made in your answer?
ﬂ' T A ballis rebeased from rest 20m above the ground and aceelerates under geavity at 10ms—2. When it bounces

ita apeed halves, IF bowsce B occurs at time i, the speed after the bounce is v, Show that v, = 15 - 256, and
deduwce that, deapite infinitely many bounces, the ball stops bouncing after 6a.
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Checklist of learningand understanding D

#® The equations of corstani acceleration ares

¥ =utar

1.
Ei_ll el

l:rﬂ!r;lﬂ:

1
J-ﬂ—z.:.r’

¥ = a* + 2ar
-\
® A digplacement-time graph shows the possiGon of an object at different times. The gradient is
equtl o the velocity.

® A welocity—time graph shows how cuickly an object is moving al a given time. The gr=di=n! 1=
equatl o the scceleration. The arez under the graph s equal to the displacement.
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END-DF-CHAPTER REV] F‘m

1

A man and L3 young son play a game The man roells a ball aloeg the ground. His son muns after the ball to fetch it

a The ball starts rolling at 10 m s but decelerates at » constant rate of 2 m s~ . Find the distance covered
wlban it comes Lo rest.

b Once the ball has stopped, the boy rens to fodch it He starts from rest beside his father and accelerates at a
conatant rate of 2ma = for 3z before mainizining a constant apeed. Find the time taken 1o reach the ball.

A car is travelling at 15ms ! when the specd limit increases and the car acoelerates at a constant rate of Jm s
uniil reaching a top spesd of 3ms .

Fund the distance covered veil reaching top spesd.

b Once the car is at top sueal, there is a set of traffic lights 600 m away. The car maintaing 30 m s~ until it
starts to decelerate a®  constant rate of Sme ™ to come to rest at the ligints. Find the time taken from
reaching top speed wcotil it comes Lo rest at the traffic lights

In a race, the load cunner i 60 m ahead of the chaser with 200 i 10 go and is running at 4 ms ", The chaser is

rumming at 5msl

a Fird the minimum censtant acceleration required Y the chaser to catch the lead runner.

b I the lead runner is actually accelerating at a constant rate of 0.05m s, find the minimum constant
accekeration required by the chaser to catch e lead munner.

A jet acroplane coming in to land at 1000 s " needs 800 m of runway.

a  Find the deceleration, assumed constant, the acroplane can produce

b On an aircraft carrier, the acroelane has only 150m to stop. There ane hooks on the acroplane that catch
arresting wires 1o glow it dos. IF the acroplane catches the hook 500 m afier landing, find the deceleration
during the kst 100 m.

Thiz sketch shows a welocity-time graph for a sled going down a slop e Skeich the F s
displacement-time graph, marking the displacements at cach change in the motion. i
a 1g)

The sketch shows a velocity-—time graph for rovwcra in a race
Ciiven that the race is 330 m long and finishes at time 505, find the
value of v.

o
- 1=
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A footballer bicks a ball diractly towands a wall 10m away and walks after the ball in the same direction at a
constant 2 s b The ball starts at 4m s but decelerates a1 a ~onstant rate of 0.5 ma—2. When it hits the wall it

rebrounds to travel away from the sall at the same spead with which it hit the wall.
a Fird the time after the initial kick when the ball roturms 1o the footballer.

b What assumpilions have boen made in your snswer?

An entrant enfers a model car inlo a race. The car accelerates from rest i a constant rate of 2ma~ down a
slope. When it crosses the finishing line & firework is set off at the end of the course The sownd travels at
Mhma'. The time between the enfrant starting and the firework being heard at the start of the cowrse ig 123,

a Find the length of the cours

b Find the actual fime it took for the model car to complete the course

A lion is watching a 2-bra from 35 m behind it Both are stationary, The lion then starts chasing by accelerating
al & comstant rate of Sma ™ for 3. Onee at top speed the lon decelerates at 0.5 ma®. The zebra starts moving
I8 after the lion started, accelerating at & constant rate of 2me for Ts before maintaining a constant speed.

a Show that the lion has not caught the zebra afer 8.

b v that the gap between them at time £ g, for ¢ = & after the start of the lion’s motion is given by
| -1 ! - .
F [T o and, hence, determine when the lion catches the zebra, or when the lion gets closest and
-

how close it geta.

A car is behind a tractor on a single-banc siraight road with one lane in cach direction. Both are moving at
13ms'. The speed limit is 23 ms, so the car wanis to overtake. The safe distance between the car and the
tractor i Mim.

a T owertake, the car goes onto the other gide of the read and accelerates sl a constant rate of 2ma ¥ wntil
reaching the gpeed Liveit, when it continues ai constant apesd. Show that e distance the car is ahead of the
tractor at time £8 aiter it stars 1o accelerate is given by r* — 20 for 0 1 = 5, and deduce that the car is not
a gafe distance ahoead of the tractor before reaching the speed limit

b The car peilz on ahead of the tractor onee it is a safe distancs ahead. Find the total time taken from the start
of the averiaking manoeuvre until the car has safely overlaken the tractor.

¢ Tooweriake zafely on the single-lane road, when the car returns to the correct side of the road in front of the
iractor there must be a gap between the car amd suceming traffic of at least 20m. Assuming a car travelling
in the oppoaite direction i moving at the apecd Hmit, find the mininwm distanee it must be from the initial
proaiticon of the overtaking car at the poiat ot which it stars 1o overtake.

Tweo hockey players are practising their sliods, They ane $m apart and hit thear balls on the ground directly
towards each other. The first player hits his ball at 6 m s and the other hits hers at 4m s, Both balls decelerate
at 0. 1ms . Find the distance Moo the first plaver when the balls collide.

The sketch ghows a velocity -Lme graph for a skier going down a slope (ms)
Criven that the skier covers H0m during the first stage of acceleration, fimd e
total distames covered.

]



Chapter 1: Velocity and acceleration

ﬂ 13 Two traine are travelling towards each other, one heading porih at a constant speed of am s and the other
heading south at a constant speed of v m ™" When the trains are a distance  m apart, a fly beaves the
nortlibound train at a constant speed of wms ' As soon as it reaches the other train, it instantly turns back
travelling at wms " in the other direction. Show that the fly meets the southbound train having travelled a

9 5 i
distance of e and returns to the nerthboewnd rain when the train has travelled a distance of L
¥ (w+ VW + u)

-ﬂ} 14 Tesscars ane on the same straight road, the first one s m ahead of the second and travelling in the same direction.
The first car is moving at initial speed rms " away from the second car. The second car is moving at initial speed
ams", where u = v. Both cars decelerate at a constant rate of ams .
a Show that the second car overtakes at time £ = —> ; irreapective of the deceleration, provided the cars do
o —

nod come to rest bofore the second one passes.

b Show also that the distance Mrom the starfing peint of the second car to the point where it overakes depends
on g and fiad 4 formula for that distance

-@ 15 Fms Ty

3
11 :—_—_-_—_—_—_—_—_—_—_..p-—‘\.
1.5 L

PN w @

’ : W o
[
[ ]
1

1 lecsancnasannnane sammmmma

A wornan walks in a straight line. Pl woman's velocty £seconds after paszing through a fized point A on the
lime is v ms!. The graph of v az4inst ¢ consists of 4 straight line segments {(sec dizgram).

The woman i at the point & when § = 60, Find

i the woman's acccleration for O <0 5 <2 30 and for 300 < ¢ <2 40, 13
i the distance 48 12
il the tofz! distance walked by the womsan. I

Carilridge Itermationad A% £ A Level Mathemarics 9700 Faper 43 QU Noveraber 2041

@I 16 A cur travels in a straight line from A to B, a distance of 12 km, taking 552 seconds. The car stars from rest

at A and accelerates for Tys at 0.3ma 7, reaching a speed of ¥ ma ', The car then continues to move at ¥ ma !
fior T: 5. 11 then decelerates for Tys at Imvs~, coming to rest at B.

i Sketch the velocity-time graph for the motion and expreas T and Ty in terms of F. 13

i Express the total distance travei®sd in terms of F and show that 1392 = 3312F + 72000 = 0.
Hence find the value of F. 151

Canifiridge Internationad A% & A Leved Mathernodics 5700 Faper 43 05 Noventher 200 3
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The diagram shows the welocity—time praph for a particke F° which travels on a straight line AE, where vms iz
the velocity of I at time 8. The graph consists of five straight line segments. The particle stara from rest when
=0 ata point X on the line between A and B and moves towards A. The particle comes 1o rest at A when
=25

i Given that the distance X4 iz 4m, find the greatest speed reached by P dosrng this stage of the motion. 2]

In the second stage, [ stars from rest at A when ¢ = 2.5 and moves towards B, The distance A8 is 48 m.
The particle takes 124 to travel from A to B and comes to reat at 8. For the first 23 of this stage I* accelerates
at 3ma~, reaching a vebocity of F ms". Find

i the waluc ol V, 12l
il the valoe of §at which P stans to decelerate during this stage, I5]
v the deceleration of P immediately before it reaches 8. 121

Carileridie Inteeratione AS & A Level Matheresios 9709 Faper 42 06 Noveriher 20000



In this chapter you will {2zrn how to:

refate force Lo acocioiation

|

B use combinations of forees to caleulate their effect on an :l|qu.1.'n

B include the frwoe on an obgect due to gravity in a force diagram and caleulations
u

include the nommal contact foree on a force diagram and i caleulations.
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Where Il comes from Whal yon should be able to do Check your skills
Chapter | Use equations of constant 1 Findswhen w=4v=4 amd a =35
acceleration. 2 Findvwhen u=3a=4 and y =1

What iz a force and how does it affect motion?

When an object is moving, how will it continwe 10 move? What makes it speed up or slow
down? What affects the acceleration or deceleretion of an object? These are guestions that
have been congidered by many philosopho s over the course of history. The first person

to publish what iz now congidered to ke the correct philosophy was lsaac Mewton {1644
1727, which is why Mechanics iz often referred to as Newlonian Mechanics, Bev lon used
hiz theories to explain and accurately predict the movements of planets and the kicon, as
well as to explain tides and the shape of the Earth

Mewton wad not the first toconsider the idea of a force. Aristotle (384332 B E), the ancient

Gireek philosopher, belivved that a cause(or foree) was the thing that had ao effect on an object Isaac Newtan

to make it move, He caime up with a theory of how foree was related to motion, but he did ned published his work
define forces cfearly and he had o supporting evidence for his dlaims. His theory led to the in a book called
comncluzion that leavier bodies fall to Earth faster than lighter bodies, which is not troe. Phifosophioe Noboralis

FPrincipia Mathematica
in 1687, aften known

simply as the Primsipio.

2.1 Kewtion's first law and relation betweoen force and acceleration

A Toiree i8 something that can cause a change in the motion of an object. There are many
lifferent 1y pes of force that can act on an ebject. Think of some ways that an object on a
table can be made to edther start moving of cliznge its speed.

Most forces are caused by obgjects being o contact with other objects. Pushing or dragging
an object can cause it to accelerate. A force can act through a string under tensbon; palling on
the string can cause an attached chject to apeed up or slow down. A solid rod can act like a
atring, but it can alsoe push back shen it is usder compresslon and there is a thrasd in the rod.

Objects that are in contact with each other may experience iHetbon, which may include air
realstamce. This generally slows objects down, but sometimes friction iz teguired to cause
the motion. For example, a car engine gets the car to move by uging the friction between
the tyres and the road to start the wheels rolling along the grownd. Inicy or muddy
conditions there 18 not much friction 2o cars canmot accelerate quickly.

If you gectly push an object off the edge of a table it will aceelerate towards the ground
despitc pothing {apart from the air) being in contact with it. This is because there is a force
due o gravity. In fact, there is a force due te gravity between all obgects, but other than the
sravity pulling objects towards the Earth, the iorces are 2o small as to be negligible.

Giravity is the only force you will congider i this course that acts on an object without
being in contact with the object. (iher forees that act in this way; for example, magnelic
attraction or repulzion, will mot be considered in this course.

Mewton progressed from using mathematics to caleulate the position, speed and
acceleration of an object with constant acceleration to explaining why objecls mowe as
they do. He produced thise laws of motion that are still used today in many situations to
calculate and describe ow objects move.



Chapter 2: Force and motion in one dimension

Mewion’s fErsl law states thoi an object remains at rest or continees to move at @ constant velocity
unless acked upon bs a2 reel force.

This iz mot imewediately obvious becawse the forces are not visible, You see that objects
sliding along the ground slow down and eventually stop without anyone trying to slow
them down and without the object hitting another object A ball moving through the air
appcans e be changing direction as it falks under gravity, yet it does not touch anything
whiile changing direction.

Mewlon's secomd law expresses how a force relates to the motion of an object. For an object
of constant mass, the net force acting on 1he object is proportional te the product of ita
mass and acceleration.

F e mia
The force is measured in nowtons (Bymbol N One newton is defined as the amount
of force required to aceeleraie kg at Ima . Using kilograms for the sait of mass,

metres for length and seconds for time, 20 that acceleration is in wis =, the constant of
propoerticnality i= |

T2

Mewton’s sseond b leads 1o the equation

D) xeve

Foroe = mass ¥ acoe '=ration
L 1

Force i a wector quantity, 50 may be positive or negative depending on which direction is
aszigned to be positive,

MODELLING ASSUMPTIONS -

Im all caszes at this stage yvou will consider objects as particles, a0 you cam ignore any
complexities due to the shape of the object. For many of the problen:s, it will have
guch a amall effect (hat you can treat it as negllgibde. This means thal the error it
causes in the calcalations is small encugh to be ignoned.

For example, when you consider an obsject like a bag of sand, if the mass of the bag
is sufficiently small comparad to the mass of the sand vou say it 8 negligible and the
bag i3 termed Hahi.

Lin 2oz Queestions, there ia a general force called resistamce, which acts in the

| appodite direction to motion. Thiz may bo Juc to frection, air resistance or both.
I zome gituations you will ignore resistance forces altogether. This iz a medelling
assumplion that you make to simplify the sftuation.

Aridotle thought
that al every moment
something must be
causing an abject Lo
cantinee Lo mowe,
=0 an abject flying
through the xir must
he pushed by the air
Lo continue moving.
Mewton was the first
to contradict hime

»| FAST FORWARD

Mewlon's third lw
relutes foroes between
ohjects and their effects
om each other. You

willl lesern absout this in

Chapter 5.

M | FAST FORWARD

Friction will be
congdered in maore
detail m Chapler 4.
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WORKED EXAMPLE 2.1

a A cyclist and his bike have a combined mass of 100kg. The cycliat accelerates from rest with acceleration
02ma . Find the force the cyclist generates.

b A second cyclist and his bike have a combined mass of 80 kg. This cyclist accelerates from rest by
generating the same force as the first cyclist. Find lier acceleration.

©  The first eyelist is travelling at 20 m 3 I when e starts to brake with a force of 500 M. Find the distance
covered while coming to rest.

Answer
a F=ma=10x02=22HN Llae F = ma.
b F=ma Uge F = mor ad solve the equation.
M = &l
1= or 0.25mz?
c F=m Wutice that the foree iz in the opposite
500 = 1M direction to motion S0 8 negative.
& il :"I -
v =g+ Jag Use equations of constant acceleration.
= 0=2"+2x(-5)=s
v =40m

You can see that the same force B exerted by both cyclisis, but the acceleration is amaller iz
the larger mass. Mass can be said to be a measure of the amount of material present jn ao
ohject, but can also be described as the reluctance of an object 1o change velocity.

%y

Find the b izontal foree required to make a car of mass 3 Lg accelerate at 2 ms~ on a horizontal road.

7} 2 A wooden block of mass 0.3 kg is being pushed alone a horizental surface by a force of 1.2 M. Find its
aceeleration.

2 A gardener drags a roller on horizontal land with a force of 360 M, causing it to accelerate at 1.2 ms—=. Find
the mass of the roeller.

4 A man pushes a boy in a trolley, with 104al mass 60ke, along horizental land from rest with a constant force
of 42 M for 10a. Find the distance travolled in this time.

5 A ancoker ball of masa 0.2 ke (s ctruck o it starts moving at 1.2ma ™", As it rols, the table provides a constant
rezigtance of (U08 M. I stnles another ball I m away.

a Find the apeed with which it strikes the other ball.

b What assumptions have you made when answering this guestion?

6 Find the constant force required 1o accelerate a mass of 5 ke fiom 3ms to Tms ' in 82 on a horizontal surface.



Chapter 2: Force and motion in one dimension

T A ship of mass 20te0 mes is moving at 10 ms! when its engines stop and it decelerates in the water. It takes
500m Lo come 1o rest. Find the registance force, which is assured to be constant, of the water on the ship.

8 A winch provdes a constant force of 80N and causes & block to accelerate on horizontal land from 2ms 1o
10ms " i 6. Find the mass of the block.

9 A Formula | car and its driver have total mass of 300 kg. The driver is travelling at 100 ms ' along a horizontal
gtraight when, 100 m before a bend, he starts 1o brake, slowing to 40 ms!. Assuming a constant braking force,

find the foree of the brakez on the car.

10 A strongman drags a stone ball from et aleng a horizontal surface. He moves it [0m in 43 by exerting a
congtant force of [N, Find the ma2sa of the stene ball.

11 A car and driver, of total masa i 330 kg, are moving at W ms " on a horizontzl road when the driver sees
roadworks 200 m ahead. She brakes, decelerating with a constant force of 500 N until arriving at the
roadworks. Find the time clapsed before arriving at the roadworks.

12 A train teavelliog at 30m s on a horizontal track starts decelerating 360 m before coming 1o rest at a
platfiorm. The brakes provide a constant resistance of 100 kM. vind the mass of the train.

13 A bloch &= being dragged abong a horizontal surface by o constant horizontal force of size 45 M. It covers S m
i the Orat 25 amd 8 5m in the next |, Find the mass of the block.

2.2 Combinations of forces O_

Mowitom's first and second laws refer to mer of resultanl forces because there may be more
than one force acting on an obgect at any one Lime.

It is mormally easier Lo
put all the information
in i question into this
equation ruther than
working owl net foroe

sepanudely.

Mewton’s second Low is given more groeraaly as
et foroe = miss ® aoceleration

An object inequilibeiur cray have several forces acting on it, but their ieceltant is zero o it
remaing at rest or noowing at constant velocity.

You will consider
problems with ohjects
i equilibrium im

Chapler 3.

Cibjects with a net foroe of wero acting on them are said to be ia e quilibricm and have no
ool tion.

Yo should wse a diagram to work out which torecs act in which directions. In this chapter W_
the diagrams will be simple and include only one or two forees horieontally or vertically.

You should get wsed to drawing diagramns for simple situations 2o that you are prepared for Always draw 2 force
meore complicated situations in later chapters. dingram, even in smple
sriuafions, Lo ensure
Conaider an acroplane flying thoough the air. The forces acting on it are its weighs, Wit from you have considered all
the air on the wings, the driving foerce from the engine and propellers, and air resistance. forces in the problem
Compare the following e i ustrations, and added them into

the relevant equations.
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lilt liln
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i PesslEnce L h ihirust AT Fespano: -|—|_ Ahines
Temtn M i .
- E’—_ ':..Lr:7— - | You do not usually
'T l

include units an
dizgrams where fonoes

weight weight are indicated by
unknowns, olherwise
Botl iNustrations have the same information, but the diagram on the right is simpler to there can be confusian
draw and clearly shows the important informmatie. about whether a1 better

% i I | i v d bi vl refiers bo ien unknown or
iagrams are nol pictures. In Mechanics you normally draw objects as circles o 2 umit. Remember ta

I-..'c1...1||g|-..':‘1 and ghow 1'-.:-Il.'v|..':=| as al |r.rwﬁ going out from the object. ﬂbjul..'i.‘: h:a.'i.l'lt." pushed T ——
from behind or dragged from in front are both shown ag an arrow going forward from the
object. The net force {or resultant force) is not shown on the diagram.

Acoelerations are shown beside the diagram wsing a double arrow,

e re®
a A car of mass 600 kg has a driving force of 300 N and air resistance of 200 M. Find how long it takes to
accelerate from [0ms ' to 22ms .

—i

1
AN M -'——B| ﬂ_—'h-‘li'.lN

b Thecar stops providing a driving force and the brakes are applied. It decelerates from 22ms 10 rest in
2Mvm. Find the force of the brakes.

Ansver

[- 7]
=

—— The di=g am is very simple and clear.

Tha v is shown as a rectangle.

— Thiw iorces are arrows going out from the
isctlangle.
The acceleration is a double arrow above the
diagram.
Mo resulant force i marked on the diagram.

F = ma Al the horizontal forces make up the net force.
500 — 200 = 600 Forces are negative if they are in the opposite
a=05ms> direction to the motion.

it + a2l Acceleration is coosiant 8o you can use the
¥ = 10+ 0.5 relevant equest on of constant acceleration to
1435 fimiah the pooklem.



Chapter 2: Force and motion in one dimension

b L It i2 waeful to draw new diag rams whenever the
atuation changes.
| Note that the air resistance is still there, but
?' 77 the driving force iz not there. The unknown 8
is now the braking force.

Mote that acceleration i still in the direction of
mcdion, although it is dlear it will be negative
becauss all the forces ane acting the other way.

v = + 2as Uze an equation of constant acceleration first
0F =22 & 20w 270 to find the acceleration.
4 =—lIms2 Three of the vari:bles are known.
F = ma Use F = wie now that two of the variables in
M0 — B=a00={-L 1) thizs equaiinn are known.
B =460™

'E} 1 A boat and the sailor on it have a combined mass of 30 kg. The boat’s engine provides a constant driving
force of IO M. [T maintains a constant speed dospite water resistance of 60 M and air resistance. Find the

mmagnitude of the air resistamce.

wl 2 A boyand his friends have a tug-of-war with his father. His father pulls on one end of the rope with a force
of 200 M. The boy and three fricods each pull with equal force on the other end of the rope. The repe ia in
equilibrium. Find the force euch child exerts on the rope.

'E'l 3 A team of sailors pulls a boat over the sand to the sea. Each zailor is capable of providing a force of up to
300 ™. The reastance from the sand s 2200 M. Find the minimem number of sailors needed on the team to
miaintain a condtant spoeed.

4 A cyelist and her bike have a combined masa of B kg, She cxoms a driving force of X0 N and experiences air
registance of L300 M. Find the acceleration of the cyclisl

L A car of mass 1500 kg experiences air resistance of 430 N It accelerates at 3ms on horizontal ground. Find
the driving force exerted by the engine.

5 A boat of mass 2tonnes has a driving force of 1000 N and accelerates at 0.2 ms . Find the resistance that the
water provides.

T A water-skier of mass TS kg is toewved by a horizontal rope with constant tengion of |30 M. There is constant
resistance from the water of 120 N Find the time taken to reach a speed of 10 ms ' from rest.

8 A learner driver is being tested on the emergency stop. The car has mass 1 250 kg and is moving at 21 ma .
When the driver presses the brakes there i a braking foree of 000N 0 addition to the air resistance of
500 ™. Find the disiance covered in coming to rest.



D O Azmall aircraft is accolorating on a runway. s engines provide a constaot driving force of 20 kM. There is average
air resistance of 1000 M The aircraft starts from rest and leaves the runway, which is 900 m long, with speed 80m s,

a Find the mass of the aircraii.

b What aszumptions have been made to ansgwer the questicen?

10 A diag racing car races on a track of length #00m. e car has mass 6800 kg and accelerates from rest with a
comstant driving force of 21 kM. There iz air resiztence of 800 M. Find the 2peed of the car at the finizh line of

the race.

11 A wooden block of mass 6kg is bang Jrapged along a horizontal surfece by a force of 10N, It accelerates
from |ma™ to3ma ' in 4. Find the size of the friction force acting on the wooden block.

12 A motorcyclist is travelling at 20 ms ' on level road when she approaches roadworks and slows down 1o
10ms! over a distance of 250 mi. The combined mass of the motorcyclist and the motoreyele is 360 kg, There is
air regsistance of 80 M. Find the braking force of the motorcyele.

13 An acroplane of iness % tonnes is flying horizontally through the air ai 290 ms ™' There is air resistance of
X kM. The piket ieduces the driving foree from the engines to slow to 160 ma—" over 40s before starting to
degcend. Fiod the magnitude of the reduced driving force.

EI 14 A car of prass | 400 kg slows down from 30 ms ' to 20m s when the driver sees a sign for reduced speed limit

40 o shead. There i2 air resistance of 100 N Determine whether the driver needs to provide a braking force
of just reduce the amount of driving force exerted, and find the size of the force.

2.3 Weight and motion due to gravity

I am ebject falls under gravily it moves with constant acceleration, whatever the mass of
ithe object. This may seem contradictory becasse an object like a feather will fall to Earth
much more slowly than a hammer. However, this is acteally becawse of air resistance.
Commander David Scott on Apolle 15 demonstrated that on the Moon, where there is no
atmosphere, the two objects do land 2t the same time.

anhibeo Gahilet (1 564-1647) was the hirst to demonstraie that the mass
doex not affect the accelerution in free fall. It wie theught he did this
by dropping balls of the sume material but of different masses from the
Leaming Tower of Pisa 1o show they land at ithe same time. However, no
account of this was made by Galileo and L s generally considered o have
been a thought experiment. Actual ex poriments on inclined planes did
verily Galileo’s theory.

The acceleration in freefall due to gravity on Fasih iz denoted by the ketter x and has a
numerical value of approximately 10ms—.

IM an object of mass m kg falls under £ravity with acceleration gms—=, then the force o
the object due to gravity must be F = sy This force is called the weight of an oijoct and
always acts towards the centre of the Earth, or vertically downwards in diagrans



Chapter 2: Force and motion in one dimension

The weight of an object ol mass m kg is given by B = mg. It is the force due Lo gravily, so is
measured in newtons.

MOD ELI:_Ii'I'E'.III.ESUIIFTIﬂHE

Tho value of g is actually closer to 9.8 m s, bul cven that varies slightly depending

| uil cdher factors. Because of the rotation of the Earth, the acceleration of an object
in freefall i bower at the equator than at the poles. Gravity is alio weaker at high
altitudes and may even be weaker at dopths ingide the Earth, There can also be very
glight bocal varations; for example, due to being near large mountains of dense rock.
For the pur poses of this couras, we will assume that g is I0ma.

Above the surface of the Earth, the force duee to gravity decreases. The differeace is
nizgligible for small distauces, but this becomes important in space. In decp space,
the gravitational pulls of ot only the Earth but also the Sun become negligible.
Under Mewton's first law, objects like Yovager | and Voyager 2 in the far reaches of
the Solar Systern will continue to move with the same velocity unidil they reach close
envough to auciher star to feel its gravitational effect.

a A ball of mass 0.2 kg is thrown verticaily upwards out of a window 4 m above the ground. The ball iz
released with speed 8ma ' Agauming there is no air resistance, find how long it takes to hit the ground.

b Ifinstead there i3 a constant e registance of 0 N against the direction of motion, find how long the ball
takes to hit the ground

Amsvwer
a Taking upwards as positive D Foe clearly which direction is positive.
; With only gravity acting, the acceleration is —g
il upwards is positive.
a=—g

02gM
F=wl+ I ar® Chin the way up oo d on the way down, there is
no cleange in 02 forces, so the whole motion
o (-10)? can be deak with as a gingle motion with
accele ation —g.

|
— BT &
—4 = §r 8

St —fr—4=0
=20 0.4

1ig p-.'-.-iil. vi a0 the time to hit the '__'|-.-l.|:|d 15 2a.



S0 the time to reach highest po

(Lo 3 signibica ol lagures).

2
1
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{to 3 significant figurea).

Un thee way down:

=
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giving | 123 0to 3 significant irg o

I+ Iy = 1.9 2 (3 significant figures)
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Sepal#ie the way up from the way down
becouae registance forces oppode motion, so
L forces are different on the way down.

You first need to find how long it takes to reach
the highest point and the distance travelled in
this time.

LUae Mewlon's second law 1o find the
acceleration.

The maximum bwizht is reached when the
velocity is cedoced 1o zero.

You will nzed to know the height reached so you
can think abowt the motson on the way down.

It is better 1o use given values rather than
cakulated values as much as possible.

Drraw a new diagram for the new situation.

The motion i@ nes & ownwards and the
regigtance force = in the opposite direction to
the motion. S0 it now acts upwards.

The ball is moving down for this stage, so we
can define downwands as positive.

Use the equation of comnstant acceleration with
the total distance, incleding the maximum
hzght ) found previously.

Mote that & navers to previous calculations are
written to 3 agnificant Agunes but you should
always wes values from the calculatorn, using
Answer key of nenvories, in later calculations to
veoid prematune rowmding erros.




Chapter 2: Force and motion in one dimension

WORKED EXAMPLE 1

a A ballis deopped from a height of 300 m above the ground. Twe seconds later, another ball i thrown upwards
from the ground with a speed of 3ms . They collide at a i ra after the first ball was dropped. Find 1.

b The baila collide at a height &m above the growsd. Fiad &
AWt

Faking upwards as positive: The masa is unknown but labelled ag ey,
although thiz dees not affect the acceleration
because only gravity acts on the ball.

a2 M
Lt £y be thie tinse after the first ball is dropped and 2

b its displacement from its starting position.

7=+ I et blzasure height from the grownd and time
_I fromm the time when the first ball iz dropped.

= |.|.'| 5 ¥ [— 1] 1

k=30 -5

The second ball has a similar dizgram, alae
with am unknow n, but possibly different, mass.

Mg N
Lit 1 be the time after the second ball is thrown and

; be its displacement from its starting position

f=ul+ I ar? Again, measure height from the grownsd
- and time from the time when the first ball is
gp=50h+ ' w {— 10 dropped.

b =5t -2)-5(r-2)*
= 30— 5 Solve th: equations simulaneously.

S —21-5-2)
M = 5l

_-'lu

¥ 4=

b h=30-5"=3-5x24=12m Substitule inte the equation for height.
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Find the weighi of a man of mass 70 kg.

A young goat has weght 180 M. Find its mass.
A bail iz dropped from a height of 20m. Find the o taken to hit the grownd.

A water fountain projects water vertically upwards with initial speed 10 ms. Find the maxi mum height the
water reaches.

A ball is thrown vertically downwar2a with 2peed Sms Ifrom a hizight of 10m. Find the apeed with which it
hits the grownd.

A wrecking Ball of mass | tunne is droppad onto a conerete surface to crack if. It needs to strike the ground at
Sms ! to cavse a crack. Find the mininum height from which it must be dropped.

A coin of mass 0005 kg i dropped from the top of the Eiffe Towes, which ia 200 m tall. 1 experences air
registance of 001 4. Find the speed with which the coin hits the ground.

A winch Pt a bag of samd of mass |2 kg from the ground with a constant force of
240 ™ writil it reaches a speed of 10 ms ™. Then the winch provides a force to keep the
bag ioving at conatant speed. Find the time taken fo ieach a height of 40 m.

The firework itgelf’ provides a force of 2 M upwards. The firework explodes after I

!
A firework of masa 0.4 kg is fired vertically upwards with initial speed 40m a1
6i. Find the height at which it explodes f

itgelf provides a force of 0.8 M apwards, even when the flare is falling, to keep

A flare of masa 0.5 kg is fired verfeally upwards with speed W ma-'. The fare I
the flare high for as long a3 poagible. The flare iz visible over the horizon when it

reaches a height of 25 m.

a Find how long the Gare is visible for.
b What assurmpions have you made in your answer?

A Feather of mass 10g falls from rest from a height of 3w and takes 23 o hit the ground. Find the air
regigtaivce on the fzather.

A ball of mass 0.3kg i3 thrown upwards with apecd 10ms". It experiences air registance of 015 M. The ball
tandds e the ground |22 m below. Find the speca with which it hits the grownd.

A bouncy ball iz dropped from a height of 5 m. When it bounces ita spead immediately after impact i 80% of
the speed immediately before impact.

a Find the maximum height of e ball after bouncing.

b Show that the height i2 independent of the value used for g

A parachutist of mass Thkg falls out of an acroplane from a height of 2000 m and falls weder gravity witil

00 m from the ground when he opens his parachute. The parachute provides a resistance of 2330 N, Find
the speed at which the parachutist s travelling when he reaches s ground.
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15 A ball is thrown vertically upat 10ms'. One second later ancther ball is thrown vertically up from the samse
point at 8ms ' Find the height at which the balls collide.

16 A pebble iz dropped from rest intoe a deep well. At time re later it splashes into the water at the bottom of the
well. Scund travels at 340 ms ' and is heard at the top of the well 53 after the pebble was released. Find the
depih of the well.

1T A ball of mass 2 kg is projected up in the air fiom ground level with speed 20ms". it experiences constant air
resistance B. It returns to ground level with apeed 15ms . Find B.

2.4 Mormal contact force and motion in a vertical line

When an object rests on a table, why do= 1 not fall? There i a force due to gravity, 8o
there must be ancther force in the opposite direction keeping it in equilibrium. This &5
called the reactlon lokee.

[ . - ]
peaction Foroe |
" T
~\ e
\, ¥
L

The reaction force is the fonce on an ofgect from the surface it is resting on. It is usually
domoted by the letter K. I is perpendicular to the surface it i in contact with, so semetimes

N i used For the normal coniact Tobee.

The normal contact force between L object and the surface it is onis called the react wn §oroe and
is always perpendicular 1o the s ace.

When the object is o a herizontal surface, the normal contact force i3 usually the zame
magnitude as the swight. |t simply prevents the object leaving o Diling through the
gurface. However, when the surface is tilted with the ebject om it, or when other forces act
aa the object pushing it into the aurfece or pulling it away from the surface, the normal
contact force is mol usually the same magnitude as the weight.

Some people mistakenly think the normal contact Mooce is equal and opposite 1o the force of grovity.
You will look al Mewlon's third lew in Chaple: 5, ahich is about Forces that are equal and opposite.
There & a foroe that is equal and opposite Lo the foree of gravity on an object, bl it acts on the
Earth, not the objecl. Because the mas: of the Earth is so large, the acceleration cawsed by the (e
is usElly negligible. However, when you consider the motion of planets, the elffect of groity on
bath the Earth and other planets is unportand.
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in LBET, King Oscr 11 of Sweden and Morway estabhished a prize for anyone who could solve the

LET™

| three-body problem., which asks what happens te a system of three objects each with gravity acting
an them from each other, like the Sun, the Earth and the Moon, as shown in the diagram. Henri
Poincare {1 B54-1912) showed that, althoweh we know the squations for the objects, there iz no way
to solve them. Moreover, be showed thet iF there is the slightest change in the itial positions or
welacities of the bodies, the cwlcome rony be entirely different. This led to the development ol chaos
theory and this effect became knowa as the butterly effect. Another example of this is the weather,
whiich is why it's so difficult to predict.

W
w0

[ am object iz on a table you may expect the table top to bond o even break if the

clrject i heavy enough. You will aszsume that this is never Uhe case and that the forces
will aever cavse the surface to bend or break.

Adan object iz lifted off the surface the normal contact force 18 reduced. When the
torce is reduced 1o zero, you would expect the abject 1o lose contact with the surface
and b lifted of . However, there are some cases where this doess not happen in the
real world. Vacuum suction pads, for example, can provide a force pulling the object
towards the surface, as can electrostate: Forces or sticky surfaces. You will ignore
these possibilities in this course.

Therefore, you will assume o aormal contact foree will be non-negative and there is
fr limit to hoow large it can be

a A craneis lifting a pallet on that rests a stone Bock of mass Skg. The motion
iz vertically upwards. The crane lifts the palist from rest to a speed of 3ms™ in

&m. Find the normal contact force on the stomne block during the aceeleration.

b If the mormal contact force exceeds 650 14, the pallet may break and so this
situation is congidered unsafe. Arsuming the same acceleralion as in part a,
find how many stoene blocks the siane can lift zafely.
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Answer
a Taking upwands ag positive:
1 AR
a The contact force is labelled &, but there are
| N units.
s
L i 5! H
¥ =t + 2as Use an equation of constant acceleration o
find the acceleration.

V=0 +Iaxb

a=0T5ma"

F =ma Ulze Mewton™ 2econd law 1o find the contact
R-5=5=075 force.
R=53T5N

b Taking upwards a5 positive:

;’ A
|
| We define the number of stone blocks as u, but
o I gtill consider the blocks as a single object.
¥ sna
F = ma
R—5mg =5 =075
= 650 The restriction is given as an inequality.
Smg + 5w 0.75 <2 650
= 120
Hence, the mazimum auinber of blocka ia 12 Mote tha! the question asked for a number of
block:. 2o it ia the largest integer satisfying the
ine muality.

EXPLOREZT))

A electronic scale and an object can be used to mesisure the acceleration inan
elevalor.

| U the scale 1o find the neass of the object. The scale works out the mass by
rcaduring the contact force and dividing by .

Put the object on the scale on the oo of the clevator. As you go upand down in the
elevator, the reading on the scale should change.

As the elevatoer goes up, write dowon the maximum and minimum reading on the ssale.
The mormeal contact ferce can be caleulated by multiplying by g. Use F = mwe for the
clbect to mow calculate the maximum accekeration amd deceleration of the clovator.

Try thiz again whon the elevator is going down.
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An elevator i carrying a nean of mass 70 kg vpwards, accekerating at constant acceleration from rest to
I0ms" in 26 Find the size of the normal contact force ca the man.

An clevalor iscarrving a woman of mass 55 kg upwards. s travelling upwards at 8 m s and starts to slow down
at a constant rate when it ia % m from where it stops . Fidad the size of the normal contact force on the woman.

An elevator is carrying a trolley of mass 30 kg downwards, accelerating at a constant rate from rest to Tme
in 2a. Find the size of the normal contact foree on the trolley.

An elevator iscarrying a child of mass 40 kg downwards. It is travelling at 8 m s and starts to slow down at
constant accekeration when itis &35 m from where it stops. Find the size of the normal contact foree on the child.

A forklift truck carries a wooden pallet. On the pallet is a box of tiles with oo
35kg. The truck lifts the pailet and tiles with an initial acceleration of Yma.
Finad the normal contaci force on the tiles.

A weightlifter 3 wying to lift a bar with mass 200 kg from the fiocr, He lifts with
a foree of 15007 but cannot lift it off the foor. Find the cice of the normal contact
ferrce frem e floor on the bar while the weightlifter is tryfng 1o lift the bar.

A plaie of mass 0.7 kg is being held on a horizental tray, The tray is lifted from rest on the floor and acceerates
it a constant rate until it reaches a height of 125w after 58 Find the normal contact force on the plate.

A man of mass 75 kg is standing in the baske! of a hot-air balloon. The balloon iz rising at Sms ' and 45 later
it is descending at 3ms ", Assuming conslent acceleration, find the normal contact force on the man.

A girl of mass 45 kg i sitting in @ belicopter. The helicopter rises vertically with constant acceleration from
rest fo a speed of #0m s when 0 reaches a height of 200 m.

a Find the normal contac! foree on the girl.
b What assumptions have been made to angwer the question?
A drone carries o parcel of mass 4kg. The parcel iz held in place By twe pads, on its top and on its bottom.

The drone hovers at a height of 30 m before descending for 24 o a height of 8 m. Find the normal contact force
acting on the parcel as it descends and determine whether the foree acta from the top pad or the bottom pad.

&

# A foree is something that influences the maotioo of an obgect. s sice is mensured inonewlons ().

Force iz related 10 acceleration by the equalion: net force = mass X acceleration.

Oibjects acted on only by the force of govity have an acceleration of g ms—.

The weight of an object is the force on it due Lo grvity and has magnitede B = mg.

The reasction force or normal « ontact force is the force on an object due (o being in cociact with
another ohject or surfac= i acts perpendicular to the surface and is usually dersicd by & (or
sometimes &)
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END-OF-CHAPTER REVIE m

i)

A cyelist traveiling on a horizontal road produces a constan® borizontal force of 40 M. The total mass of the
cyclist and the bicycle is 80 kg, Considering other forces to be negligible, find the distance covered as the cyclist
increzscs her apeed from 0ms 1o 12ma,

A beg of zand of masa 20 kg i lifted on a pallet by o crane. The bag is lifted from rest toa heght of 5moim 83 at
constant acceleration. Find the normal contac? iree on the bag of zand.

A rower starts from rest and accelerates to 4ma!in 205 The combined mass of the rower and the boat ia

100 kg The rower provides a constant horweontal driving force of 60N but iz held back by a constant resistance
firom the water. Find the gize of the sesistamce foroe

A gtone of neass 0.3kg i3 dropped trom the top of a cliff to the sea 40m below. There i3 constant air resistance
of 04N as it falls.

a Find the speed with whech the stone hita the water.

b The sound of the stone hitting the sea travels at 340 m s\ Find the time between releasing the stone and
hearing the sound at the top of the cliff.

A train of masa S0 kg i on a horteonial track. 118 engine provides a constani driving force of 4000 M. There is
congtant air resgtance of J00M.

a Find the time taken to reach a speed of 48 ma ™' from rest

b When travelling at 48 m s the train enters a borizontal tunnel 400 m bong. In the tunnel air resistance
increases o 1000 M. Find the speed at shich the train keaves the tunnel,

A submarine has mass 20 000 tonnes. Widh the engines on full power it can travel at |1 ms ™ on the surface and
14ms " underwater.

a  When at maximum speed on e surface, the engines are turned off and it takes 4 km to come o a stop.
Find the resistance from Uhe water on the submarine.

b Assuming the same resistance from the water, find the distamce it woold take to stop from maximen
apeed underwate: wihen the engines are turned off.

¢ Why iz it nod 2 reasonable assumption that the resistamce uiderwater i the same as the registance when
the gubsmating 12 at the surface?

A diver of snzss 60 kg dives from a height of 100m into a seinoning pool. Through the air there i3 resistance of
S0,

2 Find the speed at which the diver enters the water.

b Onge in the water, the water provides an wpwards force of 2000 M. Find the greatest depth in the water the
diver reaches.

A car of mass 400 kg is approaching a junction and neads to stop in 40 m. Tt is travelling at 15 m s~ and there is air
resastance of 200 M. Determine sdeeihes the car needs to brake or accelerate and find the size of the relevant force.

A ball of mass 0.1kg is projected vertically upwards from ground level with speed 9ms ' It reaches a height of
Jmn. There is air resistance agundt the motion.

a Find the size of the air vesistance.
b Find the speed with which the ball hits the grownd.

A car of mass 550 %2 is travelling at 30m s~ when it stants to show down, 100 m from a junction. At fisst, it slows
Just usang the s ressstance of 200 M. Then, at a distance of @ irom the junction, it slows using brakes,
providing a force of 2000 M as well as the air registance. Food the distance from the jurction at which the brakes
miuat be cpplied if the car is to stop at the juncticn.
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A firework of inass 0.3 kg has a change that provides an upwasd force of 7N for 35

a  Assuning no air resistance, find the maximuam height cached by the firework.

b The caplosive for the firework has a fuse that burns at a rate of 12 mm per second. Find how long the fuse
sivould be s the firework explodes at the maxinmm heighi

A boy drags a cart of mass 5kg with force 10 B along a honzental road. There i air resistance of 2 M. Al some
proant the boy lets go of the cart and the cart slows down due (o air resistance until coming to rest. In total, the
cart has travelled 36 m. Find the kength cf time the boy was dragging the cart.

A light pallet is at rest on the ground «ith a stone of masa 30kg on top of it but not attached. A crane lifts the
pallet by providing a force of 300 5 upwands to a height of & m, at which point the pallet instantly stops and the
stome loses contact with it Fiud the maximuom height reached by the stone.

An air hockey table i3 2in bong. A puck of masa 502 ig on the table at 1w middk point. A player hits the puck
with initial speed $m s ' directly towards one side. Onee it is moving there is air resistance of KN Every time
the puck hits a side, the spead is reduced by 2004,

I . ;
a Show that (7 = 205" the puck returns past the middle point of the table

b Given that the puck does not return to the middle poist 2 gecond time, find a lower bound for /.

A particle P is projected vertically upwards, from a point &, with a velocity of 8m e " The point A is the highest
preani reached by F. Find

the speed of P when it i2 at the mid-poist o 204, 4]
i thetime taken for P to reach the mid-point of OA while moving upwards. 12]
Cerrebrichee Trernarional AS & A Level Mathematics 9709 Paper 43 (03 Novetrber 2002

Particles P and @ are projected veitwcally upwards, from different points on horizsental growsd, with velocities
of 2msand 25ms! respectively. @ is projected 045 later than P. Find

i thetimwe for which 78 height above the ground is greater than 15m, 13
i thevelocities of I and (2 at the instant when the particles are at the same height. 15
Carrebrichee Infersatioial AS & A Leve! Mothewmatics 9700 Faper 42 (% Novetrber 2000

A particle o0 mass 3kg falls from rest at a point 5 m above the surface of a liquid which is in a container.

There is oo instantaneous change in apeed of the particle o= i enters the quid. The depth of the liquid in the
containet is $m. The downward acceleration of the pariicle while it is moving in the liquid i 5. 5ma~?

i Find the resistance to motion of the particle whie it is moving in the liquid. 12l
il Sketch the velecity—time graph for the motion of the particle, from the time it starts to move until the

time it reaches the bettom of the comtainer. Show on your sketch the velocity and the time when the
partich enters the liquid, and wheo tie particle reaches the bottom of the container. 17

Carrebriche Inferpiatioial AS & A Level Mathematics 9700 Faper 41 6 Novetrber 2002



Im this chapter you will {2z:n how to:

resolve forees in tve dimensions
find resultants of mere than one feree in two dimengien
uge F = o two directions

|-I|'I|.1 |.1il'h.'\.:5 s 1'.|r- r'l'll.l'.i.‘l'.ll] ill:'llj dl.l.'\':ll.'l'ii.l.llLll'I!":.
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| Wikere It comes frum | Wit you should be able to do Che.ie your skills
IGCSE /O Lewal LUzz Pythagoras™ theorem. 1 Find the hypotenuse of a right-angled triangle
Mathematics with short sides of length 5 moand 12 m.
IGCRE O Lewel Uze trigonometry for right-anglod | 2 A triangle, A8C, has a right angle at &
blathcmatica triamghes. Length AC = 8 m and £ BAC i3 40°. Find

lengihs A8 and BC.

I FGCSE T O Level I LUz the sine rule amd the cosine 3 Atriangle, ABC, has kength AC 6m, £ BAC

Mathematics rule. 407 and length BC Tm. Find £ 4BC and

lemgth AR

Pure Mathematica | | Lse the trigooometry identity

1
gin? 8+ oot o = | 4 |I’:||'|E=ﬁ,f||ll.1 cugil
Pure Mathematica | Uz the trigonometry identity

ain
= lani

cusdl

5 If sing = —1 find tand.

How do you combine forces that are not acting in the same line?

Imagine two ciildren are playing with a toy. They both pull it with a force of 108,

What would be the net force? Before you can anawer this gucstion, you need to know the

directicis in which the forees are acting. If both childion want to take the toy to the same
= plece and their forces act in the same direction, the net force would be 200, IF they ane

i ying to take the toy away from each other and ther forces act in opposite directions,

there would be mo net force. But what if the foices are not paralkel? For example, one could

b to the morth and one to the cast.

This chapter covers how 1o 2olve problems with forces in two dimensions.

3.1 Resolving forces in licirizontal and vertical directions in eguilibrium
problems
A force is a vector quantity. When vectors are added it is the equivalem o joining one

vector on to the end of the other.

This property can be used in reverse by splitting a vector into the sum of two others called
compotietls, You choose the two vectors to be in perpendicolar directions to make it
posgible oo set up equations. The components and the aciginal vector will then always form
a right-augled triangle, 2o you can find the values of cach component uging trigonometry
fior right-angled triangbes or Pythagoras” theorem.

fou can use the trigonometric relationships sud = oppodite and cosl = adjsent -"'-ri
hiyproten s hypotenuse ﬁ H

to find how the components of a force relate to the original force. In the diagram: . i.l‘"r
‘_,r"”f{;' i
F, = Feoalr = L--.l' _________ '

.f':r = Fain @

Mode that if you knew the other angle in this triangle, you would have to uac zin o find F,
and cos to find F,.
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2 KEYPOINT 3.1

e

L %

The components of o foroe are af right angles to each other. The ariginal force 1 the hypotenuse of When drawing force
the triangle. diagrams, you can
- drvw the triangles

. . . o help work out the
E‘-.'rm]_:u:-n-._:l:'a are not extra forces. They are the parts of a force already given, which act in cxnngscumnis, Bust it
cerain directions. is best mol Lo mark
Equaiions are formed by finding the net component henzontally and the net component the components as

sepurate forces or you

vertically. This is called resolving the forees in sach Jirection.
- mity count the Foroe

- wice.
L1 | DID YOU KNOW? &

The shape thal a chain, wire or rope male: when it hangs between two points has o mathema®sol
formul. 1t is called the cabenary curve aiter the Latin word for chain. You can resolve for cach bnk
in the chain, or partiche: on 2 wire or rope, to form differential equations. Yoo can then solve them
1o get the equation of the curve. The formula for the curve is a hyperbalic function {denved from
the exponential Function], Buf i small part of the curve looks very similar toe a pardaiic carve, like
those For quadratic graphs

A particle of masa 4 kg is held in place Uy a force of magnitude 100 N acting at an angle # above the horizontal and
a horizontal force of F M. Find the values of @ and F.

The 12 shed lines show the herizontal and
vertizal directions to allow calculation of the

components of the 0N force.

Resolving vertically.

i =216

F = 00cosd Resolving horontally.

— .'||.'I|

There ar® 1o acits as thiz is the value of F.
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WORKED EXAMPLE 3.2

A boat iz held in place by a force of 5 M due east, a force of 10 duc 2cath and a force F N, on a bearing of 8. Find
the values of Fand 2.

AnEwek

Tir bz im equilibrium F st have a compoenent
to the west to cancel out the 5™ force and a
component to the north to cancel out the 10N force.

A triangle is drawn to make it easier to work out the
components, but the v apoenents ane not marked.

Bearings are alea g weasured dockwise from
neorth. IF thee boari wg is not acule it is often eagier to
mark am acute angle, here &, relative to one of the
foewr basis, Here the bearing 0 = 3607 — o

F ginix = 3 O cxnlving cast-west

Foosa =1 Resolving north-south.

= tan = - Dividing the equations.

By Pythagoras’ thecrem.

1  Find the components of the forees in the diagrams:
a horizontally, speciflying whether it ia left or right
b 'n.'l‘ti.-;.'u||]-, Rpl.'v;.'l'l'_l.'illg whether it is up'.h'dld:'- o7 dewnwards,

i 15M i 1M
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2 a A force, F, has a horizonial component, F, of 10N and acts at 207 abowve the rightwarnds
horizontal, as shown in the diagram. Find F and the vertical component, F,.

b A force, F, hus a vertical component, F, of 8 N and acts a1 257 to the right of the upwards vertical. Find F
amd the honzontal component, F .

c A fmee, F, has a vertical component, £, of 8 N and a horizontal component, £, of 10N. Find F and the
anghe, 8, that the force makes with the rightwards horieental.

d A force of 25 M has a horizoental component, &, of 17 M and acts above the horizontal. Find the vertical
component, F, and the angle, @, above the rightwards horizontal at which the force acts.

e A force of 38N has a vertical component, £ of 3N and acts to the left of the vertical. Find the horizontal
component, F,, and the angle, 8, above the lefiwards horizental at which the force acts.

3 A particle in equilibrium has three forces of magnitudes 5B, 6 W and F N acting on it in the horizontal plamse
in the directions shown. Find the valuwes of F and &.

4 A Nightshade of mass 2kg iz hung from the celing by two strings. One is fixed with tension 8 W at 207 to the
vertical. The other is fixed with tengion TN a2 an angle 0 to the vertical.

a By modelling the lighishade as a particle, draw a force diagram for this situation.

b Resolve horizontally to find & value for Taind and resolve vertically to find a value for T cos .

¢ Hence, find the values of T @b &,

5 A shipis being blown by a Dreame with a force of 100 M on a bearing of 2807 a8 m:h
shown in the diagram. 112 pulled by a rope attached to the shore with Toice 50N .
on & bearing of 1707 A lugboat holds it in place. Find the size and bearing of the T - F
force F applied by e tughaoat. ]
Ly

SN
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A wooden Mock of weight 20N is at rest on a horeental surface. it & pulled by a h::
force of 30 M acting =i 107 above the horizontal, as shown in the diagram, and _H'i-'uu

remAaing at rest hocause of a horizontal frictional force, F.

a  Dwvaw the torce diagram for this situation.
b Fumd the size of F and the size of the normal contact force.
& winch is dragging a caravan along a horizontal road at constant velocity. The

caravan has mass T30 kg, The winch provides 4 force of 850N and acis at angle
& above the horizontal, as shown in the diageam. There i3 friction of TO0 M.

a Dwraw the force diagram for this situation.

b Find the value of & and size of the normal contact force.

A box of weight 50 M iz being dragged at constant velocity along a horieonial road by a force, F, acting at | 5°
above the horizontal. I experiences friction of 10N,

a Draw the fores dieeram for this situation.

b Find F and the normal contact ferce.

A small azioplane of mass 5000kg is towed along a runway at constant apeed by a rope acting at 17 below
the horisontal, There ia friction and air resistance horizontally with total force 406800 M. Find the tension in the
ropi 2ted the normal contact feroe.

A wooden Block is held in position by threc hurneontal forces, ag shown in the
diagram. One acts to the left with force 56 0. One acts with force F at an angle &,

-
2

where sind = 2, abowe the rightwards honeontal. One acts with force (7 at an SHM
2
; 5 . E . . -
angle @, where sing = :T, brelow the rightwards horieontal. Find F and 7.

A block with weight #4 M s weld in equilibriam by two ropes, one with teogiom:,
T,, acting at angle sin! :']: o the upwards vertical and the other with teasion, T;,

acting at anghe sin~' J'; o the upwards vertical. Find T) and T;.
A box with vecight 400 M 2 at rest on a horizontal surface. 4 oean i@ pulling on a rope to try to get the box to
mrve. Tinve force he can exert depends on the angle at which he holds the rope, so that when the rope is at an
angle 6§ above the horizontal, the force he exerts is 15900 s & M. He starts by holding the rope horizontally and
gradually increases the angle, thereby increasing the orce. Another man tries to prevent this motion of the
box, by pulling horizontally. He can exert a macimum fonce of T0 M. Find the ang ke at which the box can mo
lunger remain on the ground. Hence, detersamne whether the box Lifts off the grousd first or slides along the
grownd first

. . . ! . i amM '
A particle has three forces acting an if, as shown in the diagram, where singl = — - ¢

Show that F + 1@ = 15043 by resoiving horizontally, and write down another
equation by resolving verfically. Hence, show that & = 753 + 100 and find F.
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ﬂ 14 A particle has thre: lrorizontal forces acting on it, as shown in the diagram. I5M
Show that coam = i I]':;m'ﬁ and find an expression for gin o, Use

cos @+ 8in’ o = | to get an equation in §. Hence, find @ and 5.
4N

3.2 Reselving forces at other angles i equilibrium problems

Try resolving horizontally and vertically for e forces in equilibrivm in this diagram.

You should get the two equations .

Reosb5” = T o257
Rainb3” + T ain 25" = |0

10K
If there ars two unknown forces and neither of them s vertical or horizontal, resolving O_
horizontally and vertically will lead to two equatiors, both of which involve two unknowns.
- . . R 1 bilems that
“fon can solve these equations simultaneeusly, but it could be challenging. It seould be “:‘ET:E 2 slope.
casier if one equation involved enly one unknown. you should resclve
Somelimes it is casier to resolve forces in Jirections other than horizontal and vertical. forces parallel and
perpendicular Lo the
A force has no compoenent in the ditcetion perpendicular to its lne of actlon. This means slope. In ather cases,
that if you resolve perpendicular 1o an unknown force, the unknown force will aot appear choose ditections
in the equation. perpendicular Lo an
unknown farce. Choose
If you reacdve in a direction porpendicular to 8 in the cxample illustrated, & will not the directions carefully
appear in the equation o you can solve directly for T, You will need to find the component s there are as few
of the 10 M foree in thia direction. unknowns as possible
m eswch direction,
Az an alterrative to drawing a right-angled triangle, it may be cazier o consider the angle 1o make solving the
between the force and the direction in which you are resolvng. When resolving parallel to equalions eLsier.

a certain direction, as marked by p in the fellowing dizgremn, the component of the force F
in that direction will be adjacent to the angle @ between the force and the direction p.
Thercfore, the component F is found wsing the cosine of the angle.

The companent of o foroe, ), parallel o < sfven direction, p, can h::l'-am'hd.l:lf l";, = Fopsl,
where @ iz the angle between the force and the direction p.
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A boat iz held in eguilibrium by three forces of 10N, F M and 208, 24 shown in the diagram. Find the values
of F and .

B Resolving horizontally and vertically will leave

a awkward simulianeows equations in F and &.

Since F iz an unknown force, we resolve

) o~ perpendicular to F go it does not appear in
the equations, to find &.

1M Then vou can find F.

AnEwek

T help. Jashed lines are added to the force
diagram to create right-angled triangles, with
thet borces as the hy potenuses and the other
fo 0 andes parallel amd perpendicular to F.

Mark the angle @ to comparne the 20M foroe
with the direction of F.

o can find & from @ because they add up 1o 807,
n o = o ! Resolve perpendicular to F.

Motice F does not appear in this equation.

Resolve paralle! w47,

WORKED EXAMPLE 3.4

A block of mass 104y iz beld in equilibrium on a slope at an angle oF 20 to the horieontal

h}' a force, F,ach ng at 157 absowve the i|-.:-]:h..'. Find F and the norme] contact force. When you draw a
diagram imeolving a
slope, make sure the
slope does not lock
Fke il iz a1 457, as it
will make it clearer i

Ansver

The norma’ contact {reaction) force i
perpendiculad to the slope.
angles al ather poinls

A H
IF oo dcaw the weight armow down to the in the diagram are the

b contal lime from the bottom of the slope,

1 B : .. same as the angle al’
A may make it casier to find missing angles. . © e

the slope or nol.
Yo will b resolving perpendicular amd padalle]
g M o the shope, 8o add dotted lines to form the

righi-angled trizngles, making sure the furces

are the hypotenuses of the triangles. T allows

you to find components in the 2rections of the

dotted limes.
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Fomsl5 = 10 g ain X0 Resolve parallel to slope.
F=154M Motice R does not appear in thia equation. You may want Lo
hive a go at the
B+ Fain 5 = Wy cos 207 : Make it equnm!
oy Resalve perpendicular v slope. esouree at the Foctor
Crraumtry siaticn on
- the Underground

Mathematics website.

Mate that you do mot
need Lo be able 1o use
i —j vector nolatson
for this Mechanics
syllabus.

1 Find the components of the fellowing forces in the direction of e dashed arrow. Although it might seem
clear from the diagram, make aure you specily whether the component is in the given direction or in the
apposile direction.

a 15 b 148

3
4 161

EEN _# _'_:‘1 -

2 Find the components of the following forces perpendicular to the direction of the dashed arrow. Make
it clezar whether the component is in the perpendicular direction clockwise or antichock wise from the
direction givern.

a el ) 1230
II|
[ Lo
f‘(\\ e
c 04N d
144 .

3 A particle has three forces scting on it, as shown in the diagram. By reaolyving
perpendicular to and parallel to F, find F and §.

4 A boat is held im cosilibrivm by two tughboats, One pulls with a force of 100N on
a bearing of 170 Ohie pulls on a bearing of 3307 with tengion ¥ The wind blows
with a force on the boat of F on a bearing of 30°. By resolving perpendicular te T,
find T'. Find also F.
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5 A book of mass 3kg i prevented from sliding down a slope at 157 to the horizontal by friction acting up the
slope and paralle! to i Find the force of friction and the normal contact force.

6 A wooden Block of mass 4kg is held at rest on a slope at anghe ¢ 1o the horizontal by a force of 12N acting
up the slepe and parallel to i Find the slope’s anghe and the normal contact force.

T A particle of mass 2kg iz held in eguilibrivem on a slose at 137 1o the horizontal by a force F acting at 107 to
the slope aboyve it. Find F and the normal contact oree.

A box of mass 12 kg is held in equilibrivm oo aslope at 187 to the horizontal by a force of size 50 M acting at an
angle & above the shope. Find & and the nosmal contact force.

oo

9 A boyis dragging a bag of mass 8 k2 op a slope at an angle of 177 1o the horizental and exerts a force of 50 M
parallel io the glope 1o do this. Al resistance, F, parallel to the slope prevents the boy from increasing his
speed, 20 he maintaing a consan speed. Find the magnitude of the air registance and the normal contact force.

10 A girl iz dragging a sled of inass 20 kg up a slope at angle 147 to the hovizental. She pulls at an angle of 8
abowe the slope with & force of T M. She maintaing a constant speed Jeapite friction of 10 parallel to the

slope. Find @ and the normal contact force.

11 A particle of maszs 4kg i at rest on a slope at an angle of 497 1o the horizental. There is a frictional foerce of
0™ acticg ap the slope and a force F going up the slope acting at %° above the slope. Find F and the noernsal
contact lorce.

I:El 12 A lwavy box of masa 50kg iz on a slope at angle 25 to the horizontal. There i no friction Lo prevent it sliding
Jown the slepe, but there are three rods attacived, at 407, 50" and 607 above the slope, for people to drag it. A
man and two boya hold the rods to keep the box in eguilibrivm.

a  Show that, if the man pulls with a force of 170N and each boy can pull with a force of up to 20N, they can
hiedd the box in equilibrivm.

b Ifinsiead the man pulls with toree 1280 W and each boy can pull with a force up to 70N, determine whether
or not they can hold the box in equilibrium and state which rod cach ghoold hold.

13 A box of mass l'l}k;._! iz i a horeontal surface. There are three reds sttached on one gide, at 107, 257 and
35" above the horfzsital, for people to drag it. Three people are avadiable to pull on these rods and they ane
capable of providing forces of 150 M, 200 N and 250 M.

a The box v bheing pulled in the oppoesite direction by a horontal force of 425 M. Show that only two of the
people are required to keep the box in equilibrium. Swete which of the rods each person holds.

&)

b The horizontal force is increased to 550 M. Show that if the box i to be prevented from moving
horizontally, it cannot remain on the grownd

@ 2.3 Tne triangle of forces and Lami’s theorem for three-force
=quilibrium problems
The methods in this section ane not requircd by the ayllabus, However, they provide meat
and efficient metheds for solving some pochlems. Althowgh the questions can all be aolved

uzing the methods from the previous sections, they may be solved more quickly uzing
altermative methods invelving the tifangle of forces or Lami's theorem.

[T three forces act on an obyoct 1o keep it in equilibrivm, they will have no resohant. This
micang that we can draw tlem end to end and they will finish where they stacted and form a
« triangle. We can then use wigonometry 1o aolve the problem.
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By drawing a triangle o (ives, we can use the sine rule or cosine rule directly without resolving
components. The lenths of the sides will be the magnitudes of the foroes.

Firat, draw the vorce diagram as a triangle of forces. O_

A The farces can be
drwn in a triangle of
foroes in any order.
Choose an order whene
il is easiest lo work oul

the angles.

You can add angles to the diagrams. You should extend the straight lines in the trizngle
ad shown in the diagram.

. . B . A B L
Apptving the 2 rule to the i - = — = — -
pplyicg the sine rule to the triangle gives ol 0= G800 )~ anli30 — 7)
A B _C

Stnce aind = sl 1807 — &, this leadsto ——=——=——.
ging  snf o siny

S

Lami'’s theorem states that for & portic'e in equilibrium with three forces on it the ratic of (he
magnitude of the force with the Sine of the angle between the other two forces is the sacs for
exnch foroe.

A i =

sn sinf  =ny

Forces of size SM, 6 M and 12N act on an object. Tan the object be in equilibriwm?
ese are the opimions of two students.

=g

There is no way of making two of them cquad | IF the fonoes were at different angles, it might
Lo the third, so they cannot cancel oat, and e possible for it 1o be in equilibriam.
the abject cannot be in equilibrivm

Iz one of the students correct? 6 the forees were of different zizes, in which
circumstances would sach: student be correct?
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A object iz in equitibriom by the action of ferces of 10N, 8N and %M, as shown in 1N
the diagram. Find the values of 8 and .

Ansver
E—-\l P Fedraw the diag:ow as a triangle of forces.
HE
10
i< am
e
+ |0 il
coa | BlF — ) T, Uze the cosine rule to find the angle between
- I:ﬁ ) the &8 M and 10M forces.
. 4 10 %
L 2% 9% 10 Llze the cogine rule to find the angle between
g = 1305 the 0™ and 9N forcea, and vse the alternate
angles theorem using the parallel north’ lines.
WORKED EXAMPLE 3.6

A ghip s held in equilibrivn: By mopes on bearings of 1207 and 2207 The wiczd is blowing due north and exerting a
force of 90 M on the ship. Fied the tensions in the two ropes.

Answet

Uze Lami®s thew rom.

2in LK A =0

gip 1106 aim | 240 Lz L ami's theorem again.




WORKED EXAMPLE 3.7 1

Chapter 3: Forces in two dimensions

A particle ia held in cquilibriuem by three fonces, as shown in the dizgram. MM

Find the sizes of ¥ and a.

Uzing the method of resolving forces:
Slzinl | B0 — o) = 40ain 07

=439 or 136,07

Resolving perpendicular to F followed by
regolving paraliz to £

Mote that & mowst be bigger than 607 or there

Here o = 136,17, would be ro component of the forces Lo the lefit
F = S0cos{180° — @) + 40cos6l” = 56.1 B
g librium,

4 50 i i
sina  gin 120 oL
& =439% op i 36.1°
Here @ = 13617
F _ 50

ginf 3007 = 10" — @) ain 1207
» F = 56.1

Uzing the method of the triangle of forces

. = : lizing the zine rule.
gin{ | 807 — ) 2ind 1 307 — 1 207)

=439 or 1161
Here @& = 106 1",

f=T61"
F* = 407 + 507 - 2 = 40 = 50 = cos 3 Using the cosine rube.
¥ =561

== o

1 A particle is held in place by forces of 8N, W and 12 M, as shown in the
diagram. Find the values of & and g.

2 A mass of 5kg is hel in equilibrium by two ropes with tengions of 30N and $0M.

Find the angles that the repes make with the vertical.
1M
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A mass of Tk is held o equilibrium by two ropes. One has tengion 20 N and acts at #40° to the upwards
vertical. Find the teesion in the other rope and the angle that it makes with the upwards vertical.

A ship s hedd En place by two ropes with forcss 40 N and 35 M, &5 shown in the diagram, which prevent the sind
blowing it 2way. The wind has foroe F and acts at an angle & 10 the 35 N force, as shown, Find the sizes of @ and F.

My

Three ropes pull a boat, which remaing in eguilibrium. The ropes act due north and on bearings of 1007
and 2107, The one acting nurih has tension 25 M. Find the tensions in the otles ropes.

A box has two ropes hoelding it in place. It is pushed by a force of 10 M. The angles between the foroe and the
roped ane 1207 and (507, Find the tensions in the ropes.

An &M force 2 7 force and a 10 M force on an object result in vo net force. Find the angle between the 8 M and
the 9 forces

A land yachitis a vehicle with a sail that gets blown by the wind, but it moves en golid ground. An adult and
achild are holding ropes attached to the land yacht. The adult iz capable of pulling with a force of 300 M.
The child iz capable of pulling with a force of 80 M. They cannot pull in the same direction or they get in cach
cther's way, 8o there neads to be an angle of 21 laast 20° between their ropes.

a For what strength of wind can the two of them work together to prevent the yacht from moving?

b For what strength of wind can the adult prevent the child from moving the boat?

€ When the wind i3 Blowing with & ferce of 130N, the adult pulls the land yacht directly against the wind.
Thee child can cause the path of the vachi Lo deviate from the direction in which the adult pulls. Find the
measimum angle of deviztioa the child can cause.

A particle is held in equiiitiom by three forees. Two of the forces have the same gize, F M. Prove that the
third force acts along tha line of the angbe bisector of the lines of action of the other two forces.

Four ferces on 2o opect, A, B, C and D, result in no net force. I 1the angle between forces A and 8 iz @ and
the anghe between forces © and D is ¥, show that 4% + B + 248 cosr = CF + D7 + 20D coa 7.

3.4 Non-equilibrium problems for objects on slopes and known m

directions of acceleration

Wheen Force s are nad in equilibrivem, the me force will not b 2ero, 20 we can apply Mewton's

You used Mewton's
second law in

gecond luw. The L'lh_k‘l.'l will accelerate. Chapter 2, Section 2.1

W calculate the acceleration using F = mia, bul we wocd 1o resobve the forces into components in a
rehevant direction and find the met foncs in that direetion.

Whe meed 1o choose carcfully which directions 1 resolve in. When an object iz ona slope it is cear the

abject i3 not going to fy of T the slope of o indo the slepe, 30 any acceberation will be paralled i Use ..;"
glope, either up il or down it. Inthis situzisen thene will be no pet foroe in the diresction perpeadicular -
o the slope, so we should resobve in directions perpendicular and parallel 1o the shope. p-""'

-

Ahternatively, if a ship is being towed in a straight line by two tughoats, you may be alde 1o see the -

direction of motion from the beaning of the ship. There will be no acsderation perpendicular to the

direction of motion, 50 we ghould resolve in directions perpendscular and parallel 1o the motion
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I semie gituations, as well as 1le acceleration being unknown, ome of the fonces or an angle

is alio unknown. For exampls, suppose two people are pulling a car with ropes 21 known angles.
The force from person 4 (s known, but person 8 is pulling with enough force v keep the car
following the path marked by the dotted line. Without knowing the size of the force, it is imposaible
o work oufl the aceeleration from one egquation.

I thig case, we must regolve Forces in the perpendicular direction to get & second equation. We
know that there is no acceleration in this direction, so this eguaon is get up in the same way as
with egeilibrium probbems.

| The nel foree in the direction perpendicular to the acceleration is zero.

MODELLING ASSUMPTIONS -

The scenarios in these guestions imvedve net forces that cause acceleration. Dhd the forces
instantly appear at thoee sieea? Forces like gravity will always be there, ot someomns
pulling on a rope may have to increase the force from zero.

If that happen:, why was there not a smaller aceeleration while the force was
increasing o the size given? There are different assumplions that may have been made
o maede] e situation more casily, without significantly aifocting the values calculated.
I 2o cases, the object iz zaid 1o be held in place. Thiet means there is initially some
oahor foree keeping the object in equilibrivm, That ferce is instantaneowsly removed so

| ke forces under consideration are already at the values given. In other cases, the time

taken 1o reach the given force valwes 2 considesiad negligible, and it s modelled az il the
forces are instantly at the values given.

We have also noted carlier that we arc ignoring the shape of objects and considering
them all o be particles. In maoy cases this doees not have an impact because the
olyject slides alomg a surface hlc a particle does. However, round objects like balls,
wheels or cylinders can roll. This has an impact on the motion, but at this stage we
will treat them asif they are particles, just sliding.

womco i
[

A box of masa 25 kg is dragged along the fleor by a fooce of 30N acting at 207 above the honeental. Find the
aceeieration and the normal contact force.

Answer
K 30N
-
ol T
TSN
F = ma Resolving horizontally.
Weoa 20 = 2ia

3
a=1.13ms



5 . -,
R+ 30air

Sy Resolving ertcally, there must be no resultant
force, oths wize the box would leave the loor or
zink fuio the Aoor.

A boat of masa #0 kg has an engine providing = dviving force of 30N in an casterly direction. It igalae being Blown
oy the wind with a force T 1o the northe The boat moves on a bearing of 60°. Find T' and the acceleration of the boat.

Answer

- direction of
L

0
I ain 607 = 30gin 30 Resolve porpendicular to the direction of motion first
IF'=17T1HM e s = Uhezre will be noe net force in this direction.
F=ma Feezolve in the direction of motion.
T cos6l™ + 30 cog 30° = 0
n i ik S :

.- -

i ]

A table is sliding down a slope at an acglbe 207 to the horizental. There is registance of
10 M acting up the slope parallel to . The table takes 538 to slide 10 m down the glope
from rest. Find the mass of the wable.

Alswer

The table iz modelled as a parficle, g0 we do
nod worry abouwt its shape fw e diagram.

Laak back 1o Chapter 1.
Section 13, if ywou

riced a remimder of the
equations of constant

uf + — et Use imfermaiien given to find the acceleration —_
Hiwao LAt
= firat. B
] _. & 3
a = hams ]
B e Wiow mery want b have
: Reaolve parallel to the slope. 1 go at the Make i siop
meyr gin 20 1D = b X LS [ i
R Here F isthe net force and, since we sre resource il the Fecior
M= 3.l kg . R : . e ! stalion o
taking the dirsction of motion 28 positive, the EET:":ED;T:E; 'n
o 5 (L B
10N force is negative. Mathematics websibe.
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1 A wooden Block of mass 5kg is on a horizontal surface. [t = dragged by a force of 20 acting at 147 above the
horizontal. ag shown in the following diagram. Find the scocleration of the block and the normal contact force.

R
i MM
!
|

S5FM

2 A book of mass 2 kg is Jdiagged along a horizontal surface by a rope at &7 above the horizontal. It accelerates
ald3ms 2.

a Dwaw the force diagram for this gsituation.

b Find the twnswon in the rope and the normal contact fonee.

3 A box ol rass 10 kg is pulled aleng a horizontal surface B a rope with tension 20 M at an angle & above the
horiznotal. The box acceberates at | 2ma . Find 8 and the normal contact force.

4 A car of masa N kg iz being towed by two peopiz holding ropes. One pulls with a tension of 80N atan
angle of 187 1o the direction of motion. The other pulls at an angle of 257 to the direction of motion, as
shown in the diagram. Find the tension, T, in the second rope and the acceleration of the car. ﬂ

5 A box of mass 20 kg i3 dragged by a force of 40W at an angle of 15" to the direction of motion, and a force of
A0 atan angle of 0 to the direction of motion. Find the valuc of @ and the aceeleration of the box.

6 A truck of mass |5000kg is being towed by two ropes. One palls with & tension of 3000 N at an angle of 207 1o
the direction of motion. The other pulls with a tengion, T, at an angle of 107 to the direction of motion. There
i8 resistance of 500 M against the motion, in the same line as the motion.

a  raw the force diagram for this gsituation.

b Find T and the acceleration of the track.

T A ship of mass 10000 kg is being towed due north by two tughoats with acceleration 0.1m s, One pulls
with a tengion of 2000 N on a bearing o 3307, The other pulls with a tension, T, on a bearing of 8. There is
resigtance against the motion of WO M. Find T and &.

8 A train of maszs 230 tonnes peovides a driving force of 30000 N to acceleroic up a slope at an angle of 57 1o
the horizental. The force Jiagram is shown, Find the acceleration of the tram.

B wgoonm

ﬁb
ZHPMHlE M
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9 Alog of mass 200kg i= dragged up a slope at an angle of 137 to the horieental by a rope attached 1o a treck.
The rope iz at an anzle of 207 above the slope.

a Dwvaw the fovce diagram for this situation.

b The log sceelerates at 0. 3ma ™. Find the tension in the rope.

10 A windaurfer and his board have a total mass of 80 kg, They are being pushed by the water with a force
of 20 M westwards. The wind iz pushing them northwards with a force F. The windsurfer accelerates on a
vearing of 340°. Find the force F and the aoceleration of the windsurfer,

11 A buoy of neass 12 kg i on the surface of & lake. The tide pushes it with a force of 25 M and the wind pushes
it with a force of 15 M, as shown in the diagram. The buoy neoves in the direction shown. Find the value
of & and the scceleration.

directicn
=M ol medion
L 4

12 A girl pulls & toy car of mass 0.8 kg by a string along a horizontal path. The tension in the string is 38 and
il string is held at an angle of 207 absove e horizontal. There s air resistamce of 2 M. Find the time taken to
reach a speed of 2ms! from rest.

13 A shopper drags a trolley of masa 25 4 from rest along horizontal ground. The shopper is pulling the trolley
by a force of 30 M with hig arm, whoch iz at 15" above the horizontal. There i friction of 10 M. Find the spesd
of the trolley after being pulled & distance of Gm.

C' 14 A ball of mass 3kg is rolied with initial speed 4m s up a slope at an angls 107 to the horizontal.
a Find the maximum distance up the slope the ball reaches.
b What assumgpiions have been made to answer the question?
15 A cyclist of niass T0kg (including her bicyele) arvivea at an wphill stretch of road of length 30 m with an angle

9 o the horizontal, travelling at 10m s, She exerts a force of 15N parallel to the slope and there is wind
registance of 5M against her. Find the time taken 1o scach the top of the slope.

.
16 A ball of mass mikg i rolled up a slope at an angle 8 to the horizental, where sin@ = = The ball passes a
g F pe S : pa
point A with speed Tma . A point Big 5m (urther up the slope than point 4. Find the time between passing

H on the way up and returning to B on the way down.

IT A van of maza 20000kg is towed fom rest by two ropes. One pulls with a tension of 1308 at 10° to the
direction of motion and the other acts at 157 1o the direction of motion. Find the distance covered in 104,

18 A ship of mass 5000 kg iz moving due east at 2ms " when it starts being 1owed by a tughoat. The wind is
blowing it on a beartng of 607, g0 the tugboat exerts a foree of 5000 ™ on a bearing of 107 1o make the ship
continue to go cast Find the speed of the ship after 5a.

19 A box of mass kg is dragged along horizental ground by a ivree F acting at 307 above the horizental. There
is friction of 3 M. The box starts at rest and reaches a specd of 4ms " in 10m. Find the size of the force F.
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IIE 20 A car of mass | 20 kg arrives at a steep upwards slope of kength 13% m at 347 to the horizontal. It is travelling

at 12m s and these is air resistance of 100 M. Find the minimumn (orce, assumed constant, the engine must
provide for the car o reach the top of the slope.

3.5 Non-equilibrium problems and finding resultant forces and
directions of acceleration

In the previcws section, the direction of acceleration was known or could be worked owt

fron the situation. In the situation here, with forces 4 and 8, the direction of acceleration
12 onknown.

In situations like thiz, we can work out the single force equivalent te e combination of the
other forces by drowiog the vectors end to end, as in the following diagram. This is called
the resabtant of the other forces. If these are the only forces in the situation, the reauliant is
thie met Force for use in Mewton's secomd law.

We can then use the diagram and irigonometry to work out the neagnitude am? direction of
the resultant of the forces A and &, which is shown by F.

In the following situation with forces A, B and ©, the direction of acceleration is again
unknown.

A

When there are three forces, if we draw the

viectors end to end we will get 2 quadrilateral.

It meay not be cagy to caleulate te resuliant
B from this diagram.

S0, when there are more than tew lorces, we ind the components of LT

the met foree by resolving hoiizontally and vertically. By adding these F - E F

horizontal and vertical compasents, we can find the horeontal and '-'-IL‘H !
=" i

vertical components. &, and F, of the resultant force, F. We can
use the componerta of the resuliant to caleulate the magnitwde and
direction of the resulant fonce.



. L

The magnitude of the resu/tact force, F, with components I, horieontally and * serticlly, can be
calculuted using Pythazors” theorem as F = 7 + FF. i
The direction of 1 resultant force, F, with components £, horizontally and £, vertically, can be

r
calculated using Fagonemetry as tand = T'-" where @ iz the anghe with the x-direction.

[ meat shevwy the resultant farce on the force diagram Rosinse il & easy to confuse it with a seprate foroe.
Insteswd., 1o show the resultand foree, draw o ssoond dingram alongside the foroe dingram.

A
&
|
nl .
| Fe
| ' o
- 1

o

\
Tower students are discussing the following situation. A heavy stone has three ropes
attached. They are pulled on bearings of 0107, 620° and 060°. Three people can pull

with Forces of 200 M, 150 W and 100 M. Which person should pull on which rope to
maximise the net force if the direction i@ unimportant?

The total net force will be the sume whoever | Whao pulls each rope will affect both fhe net

pulls each rope, bul the dircowion may foroe and direction. 'We will need Lo waork owl
change. eiach case Lo decide which gives the largest
net farce

Which one of the students is correct?

If student & s correct, what effect does the arrangement «f ihe people pulling the
ropes bave on the direction of motion and why?

If student B is correct, is there a general rube as to who should pull sach rope to
rasimige the net force and why does it work?

If instead the direction is more importan? than net foree, how can you decide

whao should pull cach rope a0 that the net force is as close as possible to a given
direction?
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WORKED EXAMPLE 1

A boat of mass (00 kg experiences a force of 30N sastward from the wind and a force of
40M from the Ude on a bearing of 35% as shown in the diagrem. Find the direction of the
gubsequent mction and the acceberation.

Answer
X i i
disection of motion Drraw a diagram with the resullant force 1o
oy show where the wagle s being measured from.
Y
LA
Adding vectors is equivalent to drawing them
end to eml.
Do not draw the resultant a2 a separate force
on the force diagram.
WM
R* =307 + 407 — 2 = 30 x 40 cos | 137 Use the cogine role to find the resultant.
R=623N
= Use Newtea's second law in the direction of
R = 100a acce]ation.
a = 06X mse?
w__R wize the sine rule to find the angle.
and®  =in 25
=1l2z

Sao the direction of motion is on a bearing of 387,
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WORKED EXAMPLE 3.12

A particle of mass kg I8 attached to three ropes in the horizontal plaae with forces IN
of 2 M, 4™ and 314, as shown in the diagram.

Find the directien of the subsequent motion and the acceleration.

Tor am
Al I
atirection of motion ; ;
P Divaw a separate diagram showing the
.--'.‘,ff-.- F, regultant foree.
[ A i PYR——
Fe Do mot draw it on vhe force diagram.

! . 4 + Long Wl {50

! 2 — Agin 307 = 0.50

Find the comwsnents of the resultant
horizontally and vertically.

F :
tan & ; Usr tngonemetry to find 6.
g =433

a0 the direciion 1z 4.33° above the positive x-direction
I f ! Ulze Pythagoras” theorem 1o find the resultant.

F=66lN

F g Ulse Mewton's second law in the direction of

F = 3a acceleration.

a=221ma

1 A particle of mass ¥2g i3 at rest and has two forces acting on it. One bas magnitude 5 M and the other has

magnitude 3 M. Thoy act in the directions shown. Find the magnitede and direction of aceeleration of the
resulting motion,

M

2 A mass of 2kg iz held above the ground and released from rest. There is wind blowing it with a force of 20
horzontally. Find the angle from ¢e downward vertical at which it initially falls.

3 A boat has its motor runming, creating a force of 300 M. The wind i blowing it with a force of 20 M. The
directions of the forces are chown on the diagram. Find the direction of the subseguent motion.
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4 A particle of mas=s 5 kg has two forces acting on it, one of 204 and one of 35 M, in
the directions slow . Find the magnitude and direction of the izsuliing acceleration.

& Three covlanar forces act on a particle, ag shown in the following diagram. X has
components 0N in the v-direction and 20N in the p-Lirection. ¥ has components 25 M in
the a-direction and — 10 M in the p-direction. # has components — 10N in the x-direction
and —I5M in the p-direction. Find the magnitede and direction of the resultant of the
three forces.

X

£

6 Three coplanar forcos act on a particle, ag shown in the diagram.

a Force F has components of =30 N in the x-direction and -0 4 in the
w-direction. Find the value of o ===

b Find the magnitude and direction of the resultant of thic three forces.

E} T Thres coplanar fernces act on a particle, as showa in the following diagram. Show that the x component and
ycompenent of the resultant are equal. Hence, determine the direction of the resultamt force.

20N

Lol
i

D 8 Three people drag a bag of sand of mass 150 kg, labelled A iv the diagram. They pull in the horizontal plane
with foroes 40, 25N and 35N in the directions shown, compared to the direction A4 8.

a  Fird the magnitude and direction of aceeleration of the resultant motion.

b What assumptions have been made to answ er twe question?

O A boat of mass 00 kg iz pulled by three tugboats. Oume pulls doe north with force 500 M, one pulls due east
with Force 350 W and one pulls on a bearing of 0407 with & foree of 250 M. Find the bearing and acceleration of
the resu il motion.



Cambridge International AS & A LevelHathematics: Mechanics

10

11

12

13

In a competition of strcagth, four peeple pull a mass with ropes at different angles.
The direction in which the maszs moves determines the winner. Arjun wants the mass
to go north, Bob wants it 1o go east, Chen wants it to go south acd David wants it to
goowest. The men pull with the forces in the directions showo in the diagram. Find
the direction of the resultant motion and determine who wins.

A rowing boat of masa | 20 kg iz being pulled from rest by three boata. Ome pulls nerth
with a fierce of 1M, the secomd pulls on a bearisg of 0207 with a force of 30N and the
third pulls on a bearing of (457 with a force of S0M. There ia resistance from the water
of 200 M directly against the motion. Find the bearing and accebkeration of the resultant
motion.

A hovercraft has an engine providing a force of 130N on a bearing of 3407, The wind blows on a bearing of
07, which means the hovercrait accelerates from rest om a bearing of 3207 Fiud the fonce of the wind on the
howercrafi

The wind iz blowing a boat with force F. The motor of the boat can excrt a driving force of N, where I < F.
Show with a diagiain that, whatever direction the wind is taking the eat with the moter switched off, the motor
i capable of deflecting the direction by a maximum of gin f
A building i3 unstable after a natural dizaster. A car i3 steck under the building and needs to be dragged owt
as quick ly as poaaible, althowgh the exact direction is kas important. Three peeple can pull ropes, one dus
morth, one at a bearing of 0107 and cne at a bearing o 0307, Akhil can pull with a force of 360 N, Ben can
pull with a force of 240N and Khadijah can pult with a force of 210, Find who should pull sach mope to
maximise the acceleration and what the net Force will be.

® A Jorce can be split inlo componcnis using the idea that force s a vector and can be wril len as
the sum ol other vectors.

The compoenents wre usial’y found in two perpendicular directions with the fora as the
hypotenuse of a right angled tiangle and the other two sdes as componet=

Dhrections choser are usually horzontally and vertically, parallel and perpendicular to a slope,
or paralle! and rerpendicular 1o the direction of motion.

Rezalving gerpendicular to an unknown force means the unk noe n will not appear in the
equation.

When the direction ol acceleration is unknown it i orrmally best (o find components of a

resultant foroe and use them to fimd the direction aid magnitude of the resuliant.
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END-DF-CHAPTER REV] r'-‘w

1 Three forc=s act on a partick in eguilibrium in the horizontz! piame, as shown i the diagram. Find the sae of
the unksovan force F and the angle §.

2 Three forces act on a pastcke in equilibrivm in the honizontal plane, 25 showan i the diagram. By resolving in a
direction perpendicclar to F, show that 8 = 47.2" and find F.

3 A airl iz dragaing a suitcase of mass 12 kg on horizontal ground, using a strap. The strap i at 407 1o the
horizontal. She pulls with a forec of 15N, There 5 air resistance of 5 M.

a Find the magnitude of the normal contact force from the grownd on the suitcage.

b Find the acceleration of the suitcase.

4 Two people drag o cu of mass | 200 kg forward with ropes. One palls with force 200N ona beanng of 0057, One
pulls with force 350 W ona bearing of 3527, Find magnitude of (e acceleration and its direction to the neanest 0017

5 A boat 30 equilibrium held by a rope to the shore. The rope exerts a force T at
an angle & from north. The wind Blows the boat with force 40 M in a northwest
direction. The current pushes it south with a force of 50 N, Show that
Tamd = 32 and find an expression for T eosd. Hence, show that

tan® = % and find 6 and T

6 A carof mass 300kg is on a slope, which is at an angle of 57 to the horizental.
When it is pulled down the slope by o sope paralld to the shope with a force of T, it
accelerates at 2 ms . Find the scecderation of the car when it is pulled up the slope

by a rope parallel to the alope with a force of T,

'I:':‘! T Three boys are having a strength competition. They hobd ropes attached 10 e same object of mass [0kg. One
pulls due morth with force 32 N and another pulls on a bearing of 2007 with force 45 M. The third wanis to
make the object acosierate duwe cast and pulls with a foree: of 24

a Find the bearning at shich the third boy shoulbd pull.

b Find {he resultant acceberation.
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A il can dreag 2 stone block of mass 18 kg up a slope at am angls of 137 o the horzontal with an acseleration
of i.7 ms . Azsuming this is the maximum foroe she car ewmil to drag the Block, find the mass of the heaviest
st Block ahe would be able to drag up the shope.

A boo of mass # kg is held at rest at the top of a slepe 5m long at an angle of 127 1o the horizental. Assume air
registance and friction ane negligible.

& The box is released. Find the time taken for the box to reach the bottom of the alope.

b Instead, a boy pushes the box dowowerds with a force of 20 M parallel 1o the slope. Find how much
gogner the box reaches the bottoen of the slope than under gravity alone.

A girl is zitting on a sledge, which her friend drags acroas the horzental surface of a frozen lake. The sledge is
initeally at rest and then the {ocnd pulls on a rope at an angle of 35 above the borizental with a force of 8 M for
2 m before releasing the rope. The total mass of the girl and the sledge is 50 k2. There is air registance of 2.4 M.

a Find the speed of the sledge when the friend releases the rope.
b What assumptions have been made to answer the gquestion?

€ Afer the rope is released, air resistance causes the sledge to slow down until coming to rest. Find the
total distance before the aledge conves 1o rest.

In & test of strength competition, a competitor must 2et a 10kg stone as far as they can up a slope. The slope iz
at 107 1o the horieontal. The competitor can drag 1he stone for 5m from rest up the slope and then must rebease
i Frictional foroes are to be consedered negligitle

a A competiter drags the stone with a rope at an angle of 167 above the slope and a force of 65 M. Find the
gpeed at which the stone is released
b Find how far the stone travels sfice being released before coming to rest.

The four athletes in a bobalzigl 1zam start the rece by running along the e They push for 440m on a horizontal
track, prowiding an averag: homeontal forc: of 130N cach. The total masa of the bobslegh and the four athletes
ig G0 kg,

a Find the speed at Ui end of the horizontal stretch of track.

The athletes thea get into the bobaleigh. The track continues wilh a downhill stretch of length P30 m on a
alope at an angle of 537 1o the horizontal. There iz air resistars of T3 M.

b Find the total time to complete the entire track.
A bl of mass wikg alides down a slope, which is at 20 angle of 8° @6 the horzontal. It passes two light

gaies xm apart. At the first gate, the spead of the ball is measured as sms ™, and at the second its spoeed
ia measured a3 vm s Assuming the resistance is constant, show the resistance force has a total size of

:" (2xg sind+ u® — 1),

Aocar of meass ek i rolling down a slope of length x m, which iz at an angle of 307 to the horizontal. 11 has a
booster that provides a force of sy M over a distance of L, which the driver sefs off’ at a distance 5 m after the
car starts moving. Assuming the booster i3 used before the end of the shope, show that the apeed at the bottom
of the slope is given by v = mx + 21 and deduce that the final speed is independent of when the booster is
applied. (Mode that if the booster wene applied For a fixed time rather thon 2 fixed distance this would not be

trwe )
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=N

——=3IN
I
Coplanar foross of magnitudes 58 W, 31N and 26 N act at a point in the directions shown in the diagram.

Giiven thatl tanda = % find the magnitede and direction of the reaultant of the three forcea I
Conilfridge Internationad A% & A Level Mathermonios 5700 Faper 43 02 Novemher 200 §

A parfacte I of mass L05 ke is attached to one end of suwch of two light inestensible stringa, of kengths 2.6 m
and L5 m. The other ends of the strings ane attached to fized peints 4 and B, which are at the same
liowizontal kevel. P hangs in equilibrivm at a point | m below the level of A and B (see diagram). Find

the tensions in the strings. I

Carlridge Ioernaiional A5 & A Level Mathermasics 9709 Faper 43 03 Noveraber 2003

. - S ms!
B

A

A block of mass 60 kg i polled up a hill i the line of greatest slope By o force of magnitude 50 acting
al an angle @™ above the hill. The block passes through points A and R with speeds 85m s and 3.5ms!
reapectively {see diagram). The distance AR & 250m and 8 is 175 o above the level of 4. The resistance
to motion of the biock 5 6 M. Find the value of . [11]

Canifiridge Internationa A% & A Feved Mathermatics 9700 Faper 41 Q7 Noverther 2004
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1 A carof mass 156 kg iz on a straight horizontal read. The car socclerates from 20m e to 24ma " in 10s
Thee car has 2 constant driving force and there is resistance of 163 N . Find the size of the driving fonce. [4]

2 A particle starts from rest at a point X' and moves in a straight live woiil 4038 later it reaches a point ¥, which
is 145 from X'. For 0s < ¢ <255 the particke acceleraies at 0.8 ma—2. For 55 ¢ < 30s it remains at constant
velocity, For 308 r <0 40s it decelerates at a consiant rate, but does mot come to reatl.

a Find the velocity at time ¢ = 58 amd =404 5]
b Sketch the velocty—time graph. 2]

3 A particle P is released from rest dowo & dope, which is at an angle of 3¢ to the horeontal. There is mo
fricticn between the particle and tle 2lope

a Find the particle’s speed afier 078 2]
b Find the speed when the particle has travelled L2 m. 21

4 A crate of weight 465N (s lifted by a forklift truck. The truck lifta the ciate from rest to a height of 2m in 54
Agsuming constant acedleration, find the normal contact force from dee truck on the crate [4]

5 A force Facts fo a horizontal plane and has components 25 W o the x-direction and —17 M in the p-direction
relative to o 2ot of axes. The force acts at an angle o below the x-axis

a Find the sizes of Fand a. [4]
b Ancther force has magnitude 29 and acts at an angle of T abowe the positive x-axis The resultant of
n thiese two forces has magnitude B N and makes an anghe of 8 with the positive x-axia Find the values
of Rand @. 15
[ The graph shows the velocity of a paracihutist as she falls from an aircraft rims}

until she hits the grownd 505 later.

There are four stages to the motion: falling freely under gravity with the
parachute chosed; decelerating with the parachute open; falling at conatant
spead with the parachute open; and coming to rest instantaneously on hitlng
thi groawmd.

a Find the total disiamnce fallen.

b The parachost has mass T0kg. Show that the upward foice o the parachutist
du tor the parachute during the second stage is | 148 M. 1 |

T A parich of mass 6.3 kg is attached 1o one end of a gt inextensible string.
Thee wihier end of the string is attached to a fixed peint X It 2 held in equilibrium
by a horizental foree F when the string i at an angie a to the vertical,

where tanda = ;‘: Find the tenzion in the string and the size of F.

8 Two forazs, each of gize 8 M, have a reanftant of [N,

a Find the angle betwesn the forcea

b The teo given forces of maaoitude 8 N act on a particle of mass mke, which remains at rest on a
horizontal surface with oo iriction. The normal centact force betwoen 1he surface and the particle has

magnitude T M. Fird w and the acute angle that one of the 8 M forec: makes with the surface. I3l



Cross-topic review exercise 1

Three coplan: forces of magnitudes 7 M, 1N and 12 M act al s point A,
as shown b He diagram.

a Fimd the component of the reauliant of the three forees i the direction

AR and perpendicular to the direction A4 8. 13
b Hence, find the magnitude and direction of thwe resuliant of the three forcea. 13
a A cyclist lets her bike accelerate down a slope with constant gradient, at constant 1

acgeleration. She passes a point A, then 45 bater pasaes a point B 32 m away Ancther 28 later she

pasacs a point O a further 19m avay. Find the acceleration of the cyclist. 151
b Assuming there s no friction of resistance and the cyclist is not pedalling, find the angle that the slope

makes with the horizontal, #iing your answer to the nearest 0,17, 13
A particle I iz in equilibrium on a smooth horizontal table wnder the acuon
of four horizontal forces of magnitudes 6 W, 5 M, FM and FM acting in e
directions ghown. Find the values of @ and F. ]

Fr
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A eyelist starts from reat at point A and mowos in a straight line with acceleration 0.5m s for a distance of 36m.
The cyclist then travels at constant apeed for 258 before slowing down, with constant deceleration, to come to rest
at point B. The distamce A8 s 200 m_

i Fimnd the total time that the cyclist akes to travel from A to B. 151

M5 after the cyclist leaves point 4, a car staris from rest from point A, with constant acceleration 4ma 2,
towards B. It is given that the car overtakes the cyclist while the eyelist i maosin 2 with constant speed.

il Find the time that it takes foom when the cyclist starts until the car overiakes her. 15

Carifridge Itermationa AS & A Level Muthermatics 9709 Faper 41 Q7 Noverber 2005

A amall bead O can mowe freely aleng a smooth honzontal stroaght S
wire AR of length 3m. Three horizontal forces of magniiodes FN, 10N _—
and 20% act on the bead in the directions shown in the diagram. The A = S NN
magnitude of the resultant of the three forces i BN in the direction F T
ahown in the diagram. 1o

Fimd the values of F and R. 151
i Initially the bead is at rest at 4. It reaches B with a speed of 11.7ms . Find the mass of the bead. 13

Canilrides Itermationa A5 & A Level Mathermatics 9709 Faper 41 Q5 Novermber 2005

A particle P of weight 21N is aitcched to one end of sach of teao

light inexienszible strings, 55 and &, of lengths 0052 m and 025 m
reapectively. The other end of %) is attached to a fixed point A, and the
other end of 55 5 attached to a fixed point 8 at the same horizontal
level as A The pariscis [ hangs in equilibrivm at a point 0.2 m below
the level of A8 with both strings taut (see diagram )l Find the tension in
Sy and the t=uson in 5. ]

Carifridge Itermationa AS & A Level Mathermatics 9709 Faper 43 Q4 Novermber 2002




In this chapter you will leso: how to:

caleulate the gize of fiiclional forces
use friction 1o solve |.|:||||.._-|;|:c [NLRRIEETTRIR]
dietermine the Jircction of motion of an obje

aplve probleas where a change in direction of motien chanacs the direction of friction.




Wiere Il colmes Foomm

IGCSE § 0 Level
Mathemalics

Whai you should be able b do

Use Pythagoras” theorem.

—+

Checl. your skills

1 Find the hypotenuse of a right-angled triangle with
ghort sides of kength 8m and 15 m.

IGCSE /0 Level
Malhematics

Use trigonometry for righi-
angled triangles.

2 Atriangke, ZARC, has a right angle at 8. Length
B ia Tm and £ BAC 12357 Find length AC.

| Chapter 2/ Chapter 3

Reaolve Torces and use
Mewlon's secomd L.

3 Abox of mass Skg is on a shope at an angle of
I to the horisental, 1t iz pullad down a slops
with force 8 W parallel to the slope. Find the
acceleration of the bae.

How does friction work?
When a box i3 at rest on e Beor it i3 i equilibrivm with the weight balasced by a contact
force. I does net maticr if there i friction or not becawse no rictionz! fese 2 required

for the box to atay in equilibriem. However, when you gently push U boa horizoatally,

it may still rerezin in equilibrivm and not move. This is because riclion prevents it As
sou increase the pushing force the box may still not move. This suggests that friction can
change value in order Lo prevent modion.

Ad gome point the pushing force on the box will be basze encugh to overcoms friction and
the box will slide along the Acoer. What factors affect the point at which this occurs? Does
it depend on the size or shape of the object? [t s icasonable to expect the size of the force
will depend on the two surfaces in contact. But what clse affects i?

Crince e Toree is large enough to overcome friction, how does friction behave? Does
friction remain fixed or does it change depending on the motion?

All theze queations will be coraidered in this chapter,

4.1 Friction as part of the contact force

EXPLORE 4.1 4 |
-

Connect a spring balance to a block of wood on a horieonial surface. Increase the
force on the spring balance horizontally wntil the block staris moving. When the
block is at rest, the friction force takes a large coough value to prevent motion. When
| it glaris moving, iry to keep it moving slowly ot a constant speed and read off the
force on the spring balance. This will be eguivalent 1o the frictional force. Try this
om different surfaces and you should sec that some surfaces have different amounts
of friction. Try moving the block at Adiferent constant speeds. The size of friction

should not be affected by the specd of the object.

Try resting a small mass on tog of the Bock before pulling it horizontally. The
frictional force should be Lager now. This suggests that the mass may affec? the siee of
friction. However, the niazs also affects the normal contact force. By adding a mass and
gimuaneously lifting tise Block slightly with another spring balance (guite difficult in
practice), the size of the foree of friction goes down again despitc (e larger mass. This
guggests it is the size of the normal confact force that affects friction, not the mass,
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I there iz felcilon between two serfaces, the contact is called rongh. If there is noe (nction
the contact is called smyooil.

IF there is mo motion, frction akes whatever value is required to prevent motion. This means that
if an object iz at rest on o horizontal surface with no forces other than #8 scight acting on it thene
will be no frction. ¥ ien a force acts on the obgect, but is nod strong enough to cawse motion,
friction will act in e opposte direction to the force. As the foros 2 increased frction will
increase undil the point when the force 8 Barge encugh to overcenis the friction and cawse motien,

When 1he torce on the object is large enough that the obpect i still in eguilibrivm but amy
e force would cavse motion, the object ig said 1o be in lmithge equilibriom. At this point
feictlon will take a fixed, maximum value. That valu: depends on two main fectors how
rough the surfaces are and the normal contact force between them. Each pair of surfaces
has a coelliclent of frlction, denoted by u. which gives a numerical value for how rough the
aurface ia. The size of friction is limited to a value 2 times the normal contact force.

"-

Surprizingly, friction will nat seticcably depend on the amount ol area in contact between the teo
murfaces. A larper area would create more friction, but it alzso spreads out the nermal contact Foroe
over a larger area so hes almost no net effect.

Friction ~m take any value up 1o is imiting value
F = pk

1f t7e object is moving relative Lo the surface, fricticn w1 ake the limiting valoe:
F=pk

where B i the normal contact farce

A typical value Tor g i between 0.2 and 0.7, although surfaces that are not as reugh may
have a smaller coefficient of friciion and surfaces that are estremely rough may have a
larger coelficient of friction. possibly bigger than 1, although this iz unueswal. A “zmooth’
aurface has no friction, whch iz equivalent to g oand takes the value 0.

Friction depends on 1w nermal contact force between the surfaces, o we say it is “part
of the contact foree’, and it acts parallel to the surface whereas the normal contact force
is perpendicalar. This means the total contact force is the resvhant of the normal contact
Torce and the frction force. We calculate it in the wsual way b conssdering a night-angled
triangle 2id wsing Pythagoras” theorem.

S e

The tolal comtact force can be found from £ = <3 + .

F
The direction of the todal contact fonoe is a2 angle of I.an"[i }tn the normal contact foroe.

When an object is statienary, but about to move, friction will take the limiting value. 'We
say the object is in limiting cgmilibrium, or we can use the phrase ‘o the pofsl ol slipping”.
This means that any extra foice would make the object start moving.

Sometimes it ig not clear which way friction acts. Suppose a car i on a rough slope with a
tow rope attached oa the end of the car facing up the slope. Tengion in the repe s acting
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parallel to the D of preates! Jdope in an upwards direction. We don™ koo i5 e tension
i there to try te pull the car up the slope, or 1o help prevent the car movieg down the slope.
Friction will act in differcnt directions depending on the situation.

The two poasibilities are shown by the two force diagrams. I the veesion in the rope i
large, friction oy act down the slepe to prevent the car geing up the slope (shown in the
keft diagram) 11 the tension is small, friction may act up the slope to prevent the car goeing
down the =lope {ghown in the right diagram).

K R
T -
F
[
i g

In situations whene it ig not clear which way friction acta, you must make an assumption
about what happens in the subsoquent motion. You need to be aware of the significance of
getting a negative value.

O

IF you assume frict oo acls in one direction and then sobving the equafion = gives o negative vadwe for Farces “paralle] Lo the
friction, it means yur assumption was wrong, [t means that Friction has the sume magnitude bat in slope” act along the line
the other d reciion. You should state that the direction is not as marked on your diagram. af greatest slope. Any
—- other direction parallel
to the surface will not
The waive of friction given by aquations may be too large becawse friction is limited to pR. be as steep, which is
If that happens, then the object cannot be in equilibriom. why roads up steep

slopes wind up rather
than go straight up

In this course, Toroes
If the walue calculated for friction to ke=p the object in equilibrium is lurger than the limiting vloe, will generntlly act along
the ohject cannat remain in equilibrivm. lines of greatest slope.

WORKED EXAMPLE

A box of masa 5ka i at rest on horizontal ground. The box iz belag pulled by a horizontal force of 8 M. Find the
total contact funce.

Answer
R
LETY"
R =3¢ =5N Resolve vertically Lo find K.
F=8M Resobe horizontally to fied .

Mote that the box is at 51, g0 fricticn must be of the
magnitude to presest motion.

C=+FI+ BT —S06N Use Pythagoras theorem to find the total contact force.
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WORKED EXAMPLE 4.2

a A book of m=ss & ke is at rest on a rough slope, which is at an aagle of 207 to the horizontal. The book iz
heeld in limitiicg equilibrivm by a force of 10N up the line of greatest slope. Find the coefficient of friction
and the magnitude of the contact force.

b Find ilie largest force up the glope for which the book remains at rest.

ARnsat

g gin 20 = F 4 10

The foree diagram assumes the book is on the point of
glipping down rather than up the slope.

Mote that it may not be obvicus from the guestion

whether the beok i on the poant of slipping up or down
thee abope.

Resolve perpendicular to the slope first to find K.

Rsolve moareliel to the slepe to find F.

If you had azsumed the book was abowt to slip up the
alepe and marked friction as acting down the slope, you
wionald have got —17 4N for friction and realised you
nad made the wrong assumption: friction ghould be the
cther way.

The bowek is on the point of slipping, so friction is
limiting.

Usze Pythagoras® thecr«un to find the contact force.

If the forcs op the slepe iz the largest possible to prevent
rodion. ircetion must act down the glepe.

Resolve perpendscalar to the alope first to find 8 as before.

Resolve parallel to the slope to find 5

Simce the book iz on the point of slipping, friction is limiting
go we can find F usiog the value for o found in part a.
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A owaste container of mass 400 kg is in equilibrium on a rough slop =t an angle of 18" to the horizontal. The
coefficient of frchon between the slope and the skip ia 0.3, 1t ia eeld in eguilibrium by a winch with tension T M.

Find the rang® of poasible values for T
Amswer

When T is minimal: L

L1g

By M

R =400y coz |8 = 3800

A0gan lE=T+F

F=pR=1140
=048
When T i maximal

R =400y coz |8 = 3800

-|-|.I|.'::: gin B+ F=T

Firstly, consider the case where the winch ia providing
thee muinimum force to prevent the skip frem shiding down
the slopee,

Resolve perpendicular to the slope first o find R

Resolve paralke! to the slope next to find T2

Since the tonsion 5 the minimum possible, fiiction must
take o maximum value

Secondly, comsider the case where the winch is providing
the maximum ferce, which is not enough to make the
skip alide wp the slope, so friction acts down the slope in
this case.

Resolve perpemdicular to the slope first 1o find K as
bl

Resolve parallel 1o the slope next to find 77

F=puR=1140 Since the ferzion & the maximuwm posai ble, fricticn muat
T = 1180 take the raximum valae
Therefore, the runge of valwes for T 048 == T == 2380,
- K - RREY T
-
1 A boxisat rest on horeontal ground.
a When it is pulled to the right by o force of 40 M, as shown in the diagram, +R

find the size and direction of the foree of friction.

b When it is instead pushed o the left by a force of 25N a1 20° above the (B—wx

horizental, find the sice and direction of the force of friction.

¢ When there 10 oo dideways force acting on the box, find the sice of the Foree

of friction.
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2 A box of mass [4kg is af reat on a slope that is at 157 to the horizontal,

a When there is no eaternal force acting on the box, find the size and direction of the force of friction.

When it s pulled up the slope by a foree of 30 M parallel to the line of greatest E

slgpe, a3 shown in the diagram, find the size and dircetion of the force of

friction. {Note that friction 12 oot marked. You will have to decide which |; MIC:'_P_-T-EL
direction you think friction i3 acting and coeme (o a conclugion based on _ -

whether the answer yvou get i3 positive or negawe.) F sl Fid A

€  When the box iz dragged down the slops by a foree of 20 M at 107 above the line
of greatest slope, find the gize and dircetion of the force of friction.

d  When it i pulled up the slope by a torce of 15N at 35 above the horizontal, find the size and direction of
the foree of fricticn.

3 A box of mass 2 kg is at rest oo rough horizontal ground. Find the magnitude of the total contact force in
each of these cages.

a The box is pulled Lecizontally to the right by a foree of 40N, S0
The box is pashed to the keft by a force of 50 M at 15" above the horizontal, i i -']—|
as showi i the diagram.

€ The box iz pushed to the lefl by a foree of 50 at 157 below the horizontal.

4 A book of neass 4kg i at rest on a rough slope at suele 147 10 the horizontal. Find the magnitude of the total
qontact force in cach of these cages.

a Mo other force acts on the book.

The book i pulled down the slope by o force of 5N parallel to the line of
gratest slope.

€ The book iz pulled wp the slopc by a foree of 15 M at 97 above the line of -

i
-
1 14"

greatest slope, as ahown i the diagram.

5 A tinof mass 0.5kg ir on a rough horizental table with coefficient of friction 0.3, Find the largest horizontal
ferce that can be cxerted on the tin before the tin stars to mowve.

6 A block of wood of mass 3kg i on a rough glope, which i3 at 2n cngle of 257 to the horizontal. The coelficient
af friction between the block and the slope s 0.4, Tt iz held i place by a force, P, going up the line of greatest
shope
a Find the smallest possible gize of F o prevent e block sliding down the shope.

b Given that the block remaing in equilibrivin, find the largest poasible size of P.

{ A chair of mass 6kg is at rest on a roueh honzental lloor with coefficient of friction 035 11 is pulled
horizontally by a force of 23 M. A boy pesdees down on the chair so that the chair is on the point of slipping
but remains at rest. Find the force that the boy exerts on the chair.

8 Two men are trying o drag 2 bin of mass 00 kg up a rough slope at an angle 20 to the horizonial. The
coefficient of friction is .25 Ome man pulls up the slope with a force of 080 b The other tries to lift the bin
perpendicularly to the 2lope, providing a force such that the bin iz on the point of glipping up the slope. Find
the force exerted by the second man.

O A aledge of mass 200 kg is being pulled by & woman along roagh horizontal ground. She exerts a force of

=

S00M at 18 above the horieental and the sledge iz on the point of slipping. Find the coefficient of friction.
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ﬂ 10 A gardener is trying to move a heavy roller of masa |50 kg along reogh ground at an anghe of 5° to the
horizontal. He cacrig a force of 200 M down the slope and paralicl wo it and the reller is on the point of slipping.

a Find the coeificient of friction.

b Wlat assumptions have been made to answer the geestion?

{?} 11 In = factory, a machine picks up a box by clamping it on both sides. The box of mass 4kg is held clamped on
poth sides by identical clamps with the contacts horzontal. The machine provides a contact force of 50N
wilh cach clamp. Find the minimuwm cocifoient of friction between each clamp and the box for the box not
o alip.

12 A box of mass 30kg iz at rest on 2 rough slope at an angle of 20° to the horieontal. When a girl pushes up the
slope along the line of greatest slope with a force of 25 N, the box does not slip down. Find the range of values
fier the coefficient of frictivs between the box amd the slope.

13 A ring of mass 25ke is threaded on to a fixed horizontal wire. 1t 2 made of & il
rubbery material 1o give it an extremely high coefficient of friction above 1) and g
prevent it sliding zlong the wire. When it is at rest, the highes part of the ring is in ¢
contact with tie wire, 20 the normal contact force from the wire is wpwards, as ﬂ

ghown in the diagram. The ring is attached o a striog, which provides a tension of
GO at am angle of 3¢ above the horizontal. The ring is now in limiting
equilibrivm. The ferce diagram for the situaticn i given in the diagram. Mote that M
the normal contact foree i8 now acting down «25ds because there cannod be a R .
vertical component of acceleration, 2o the lewer part of the ring is now in contact T‘{_'_ -
with the wire. Find the coefficient of fiiction between the ring and the wire.

Tha M
EI 14 A box of mass 50 kg i3 at rest on a slope, which is at an angle of 367 to the hovizental. The coefficient of
friction is 4. The boex is held in place by a rope attached to a winch pu®ling up the slope and parallel to it
Find the minimum and razximum posgible valees for the tension, T, which the winch could provide for the
box 1o remain in eguilibriven.

15 A car of masgs 1250 kg 2 at rest on a rough slope at an angle ol 7 to the herizontal. A man tries o push it
down the slope, exerting a force of 500 M, but cannot get i fo move.

a Find the angle that the total contact force makes with the glope.

b When the man stops pushing, the car remains in eguilibrium. Find the angle that the total contact force
miakes with the slope.

ﬂ 16 A ring of masa 2 kg is held in place at rest on a rough horeental wire. It i attached to a string that is at an
angle of #0° above the horizental,

a Explain why once the ring is released it can never be in equilibrivm, however high the coefficient of
friction, when the tension in the string satisfies T' ain 40 = 25

b Show that when the tenmnon is 10N the coefficient of friction must be at least 172 for the ring to be in

equilibrium, but when the tension increases to 200N the coefficicnt ol friction can be as low as L4 with
the ring remaining in equilibrium. Explain why.

IT A ring of masgs %g is at rest on a rowgh horizontal wire. It is atizched to a string that is at an angle of 60°
above the fwonizontal. The coefficient of friction between the ting and the wire iz 0.7. Find the set of values for
the tenzion, T', which will allow the ring to remain im sg i ibriom.
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4.2 Limit of friction

W have seen that when an elject ig in limiting equilibrium or on the point of @ipping, frection
takies the maximum valee. WWhen an object i3 moving, friction will remain ai the limiting value.

A

If the object is moving relative 1o the surface, friction will lake the w='ue F = gR.

When iz «bject is moving or abowl Lo start moving, mark the frocaon as @R on the force diagram.

When an object moves at constant speed it i3 in couilibrium. However, when an object on
a surface is accelerating, il will accelerate parallcd to the surface. On horizontal ground
the acceleration will be horizontal. On a gloge, the acceleration will be along the line of
greatest alope.

I we resclve parallel to the surface to ind acceleration, we will not find a soluticn bocause
the size of friction i8 not known. The siee of frection will depend on two factors, u, which
may be given, and R. We will normally need to resolve perpendicular to the surlace where
there is mo aceeleration te calzulate the mormal contact force first. This will 2llow us to
find the value of R and. beace, friction. Then we can resolve parallel to the surface using
Mewtons gecond law to find acceleration.

In order 1+ cilculate the acceleration im the direction paral’=! Lo u roagh surface, resohee
perremticular to the surface first to find the normal contac” fomoe and, hence, the frictional foroe.
I'hiw resalve parallel 1o the surface and caloulate aoc=lomoion using & = ma.

EXPLORE 4.2

Two studenis, Basma and Bijal, are discussing the best way to drag a heavy box ajong
a rough horizontal surface. Here are their arguments.

| would pull hartzon®ily to get all the farce 1| 1 would poll 3t an angle abee e horizontal.
can exert on the bor working in the direction | This would redwce the cootuct foroe and
| want Lo go. therelore redwce the friciion.

Dizgcuss which argument is more convineing.

Practical experiments neay help youw angwer the question. Teat the situation using a

woodon block and spring balance. Increase the horCaontal ferce wintil it is just kess than
the force requined to start the block moving. Try 1o keep the force the same, but change
the angle at which it acts. Does the block stast moving if the foree iz acting at an anghe?

In Section 4.1 we considered the situation where a car i3 held on a slope, but we didn't
know which way friction was acting. You also need to know how to deal with ssteations
where it i3 not known if there i motron mor, if there is, in which direction the motion would
be. Siart by assuming the sitwation that seema likely to be correct, but be ready to spot a
contradiction.

Congider the same exaople where a car is on a rough slope amd thers i & rope pulling up
the line of greatest clope, but this time we do ot know whether the car remains stationary.



11 we assume the car slips dowa the slope, the friction muwst be limiting and act up the
glope. However, if we solve the equations and get a negative value for aceelcration, thia
contradicts the assumpiion and suggests the car does not, in fact, slide Jdown the slope.

If instead we assvine Uhe car i8 pulled up the slope, the friction tost e limiting and act
down the sloepe. However, if this kads toa negative value for acce leration, this again would
contradict the assumption and suggesta the car is not, in fact, pulled up the slepe.

These two resulia together would lead to the conclugion that the car i2 in equilibriom and
friction may not be limiting.

It miry be mecessury bo make an assumption @ Foul the direction of maotion when seiting up the larce
dizgram. If the cutcame contradicls the mwovmplion, then you need to change your indtial assurdon,

MODELLING ASSUMPTIONS)

We have assumed thatl the limiting value for friction is the same shother the object
is maving or mot. In reality, there i3 a small difference between siatic friction and
dynamic friction. From the experiment in Explore 4.2 you may have realised that to
gtart the bioch moving takes slightly more force than the arcunt reguired 1o keep
it at constant velocity once it is already moving. The difierence is slight and for the
purposes of this course we will ignoere it and assume they are both the same.

Cinc the object moves, the exact point on the sciface in contact with the object

| isalways changing, so each part of the contact may have a different value for the
coelMicient of Mriction. We will assume that the difference in the values of g across a
broadly similar surface is negligible. 19 the surface changes significantly, this will be
gtated in the question and we wil! vsz o different valee for @ for the different surfacse,

Fory i

Awkward shapes may make it diffcult for an object to slide smoothly along a rur face.
For example, a hook shape mey lodge itself in the surface. However, in this coarse we
are treating objects as particles so, whatever the size and shape of the actual object,
thee gize of friction will not be affected by those factors.

Chapter 4: Friction

You may wanl Lo

hive a go at the
resource A frictiomal
stary al the Fectar
Crraumtry siaticn on
the Underground
Mathematics website.

Frederick the Jreat, King of Prussia from 1740 aniil 1 786, wanted (o buld a fountain 30m
Ll for his gardens at Sanssouci. He asked Leonhard Euler (1 707-1783), one of the greatest
meLhematicians of the age, to help calculate how to get ihe water from the river under enough
pressime to creade the fountain. Euler did his calculations assuming no friction, but advised the
engineers that he would need to do experiments 1o mee 5 the calculations were valid.

The engineers did not take his advice and the {osatyins were built according to theory alone. The
Pipes burst and the water never made it to ‘b= lountain. Frederick blamed Euler, despite Euler’s
wWaArnings.

Euler was the first o create equations modelling Frictionless fuids, bat it ook more thin a century

o wark owl haw to add Friction Lo the model of Huid dynamics in equations known as the Mavier
Stokes equations. These arc still not fully understeod and there is a §lmillion prie= for solving oiber

aspeots of these equationis
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WORKED EXAMPLE 4.4

a A curling plever tries to 2lide a curling stone of mass 20kg a'ong a horizontal e rink to stop on top ol a
target that (= dom away from where it was released. The secfieient of friction between the ice and the stone
i8 0,05, The player releases the stone with a speed of 6.5ms . Find how far from the target it stops.

b Ina gaine of curling there are swecpers who sweep the e to polish it and reduce the coefficient of friction.

Masuming they lower the coefficient equally aloog e entire path, find the reduced coefficient of friction
required to get the stone to land on the target.

A vk
- [ g - 5 -
= R It is wseful 1o add the direction of motion to
'1"“-11'1"' ol the diagram and show the acceleration in that
EeLE - - . -
" direction, even frugh the acceleration will be
T negative.
#T™
B
- o
]
¥ ngN
R =Ty Resolve vertically first to find R.
200 T
Reaolve horizentally to find o.
Tl Ml
I S
¥ “+ Jas Lae an equation of moticn for constant
6.5 — 2 %052 acceleration to £ad the distasce.
43 25
tance from target = 46 Make i you answer the question.
75m
b TR Uiaman equation of motion for constant
i 54— g w46 acceleration to find the acceleration.
" 439 ma

o Solve the equations Lo find g.



WORKED EXAMPLE

A woman drags 2 boz of mass 20 kg up a rough slope. The slope 2 at an angle of 107 to the horizontal and the
coelficient of Ficton between the box and the slepe i 045, The woman pulls the box using a roepe held at an angle
of 207 albesec the slope, with a tengion of 120 M. Find whether the forse i2 large encugh to create motion and, if' it s,
fined the ceccleration.

ARyt

Diraw a force diagram, making the 207 angle
with a dotted line parallel to the slepe.

Thiz diagram assumes that there will be
mvotion up the aiope, &0 friction will be limiting

Hg N down the slop
R+ 120 zsin X = Mg cos 10 RBeaol .o perpendicular first 1o find K.
R=15M
F = ma reaolve parallel to the slope to find a.
L20 cos 20— 2y sin 10— pR = Ma
a=0393ms" This is positive, so consistent with the

assumplion that there is motion up the slope.

oF 4l Fom kS
EI' 1 A box of masz 14 kg iz on hosicontal ground. IUis dragged by a horizontal force of 20 M. The surface i2 rough
and the coefficient of friction between the surface and the box iz 0.1.
a Resolve vertically ve find the size of the normal contact force.
b Find the size of the frictional foree.
¢ Find the acceleration of the box
2 A skip ol masa 3000 kg iz held at rest by a winch on a sSlope at an angle of 157 o the horizontal. The slope is

recgh and the coefficient of friction between the slope and the skip iz 0.25. When the wineh i3 removed the
akip staris to slide down the slope.

a Resolve perpendicular to the slope to find the size of the mormal contact force.
b Find the size of the frictional force
¢ Find the acceleration of the skip

3 A boyis dragging a box of mazs M kg up a rough slope at an angle of 127 to the horizontal. The coeelficient of
friction is .28 He provides a force of 100 M parallel 1o the slope. Find the soceleration of the bos.
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11

12

A gardener i3 pulling 2 wheelbarrow of mass 8§ kg from rest along rough horizoental
ground. The coefticicot of friction between the wheelbarrow and 1w grownd is 6.
The gardener provides a force of 50N at an angle of 307 above the horizontal, as

shown in the diagram.
a Find the acceleration of the wheelbarrow.

b What happens when the wheelbarrow has 20kgz of 2oil in it and the gardener exerts the same force at the
zame angle?

A ski-plane has skiz to land and take-of T on snow. It has a mass of 3000 kg and has a propeller providing a
force of 20000 N horizontally. It accelerates from rest on horizontal ground a1 2.2 ms . Find the coefficient
of friction between the ground and ihe ski-plane.

A bin of mass 16kg is held on a downhill slope at an angle of 200, When the B 2 released, it 2lides down the
slope with acceleration L2 mia *. Find the coefficient of friction between the bin and the ground.

A ring of masa 2 kg s oo a fized rough hornecntal wire with coefficient of friction 0.4, 1t is pulled by a rope
wilth tengion 15N a1 =0 angle of 57 above the horizontal. Find the acceleration of the ring.

A ring of masa 3kg 18 on a fised rough horzontal wire. It i polled by a rope with tension 20 M at an angle of
107 above tiie horizontal and accelerates at 2m a2, Find the coefficient of friction between the ring and the
wire.

A ski-plane of mass 5000 kg accelerates from rest 2'ong a rough horizontal runway of length 600 m. It needs
tn reach a speed of 25 ms ! by the end of the renway to take off. The propeller provides a horizontal force of
16000 M. Find the maximum coefficient of fiiction to allow the ski plane to take off

A downhill skier of maszs 3hkg iz accelerating down a rough slope of kength 4000m at 227 1o the horizontal.
There i air registance of 30 N and the coefficient of friction between the anow and the skis is 0.3, The skier is
moving at Xma at the tog of the glope. Find the speed of the skier at the botiom of the slope.

A bag of sand of mass 200k 2 is being winched up a slope of length 10 m, which iz at an angle of 6 1o the
horizental. The slope 1= rough and the coelficient of friction is 0.4, The winch provides a force of 100N
parallel to the sloge. At the bottom of the slope the bag is moving a1 2 ms-'. Find the distance it has moved
when itz speed has reduced to | Sms!.

A man wats to drag a block of wood of mass 50 kg alon? horizontal rough ground, where the coefficient
aof friction 1a 045, 11 he pushes it he can generate a foree of 250N horizontally. Alernatively, he can pull
via & #ving with a force of only 230N at an angle of 257 above the horizontal. Which would give the larger
acceleration?

2 Two men are pushing a palette of bricks of wass | Mkg along rough herizontal ground. The first man pushes

horizontally with a force of 1308, The scoond man pulls via a rope at an angle of 207 above the horiaental
wilh a force of 140M. They maintair = constamt velocity.

a Find the coefficient of fricticn between the palette and the ground.
b The second man no bongen pulls the rope. By first finding the new normal contact force, find the
deceleration of the palette

A snooker ball of masz3 0.4kg is struck towards a cushion from 0.2 i sway with speed 3ms". The surface
af the snocker ol has a coelficient of friction of 003 When the ball bounces from the cushion its speed ia
reduced by 2005 Find how far from the cushion it stopa.
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15 A wooden block of mass 10k is on rough horizontal ground with coetficient of friction 06, It s dragged by a
force of B0 M acting at 157 to the horizonial.

a Find the acceleration if the force is above the horizental.

b Firad the acceleration if the force iz below the horicraial.

D 16 A bex of mass 50kg is slowing down from 10me ' on rough horizontal ground. The coefficient of friction
between the box and the ground is 0.3, To stast with, the box iz being slowed by a string providing a tension
of 25N horizontally. Then the string breaks aod the box comes 1o a hall under friction alone after a total
distamce of 14.5m.

a Find how far the box travelled before the string broke.

b What assumptions have becn made to anawer the guestion?

4.3 Change of direction ot friction in different stages of moticn
A shopper ig pushing a shopping wolley, but rather than just pushing it, the shopper gives it
a showe, leis go and walks aiies it After a few metres, the trolley stops beca nce of friction.

When the shopper doea the 2zame thing up a slope, friction alzo causes the trolley to stop,
brut omee the trolley =m: stopped, friction then acts in the oppositc direction to prevent the
trodley falling back down the shope.

When the sivopper doea the same thing up a steeper shope, 1he trolley may start moving
back towards the shopper. In this situation, friction will be limiting to stard with and act
down the glope to step the trolley moving up the slope. Once the trolley comes Lo reat,
friction will act up the slope to try to prevent the trelley moving back down the slopse. If
ihe force due to gravity i3 large enough, the trobicy will start moving back down the slope
and friction will again become limiting, but will now act up the shope.

‘When the motion of an abject o= be split into different Sages, you need Lo drw a difi et force
diagram for euch stage and 42+ with the stages separtely The direction of the Frictiraal force will
e different il the object changes direction.

EXPLDRE 1
#
Twir students, Mina and Jon, are discusasing the probler of a ball rolling up a slope
and then back down the slope.

Miina says she can gave a lot of time in working oot how bong it takes to return to

l the starting point, by working out how loaeg it vakes to reach the highest point and
doubding it. She saya the speed when it reaches the starting point on the way down
will be the same as when it started on the way up.

Jon says that's not true. The uphil! stage and downhill stage have to be worked out
separately. He says that the dowahill kit will take lenger and the speed will b lower
because friction has slowed down the ball.
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Mina says that's nonsense., OF course friction will slow it down more guick !y when
going uphill, but that fus? means it stops after a smaller distance and & aualler time
than without frictioo. 3owill still return o the starting peint after s ice the time it
teok to reach the ighest point

Whor i3 correct?

When an object is placed on a slope, it may topple over rather than slide down the
glope. However, for this course, we are considering all objects as particles, so they
have no shape and cannot fall over.

When a ball is placed on a shope, the centre of the ball iz always above a point lover
ai the alopse tham the peint where @he ball touches the slope. Therefere, the ball wail
a.lw..iyﬂ roll down the :1||.l|‘:h..'. e rdlesz of how much friction there 2. Rolline & alao
different from sliding. Howover, becawse we are considering all objects a2 particles,
clrjects like balls or ovlindera, which may roll, are treated as particles that are sliding
and we will ignere sy differences this might give.

b
= {

= a A box of mass 10kg is pushed from rest aloo g rough horizonial grownd by a
horizontal foree of size 50 M for 35, The coefficient of friction iz 0.45. Find the
apecd when it stopa being pushed.

b The box then slows down because of the friction. Find the total distamce the
box has moved.

Alswer
a R Diraw the force diagram with friction Voiting
brecause we know the box will mecsc.
uR = el S
Ll
|
LT
"
e Resolve vertically fiest io find &.
16N
I: Resolve horosntally, taking the direction of
Fi—pR =l modion 2s ;ositive, to find a.

U'sz an equation of constant acceleration to
Snd the velocity.
| Sma Lok back ta
Chapter 1, Sesction 1.3,
b 8= bl +— b’ Uze an equation of constant acceleration to iF vou need 2 reminder

= find the displacement for the first floes

of the equations of

constant acceleration.



4K
|

ILI.I:_QH

R=10g = 100M

CL

Drraw a new force diagram froo Ue secomd Look back to
stage of the motion beeios: the situation has Chapter 1, Section 1.3,
changed. il you need a reminder

al the equations of

constant acceberation.

Resolve vertically to find the new value for K,
whicd: i this case is the same as the ofd value.

Fogolve horieentally, taking the direction of
myolion as pogitive, o find the value for @ fed
the second stage.

LUse an equation of constant accsicration to
find the displacement for the coscad atage.

Find the total distance fur the two stages of the
oA,

a A ball of mass 3kg rolls up a slope with initial speed 10ma . The slope is at on angle of 207 1o the
herizontal and the coefficiont of friction iz 0.3, By modelling the ball as a jsarticle, find the distance up the

b Show that after coming to rest the ball stars to roll down the slope

€ Find the specd o the ball when it returns to its starting point

Diraw the force diagram with friction acting
dovwnn the slope against the direction of motion.

Resolve perpendicular first to find 8.

—p it = 10a
a=—45ms
¥ = it + Da
S0 |.'|‘:. = |..'-l‘:. + 1w Ry
i = 025
Hence £ = 5 + &
=225+ 025
=15m
e
DRKED EXAMPLE 4.T
glope when the ball comes 1o rest.
Answer
a L
iy
ar
£
B = 35 coa 20
— 1IN

F = ma
—p i — 3g s 0= 3g
a=—624ms
vt = u® + 2as
0 = 10% -2 e

=501 m

Resolbve parallel, assigning up the slope as
positive, to fird a.

Use an equation of constant acceleration to
find 1z distamce.




Do = mew force diagram because the
o T aitsation has changed and friction mow acts up
L i slope to prevent motion down the slope.

e P ] Friction ia limiting because we are assuming
& there will be motion down the alope.

Resolve perpendicular to find the new value
282N for B, which in this case is the same as the old

value.

e I ,
A 20— HN AL

Reaclve parallel, assigning down the slope as
a = ol ma poaitive, to find a.

The aceelerati o Jown the slope should
cofme out a3 positive to be consistent with the
azgumption that there is motion down the
slome

T'his iz positive, o the ba ill roll back down the slope.

:Il.ll-. : “-;.“. P b the ball i in equilibrium Thna could alao be done by calling the friction
I'hem, # A4 din 2 .

& and finding the size of F required to prevent
mtion and showing F = pit.

i + Dy Llae an equation of congtant acceleration to
2w 0G0] &0 ﬁﬂd“ﬁtﬂpﬂl‘.‘d

At the end of a downhill run, & skier of masa 80 kg alides wp a rough slope at anangle of W 1o the horizontal,
to glow down. He arrives at the upward slope with an initial speed of 12 ma . The coelficient of friction
between the skier aed the slope is 0.4 Find how far wp the slope he comes to rest, and show that he remaing at
rest there withowt falling back down the slope.

A ball of miass 3kg rolls with initial speed 8 ms! up & rougi slope at an angle of 157 to the horizontal. The
coelMzical of Mriction between the ball and the slope is 06,

a By modelling the ball as a particle, find how loeg @ takes for the ball to come to rest and show that the ball
remaing at rest there.

b Why is this moedel different frem reality”

A book of neass 3kg is at rest on a roagi slope at an anghe of 157 to the horizontal. It takes a force of 20
parallel to the slope to break equilibriom and drag it up the slope.

a Find the coefficient of fricticn between the slope and the ook,

b Find the acceleration ol the boeok down the slope if the 20N force is applied down the slope.

A box of mass 12kg iz 4l rest on a rough slope at an angle of 187 to the horizental. The coefficient of friction
between the shope cud the box is 0.4,

a Find the furce it takes parallel io the upwards slope to breal equilibrivm and drag the box up the slope.

b If the focce wene applied down the slope and parallel 1ot find the acceleration.
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L A car of mass | 250 kg is at rest on a rough slope at an angle of 357 to the horizontal. i takes a foree of
1300680 M to meoe o [ up the slope. Show that without any foree the car would slide down the slope, and find the
mvinimwm force o prevent it moving down.

& A bin of mass |0 kg is at rest on a rough slope at an angie of 327 to the horizontal. It iz held on the point of
mrowing up the slopse by a force of 90 M parallel to the slope. Show that when the force is removed the bin
would slide down the slope, and find its aceelersiion.

i A trolley of mass 5kg is relling up a rowsh Slope, which i2 at an angle of 257 to the hornzontal. The coefficient
of friction between the trolley and the slope is 0.4. It passes a point A with speed 12 ms-'. Find its speed when
it pasaes A on s way back down the siope.

8 A ball of mass L5kg iz sliding ap 2 slope, which is at 307 to the horizontal. The coefficient of friction between
the ball and the slope is 045, 1t passes a point A at 10m 8. By modelling the ball as a particle, find the time
taken to return to A

9 A pinball game invelves hitting a ball up a glope whenever it reachea the bottom of the slope. The pinball has
mvass 0.2 kg and voliz down a rough slope of lemgth 1.2 m at angle {2 to the horzontal and with coelficient of
fricticm 0. 1. The ball starts at the top of the slope at rest. When it reaches the bottom of the alope it is hit back
up and its spred is increased by 5004

a Find the maximum height up the slope the pinball reaches after it has been hit back up the slope.

b What assumptions have been made to answer the guestion?

10 A wooden block of mass 3.5 kg is sliding vp a rough slope and passes a point A with speed 20m 8. The slope
iz at 29 1o the horizental. The bleck comics 1o rest 25m up the slope. Find its speed as it passes point 4 on the
way down.

11 A boy drags a sledge of mass 4 kg trom rest down a rough slope at an angle of 18 to the horizontal. He pulls
it with a force of 8 M for 33 by a rope that is angled at 107 abowe the paralle! down the slope. After 3z the rope
becomes detached from 1he sledge. The coefficient of friction between the slope and the shedge s 0.4, Find the
total distance the sledge has moved down the shope from when the boy slarted dragging it until it comes 1o
reat.

12 A particle sleder ap a slope at angle 34" to the herizontal with coefficient of friction 0.4, i passes a point F on
the way up the slope with speed 3m g and passes it on the way down the slope with speed 2ms . Find the
coelficiont of frction between the particle and the slope.

13 A particle slides up a slope at angle & to the horizontal with coefficient of friction @, It passes a point A
on the way up the slope at speed ams ! and pazses it on the way down the slope with speed v ms. Prove that:

- gin i — g cos 0

- gin @+ g cos 0
g0 ¥ ig independent of the mass of the particle and the value of g. Deduce also that the speed on the way down
i always smaller than the speed on the way up.

14 A oy car of mass 80 g rolls (rom rest 80cm down a rough slope at an angle of 167 to the horizontal. When it
hits a rubdber barrier ot il bottom of the slepe it bownces back up the slope with its speed halved, and reaches
a height of 10em. Fird the eoefficient of friction between the car and the slopse.




4.4 Angle of friction

The concept of the angle of fibction is not required by the syllabus. However. an
understanding of the angle of friction can make some problems on the avllabus eagier to
solve and can help give afernative methods to solve problems on topics beyvond the syllabus.

[a box iz being pulled horizentally by a rope with tension T and ia on the peint of
alipping, the fores diagram would ook like the first diagram. This diagram has four

ferces, but we can draw a simpler diagram with only thres ferces il we combing the normal
contact fuice and friction into a single contact force. O, as shown in the second diagram.

R £ 1
A ;

ul "‘_F:I_"’ ¥ r

¥ s e

The angle of friction 4 i the anzle between the normal contact force and the
total contact force when fosc®Lon is limiting.

By drawing the comgunonts of the total contact ferce in a right-anaied

triangle it can Ue secn that tan A = “RR = .

- -
| The angle of friction is related to the coefficient of friictina by 4 = tan™'1

By considening the todal contact force asa single force rather than two forces (the normal
contact force amd friction), problems like dwe previous one with four forces can be reduced
to problems with three ferces. This neeens that you can use methods involving the tiiangle
of forces or Lami's theorem.

In the gsimplest case of an object on a slope in limiting equilibrivm under gravity, a problem

pElL

with three forces becomesz 2 problem with two forces.

E ..

It ig now easy o determine the todal contact force. The contact force and the weight must
be equal in magnitude and act in opposite directions, so the contact fonce will ke verticall

Thi angle between the normal contact force and the total contact force i8 the ang!e
between the normal contact force and the vertical. This is alse egual to the angle: between

the slope and the horizental. It the object i2 in limiting equilibrium, then tun A = g and we

heave the coelficient of Fiiction.

CL_IN

Look back to

Chapler 3, Section 3.3,
i you need & reminder
af the triangle of
forces and Lami’s
thearem.
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The angle of friction is ' he seeepest slope on which an object can remain at res? sathout sipping
under gravity

==
& —

The coeflicient of friction can be found by experiment using the angle of friction.
T people will be required to find it zafely.

To find the ceefficient of friction between 2u object and a table, place the object on
the table, Then gradwally Lift ene side o the table 20 the surface is al an angle to the
horizontal. At the point where the object stans to slip down the table, renvowe the
clrject from the table and measure the angle between the table and the horizentad.
Uise the equation tan A = g to find the coefficient of friction.

X X

Aomean tries to diag a suitcase of mass 18 kg along a reugh hoozontal surface. He drags it with a repe al an angle
of 207 abowve the horizental. The coelficient of friction between the ground and the suitcase iz 0.4, The suitcase i8
in limiting equilibrium. Find the tension in the ropse.

Amswek
L‘R.\ : Mark the contact force as a single force 2o the
s Iﬁi T problem now has enly three forces.
! -j’_'ﬁl‘-:’_’_' There is limiting equilibrium, 2o the angle

between O and 1. normal s tan? g

! = s Wi can now apply Lami's theorem.

san | 8 —tan ') sing 70+ tan—p)

=66 0N

WORKED EXAMPLE 4.9
a A 2kg beick is at rest on a plank. The plank is lifted at one end to make an angle of 207 with the
horizontal amd the brick remains statienary on the plank. Find the total contact force between the brick
and the plank.

b The plank is lifted further £ an angle of 25° and the brick is on the point of sUpping down the slope. Find
the coefficient of friction between the plank and the brick.

€ The plank iz lifted further 1o an angle of 35° and the brick is held in place by a force at an angle of 157 above
the angle of the upvards slope. Find the size of the fonce.



Th= oaly two forces are the total contact force
amd the weight, so they muwst cancel each other
oul by being equal in magnitude bul opposite
in direction.

Resolving vertically gives O immediately.

Ag before, the total contact force must be
vertically upwards, 0 the angle between the
normal and thezvoltal contact force ig 257,

Hocauae the brick is now in limiting
edquilibrium, the coeffcient of frection is found
from the tan of the angle between the contact
force amd the perpendicular,

Lzing the total contact force, the force diagram
moww has only three forces in it and the triangle
of ferces can be used.

Simce there is limiting friction, the angle of
friction between © wod the perpendicalar to
the slope will e tie same ag in the previous
part, whicl wes alzo limiting.

Angh s in the triangle can often e found nvore
2%y by extending the sides if required or by
sumparing with vertical or horizontal lines on
the original diagram.

LUse the sine rule tu find T
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A by s tryreg to drag a box along a rough horizontal aurfacs by pulling horizontally. The box has mass
12kg. The coefficient of friction between the box and Uhe surface is 0.4, The box is on the point of slipping.
Find the size of the force exerted by the boy.

A gurl tries to drag the box of mass 12 kg along ihe rough horizontal surface with coefficient of friction 0.4,
She exerts a force at an angle of 107 above the horizontal and the box is on the point of slipping. Find the size
of the force exerted by the gir.

A builder tries dragging a sack of soud of masa 25 kg along a rough horizontal surface with coefficient of
friction 0.5. He pulls at 127 above the honzontal and the sack is on the point of slipping. Find the size of the
total contact force.

A bench has maszs 17kg aod is at rest on horizontal ground. & woman (rics to move it by pulling it with & ferce
of B0 M at 157 above the horizental and the bench is on the point of slipping.

a Find the anale of friction.

b Hence, find the coefficient of friction between the bench ond the groumd.

A traiker has mass 1200 kg, A winch pulls the trailer witls a force of 500N at an angle 8 above the horizontal.
The trziler is in limiting eguilibrium on horizental ground with coefficient of friction 045, Find 8.

A mietal block of meass Mkg is on a rough shogpe at an angle of 127 to the horzontal. The coefficient of friction
between the ook and the slepe i 0.4, A boy is trying to move the block wp the slope by pushing parallel to
the slope. He increases the force until equilibrium breaks, Find the maxinum size of the force the boy pushes
with before the block slips.

A ginl drags a shedge up a rough slope, which has an angle of 107 to the horieontal. The sledge has mass 8§ kg and
ihe coefficient of friction betweon the slope and the sledge i3 0.3, 5he pulls the <lcdge with a rope at an angle of 127
o the sbope and increases the tension until equilibrivm s broken. Find the wasson in the rope when this happens.

A car is towed down o rough slope, which is at an angle of 5° to the horizontal. The coefficient of friction
between the car and the slope i3 0035, The car is towed wsing a rope at an angle of 13 to the slope. Equilibrium
i3 broken when wthe tension in the rope i3 4000 M. Find the mass of the car.

A box of mass 12kg is at rest on a rough horizontal suriace with eoelficient of friction 006 A force i3 exerted
of it ol am angle @ above the horizontal 3o that the foree required to break equilibrium is minimized. Show
that & s the angle of friction and find the siee of e force required 1o break equilibrivm.

0 A box has mass 40 kg and s on a rough slope with coefficient of friction 0.3, 1T is pulled up the slepe by a

force of 300 M at 107 above the slope and o2 in limiting equilibrium. Find the angle that the slope makes with
the horizontal.

11 A ring of mass m kg isat rest oo 2 hxed rough horizontal wire with coefficient of friction g. It is attached to a

Few S

— 1 :
ot — ) and & =tan" @ the ring

siring that is at an angle of & above the horizontal. Show that when T =<

will be in equilibrivm
Show further that if i+ 6% 90" and T = L::;:" ‘;] the ring will always move, but if @+ @ = %" and
T M gl &

sn(er+ 0 — 90) the ring will remain in ogquilibriom.
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ﬂ 12 A particle of weight B iz at rest on a rough slope, which makes an angle of @ to the horisental. The coefficient
of friction between the partick and the slope is g. Assuming @ + & < 90°, where @ = tan~' p, show that the
minimum force & joquired to break equilibrivm and make the pootcle slide wp the slope is F = B in(d + )
and that F niakes an angle 8 to the slope above the particle.

Show Tusther that in the case where o <2 8, the minimuom force F required to break equilibrium and make the
pariiche alide down the slope is F = W sin(@ — o) awd that F makes an angle 0 to the slope below the particle.

Friction can take any valoe up to the limitin wloe, which depends on the normal contsct force,
R, and the coefficient of Friction, ji.

F=puR

IF there is motion, or the objeci is on the point of slipping or in miting equilibrium, inction
will take the maximum posai4e value
The total contact force = the combination of the normal contact force and the iriction.

If a sitwation becomies different beciese a Force changes or the direction of motion swilches,
the normal comwiosct force may be affected, so the Friction may change. 11 is best to driow a new
dingram esvery time a different situslion anses.
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END-OF-CHAPTER R m
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A horizewtal force, T, acts on a particle of mass 12 kg, whicii 5 on a rough horizoental plane. Given that the
partich: is on the point of slippang and that the coefficient of friction is 0035, And the gize of T

A partecle of masa 15kg iz on a slope at an angle 25° to the horizontal. The coefficient of friction between the
particle and the slope is 0.3 A force, P, acts up the slope along the ine of greatest slope. Find the set of values
fr F for the particle 1o be in eguilibrium.

A bowler rolls a ten-pin bowling ball of mass 4 kg along a horeontal lane. The ball is released with a speed of
9ma . The coefficient of friction between the ball and the lane is 0.04. The first pin is 18.5m away. Find the
apoid at which the ball hits the par.

A brick of mass 43kg i3 being pushed up a shope by a force of 40N parallel to the slope. The slope i2at 137 1o
the horizontal and the coeant of fhction between the bnck and the slope 2 0.55. Find the scceleration of
the brick.

A boat of mass 5 toanes 2 being launched from rest into the ssa by giiding it down a ramp. The ramp iz at 57 to
the horizonial and & lubricated 2o the coefficient of friction is only 008 The ramp is 40m long before the boat
enters the sea. Fuod the speed with which the boat enters the sxu

A bag of mass 4% kg is on rough horizontal ground with cocfficient of friction 0.3, A force T acts at & above the
horizontal, where sinf = ; amd the bag iz in imiting equilibrium. Show that & = E: . where B iz the mormal
contact force, and find another equation relating ¥ and T'. Henoe, find 8 and T'. .

A book of mass |3 kg isona plank of wood. which ia held at an angle of 167 to the horzontal. The coefficient
af frction between the book and the plank: i 0.45.

a Show that the book remains at rest and find the size of the frictional force.

b The book iz held stationar v while the plank iz raised to make an angle of 27° with the horizental. Show
that when the book is released it accelerates down the slope, and find thic size of the acceleration.

Toan boya are arguing over who gets to play with a toy. The toy has mazs 3kg and is at rest on rough horzontal
ground with a coefMeient of friction of 0.3, The older boy pulla with @ foree of 26 M at an angle of 3 abowe
the horizontal. The ywounger boy pulls in the opposite direction wath a force of 24 N at an anglke of 7 above the
horizontal. Dternone whether the toy movea, I it acceberates, And the sze of the acceleration and direction. If
mot, find the size of the friction.

A mas: of kg is on a slope at an angke of 147 1o the heieontal. The coefficient of friction between the shope
il 1he mass is 04, There is a force of 5N acting down the slope and paralle] 1o it

a  Show that the force is not great enough to cvcicome friction, and find the magnitude of the total contact
force between the mass and the slope.

b When the force of 5™ i removed, find the total contact force and the angle it makes with the alope.

A box of mass kg rests on a glope, which is at an angle of 347 1o the horizontal. 1t i3 held in place by a
horizontal force of 20 M.

a By considering the tolal contact force as a single force, of otherwise, find the size of the total contact force.
b Given that friction @ limiting, find the coefficient of friction betweon tiee box and the shope.

A partich: of masa € kg s on aslope at an anghe of 20° to the horzonta®. T e coefficicnt of frection between the partice
and the slope i 1. ."h.. particle is 5 m from the bottom of the slope It & projected up the slope with speed $ma-

a Find the distance travelled up the slope from the starticge point until the particle comes to rest.

b Find the time until the particle reaches the bottoisn of the slope.
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A particle of mess 8 kg i3 at rest on a sbope at angle 157 to the fiorizontal. The N

coelficient of iriction between the particle and the slope (2 065, The particle is pulled 3 .

up the sogse by a rope with tengion 30N at an angle of 207 above the line of the glope. JIT-"' e
|

a [Flid the acceleration of the partscle. ___-r'ﬁ;k

After travelling 10m the string is cut and there ic o tension,

b Find the speed of the particle when the string is cut.

The partick slows down until comime us rest.

¢ Find how far the particle has travelled in total when it reaches its highest point on the slope.

d  Find the todal tinee wnti! s reaches that point.

A particle of masa # i on rough, henzontal ground with coefficient of friction gy, 1t @ mitially moving at spead
ums . Afer a distance xm the surface changes 1o another surface with coefficient of friction . The particle
comed o rest, having ravelled a distance of pm on this surface. Show that g, = £ ;iflﬂ

A mass of g isal reat on a plank of wood on level ground with coefficient of Friction gy . Ome end of the plank
ig lifted ontil the mass staris 1o slip. The angle at which this happens is o

a chowthat g = tanae.

The angle of the plank is then raised to an angle § and the mass i3 held in place. The mass is then released and
travels a distance x down the slope. At the end of the slope the partecle slides along the level ground, slowing
down under friction where the coefficient of friction is g, until coming to rest at a distance p frem the bottom
of the slope. You may assume the mass mars sliding along the fleor at the same apeed as it has when it reaches
the end of the slope.
xigin # - tan o cos fB)

¥

b Show that u, =

A particle moves up a line of greatest slope of a rough plane inclined at 2o angle @ to the horizontal, where
ginE = 028 The cocfiicient of fricticn between the particle and the plane = v

i Show that ithe acceleration of the particle is —6ma2. ]

i Given that the particle’s initial speed is 54m s I, find Lhe distance that the particle
Liavels up the plane. ]

Carrlridye Interrations’ A5 & A Level Matherrtios 9709 Faper 43 Q1 Noverrber 2003
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Fig. 1 Fig. 2
A block of weight 7.5 N is at rest on a plasc wikch is inclined to the horzontal at anghe o, where tana = 2_?4
The coefficient of friction between the Block and the plane i3 g A force of magnitude 72 N acting paralle] to a
lime of greatest slope is applied to fie Bock. When the force acts up the plane (see Fig. 1) the block remaims at
reai

i Show that g = 11 4]

When the force acts down the plane (see Fig. X) the block slides downwarda
12

1
il  Show that g < zjr'
Carifiridge Internationa A% & A Leved Mathermatsics 9700 Faper 40 03 Noverither 2004

e

The diagram shows a particle of mass 0.5 kg on a plane inclined at 257 to the horizontal. The particle is acted

on by a force of magnitude PN directod wp the plane parallel toa line of greatest sbope. The coefMcient of
friction between the parsch and the glane is 036 Given that the particle i in equilibrium, find the set of

possible values of F.

9
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In this chapter you will leso: how to:

use MNewtons third e (o objects that are in contact
calculate the motion or eguilibrium of objects connected by rods
calculate the micalon or equilibrium of objects connected by strirgs

calculate the siction or equilibrium of objects that are mosiuz ‘v elevators.,




Chapter 5: Connected particles

PREREQUISITE KNC

Where I compes [fom | What von shoukd e able to do Chack your skills

Chapter | Lze the suval equations 1 A ball iz thrown vertically upwards with initial
for motion with conatant gped Sma .
acceleration. a How high does it rise?

b How lomg does it take o reach the maximum
l height?

Chapter 2 Use Newton's socund law, know | 3 & hox of mass 20 kg is at rest on a smooth surface.

that weight -'_'b'"-"" and know a Work out the normal contact force.
about norseal contact forces.
b What asauwmptions have you made in

angwering part a?

Chapler 3 Kesolve forces in equilibrium 3 A boxis atting on a slope that makes an angle
Uand deal with non-equilibriwm 307 worth the horizontal. The box has weight 48 .
problems,

a Work out the frictional force that is preventing
ihe box from slipping down the slope.

The angle that the slope makes with the
harizontal is increased 1o 8. The box starts
from rest and slides with constant acceleration
25me down the slope.

| b Work owt the frictional force in this situation.

How is the motion of an object affected by it being attached to
something else?

When a car tows a traiber, the motien of the car is albered by the trailer. Mostly this ia due to

thee extra weight of the trailes, aithough there may be additional resstancs fonces on the trailer,
Would the mation of the car b the same if the trailer and itz contents coukd L put ingide the car?

In this chapier you will study the forces acting on different types of connected objects and
look at how thesc tonces affect or prevent motion. In particular, you will consider olyjects
conmected by rizud rods (zech as a car towing a trailer), objects connected by strings (such
a3 massead hanging on the ends of a rope that passes over 2 polley) and objects in moving
lifts felevators). You will not be congidering objects such: as planets that affect sach other
‘remolziy’ using gravitational atiraction.

You will uge Mewton's aecond law to calkeulatc the acceleration of moving systems amd
Mewton™s third law to calculate normal contec! torces (mormal reaction forces).

5.1 Newton's third law

Mewlon's third law states that for every action there is an equal and opposite reaction. Thiia
rncans that in every interaction there i2 a pair of forces that have the same magnitode but
act in opposing directions.

For example, when a boy waes a rope to pull a box, the ferce
with which the box palls on the boy is equal and oppoesite o
ihe force with whicl: (e boy pulls the box. In both cases, the  p=-
force 18 the tensing i the rope. —




When two objects are in contact, cach pushes on the other with an equal and opposite
normal comtact force.

A box resting on the foon pushes down en the floor with a vertical comact force and the
flocr pughes up on the box with an equal and opposite contact force, W ao other forces act,
thee contact forcea wre each equal to the weight of the box.

A box resting o a slope pushes into the slope with a contact menrmal conac loaoe

force and the slope pushes back with an equal and opposits [ricticn
contac force. When you draw a force diagram, you waoally show -

only the ferces acting on the box, so here you show the normal —

contact force from the slope on the box. — wesight

In Chapters 3 amd 4, you studied the ferces acting on an object and the motion or equilibrium
of that ohject. You mow do the same thiong but for systems made up of connected olsjects,

5.2 Objects connected by imds

Aol is amything that can be modelled as a ngid connector with no mass. Examples of
abjects connected by rods ivcloude a car towing a caravan, a truck pulling a trailer, and a
train made up of an engine pulling some carriages. In cach of these situations you will only
consider motion in a siraght ling; that iz, in one dimension.

You can analyae the forces and the motien in these systems waing Mowton's second law.
£') KEY POINT 5.1 5

Ina conmected system, you can apply Mewlons second L fo tise entire system or Lo the individual
ssmronents of the system.

When you congider the individual componcals i a system of two objects connected by a
rod such as a tow-bar, you need to inclods a tenslon force in the connecting rod or tow-
bar. In gome situations this tension moy turn out to be negative. This means that the rod is
under compresgion and the force is & Uhrusi.

¥ r ¥ r
0—s -——0 O «—— —1
femssion [pulling imsesdd) Uhorust | prushing o)

WORKED E} r\m

Aocar towing a trailer travels along a horizontal straight road. The car has mass 15080 kg and the trailer has masa
500 kg. The resistance to motien i 80N on the car and 20 on the trailer. The driving force produced by the
engine of the car i 360 M. Find the tengion in the (nw-bar.

Ansver

trailer and car logether: . ; . .

‘,J,,_,,,,._h::’mtj';,m It iz always a good idea to start with a diagram
.4 showing the forces.
resislance driving loere . )
B0 M You can treat *lie tystem as a single entity
1N weight 201000 N l.n find the ace weration. This is because the
internal tenswong and thrests cancel.

Mewton's second law for the aystem:

There 18 mo motion vertically, so the vertical
360 — 100 = 2000 &0 g =0 13ma™ components cancel out.



irailer: car
meormial comiact loroe noimel conlact lope
B raislance 80 W TR,

o t  diiving
-—EIE| =i I force
. o

M Aoonsi oo i fosw-bar

weiglhL S M weight 15000 N

Mewlon's second law for the trailer and car separately:
T —20=500a and 360 - 80— T = 500

Hence, T =85 M.

WORKED EXAMPLE

Chapter 5: Connected particles

The components must be treated separately
when the internal tensions or thrusts are
vequined

Drraw separate diagrams to show the ferces on
the trailer and the forces on the car.

Note that the force pulling the trailer forwards
is the temsion in the tow-bar.

Thee car and trailer have the same acceleration.

Either eliminatc « or substitule @ = 0.13.

Aocar towing a ticiler travels along a horizontal straight read. The car has mass 1500 kg and the trailer has masa
500 kg. The reastance to motion i2 30N on the car and 20 W on e trailer. The driver applies the brakes, so the

driving frace s replaced by a braking force of 10N oppoaing the ferwand motson.

a Find the force in the tow-bar.

The car then descends a hill at 37 to the horizertal. The resistances and braking force are unchanged.

0 Find the new force in the tow-bar.

Amswer

a3 Arailer:
nommal reaction R — ||:|.|.1.|.|.'q.n R

=
QIJ"*I 0N

wesight S000 N weight 15000 N
Mewton's second Lew for the system:

—100 — B0 — 20 = M g0 @ = —0. Ime?

Mewton's second law for the trailer and car separately:

T — 5 =500g and —100 - 80— T = | 50
Hemoe, T = =30~

The force in the tow-har is a thrust of 30

il

Diraw the force in the tow-bar as a tension
uimbeas you know tleat it is a compression.

Tar resultant horizontal forces on the system
wre the braking force amd the resistances.

The car and trailer have the same acceleration.

Either eliminaie a or substitule g = —0_].

Diraw a mew force diagram for the new sitwation.
The forces labeed B, B and T will not
neceazarily len o the same values as in part a
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Mewton s second law tor Liee ayetem | parallel 1o the shope The = leration is parallel to the slope
15000 8in 3 + 5000 gin 2 — 100 — 20 — 20 = 2000 idcwn the slope). The angle between the
g0 a = 0423 vortical and the normal to the slope is 37, The
Mewton's secoad law for the trailer and car separately weight of the car has a component 1500050 3
T = 5000 zin 3 — 0 = Sl - down the slope. The component normal to
i . o the slope (1500 cos 3) iz balanced by R
and LyNem 3 — 10 —50—1 = 1:{Na Similarly for the weight of the trailer.
H e, T U s
In this case, the force in the tow-har iz still 2 torust of 30 M.
WORKED EXAMPLE 5.3

Aomodel train conzists of an engine (locomotive) coupled 1o a chain of four Lree ks, The coupling between the
engine and the first truck and cach coupling between trucks are modelled 22 rigid reds. The train is moving on a
atraight horizontal track. Vi engine has nass 0.8 kg and each truck hae mass 0.2 kg when empty. The resistance
to metion iz 006 M oo the engine and 000N on each treck. The driving force produced by the engine is 34,

a A massof 0 ikg is placed in cach truck. Find the tension it sach coupling.

b Fimd the tengion in cach coupling if, instead, the 0.4 kg e all placed in the last troeck.

Answer
a N EM Im M BN Dy di i he :
T T i v TR, il T aw a diagram to show the forces acting on
T "},I:Lp E the engine and sach truck.
1 .4 T T, "
N in b Ep &M
Mewtan's second baw fior the svstem The resultant horlzontal forces on the system

3 (006 4+ 0001 4 001 4 000 = 001 = (0854 %0 | +4x0 7 20ethednving torce and the resistances.

The acceleration is the same for the engine

. : and for each truck.
T i i 0.3a i 1.335 N B
"o " _0 r o 0RO There are five equations and four unknowns.
) ' o The ‘spare’ equation can be used to check the
. 10 f4=103a Iy =045N values.
] i [ 0. 3a
i
0 IM IN M JEM
Ty U.EI_E f amnt ammt vu-mn
o Gk e wel. " -
oot 1 .t T, i Diraw a new force diagram.
= M IN IM EN
Mewton's second law for the svstem The regultant b~ izontal ferces on the syatem

are the doaving fonce and the nesistancss.
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Mewton’s second law for the engine and each truck separately: . Tre acceleration is the same for the engine

3-006-T, =082 T,=1T8N S
Ti—001-T, =022 T, =148N
T =001 -1y = 02a T: =118 M
T, —00i—-T, =02 T, =08&N

and Ty —0.00 = (b

1  Atractor is connected to a traitor by a rigid, light bar. The tractor has mass [0 000 kg and the trailer has mass
2000 kg. The tractor and Liadler are moving along a straight horizontal road. The tractor engine produces a
driving fonce of 400 M. The resistance on the tractor is 40N and the isistance on the trailer can be ignored.
Find the tension in (e bar.

2 Acar of mass | 200 kg tows a trailer of mass 300 kg, The car and trailer travel along a straight horizonial
gection of road. The engine of the car produces a driving foice of 400 N. The car experiences a resistance of
150 M and tse trailer experiences a registance of 1008

a Findthe acceleration of the car and trailer.
bk Fimd the tension in the tow-har.

'[:'I 1 A box of weight 230 M i pulled across a sureoth horizontal floor, using a horizontal rope. The tension in the
rope s 20N,

a Work out the acceleration of the bos
b What modelling assumption: have been made?

A box of weight 100N is connected 1o a second box of mass |50 M, using o counecting rod. The 150N box
iz pulled acress a smooth horizontal fooer, wsing a horizental rope. The tonsion in this ropse is 20N and air
registance can be ignored.

¢ Work out e wosion in the connecting rod between the twe boxss.
d Waork out the tengion in the connecting rod if the rope 2 attached to the 100N box instead, but otherwise
the stuation is unchanged.

4 A truck of mass 2000 kg tows a trailer of mass 800 kg, The engine of the truck produces a driving force of
S00 M. A registance of 120N acts on the trock wud a resistance of 20N acts on the trailer. The truck and
traiber are moving aleng a straight horizontal road amd initially the trailer is empty.

a Find the tension in the tow-bar when te trailer is empty.

A load of masgs 1200kg i then addsd (o the trailer, which increases the resistance on the trailer to 80N, The
forces on the truck are unchanesed. The truck and trailer return along the same straight horizontal road.

b Find the tension in the tew-bar when the trailer carries this load.
11‘1' L A car of mass M0 kg pells a caravan of mass [0 kg along a straig bt borizontal road. The resistance on

thee car ia 20 and the resistance on the caravan is 80 M. The maximum possible driving force from the cars
engine ig 900 M. The tow-bar will break if the tension exceeds G50 M.

a Find the maximum possible driving foree before the tow-har breaks.

b Fird the maximum possible acceleration.
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A bucket hangs from a wertical rod. Another rod is attached to the botivan of the bucket and a second bucket
hangs on the end o4 this red. Bach bucket is partially filled with seater and they hang in equilibriam.

a Work oul the tengion in cach rod when:
i each bwcket of water has neass 12 kg
i the first bucket of water has mass 8 kg and the second has mass |6kg.

b What assumptions have been made?

A 15kg mass hangs in equilibrivm o a heas v chain. The chain is moedelled as ten Tkg masses joined by short

rids of negligible masa. Including the connection at gach end of the chain, this makes 11 shert rods. Work out
the temgion in cach of the 11 short rods.

A horizental bar of masa | kg haoos from a pair of parallel vertical rods, of negligible mass, attached to cither
end of the bar. & third vertical rod i3 connected to the middle of the bar and a 4 lig mass hangs from this,
below the rod. Work ou? the wension in cach of the rods.

A train congists of 2o cagine and fve carriages. The engine has mas: 00000 kg and each carniage has mass
000l kg - The engine produces a driving force of 350 000 M. Tle reastance foree on the engine is |00 M and
the registance on cach carriage is 2000 M. The train moves in s straight line on a horizental track. Find the
tension in 1he coupling between the third carriage and the fourth carriage.

A cur pulls a caravan up a hill. The slope of the hili makes an angle & with the honizontal, where sind? = R
The car has mass |9 kg and the caravan has reass 600 kg, The driving force from the engine of the car is
1200 M. The resistance on the car i3 20 =nd that on the caravan is 80 M. Find the force in the tow-bar and

state whether it i2 a tension force or a thrus force.

A car tows a caravan down a hill. The slope of the hill makes an angle 8 with the horzontal, where snd = 0

The car has mass 1900 kg and the caravan has mass 600 kg, The car is braking, so the driving force from the
engine of the car iz negative. This braking force is 250 W {a driving force of —230 ML The resistance on the car
ig 20 M and that on the coravan is 80N, Find the foree in the tow-bar and state whether it i2 a tension force ora
thrust force.

A car tows a caravan down a hill. The slope of the hill makes an angle 8 with the horizontal, where

gimt = 005 - The force from the car's engine is a braking foros (1 negative driving foree). The car has masa
180 kg and thie caravan has mass 600 kg, The resistance on the car i 20 M and that on the caravan is B0 M.
The force in the tow-bar is a thrust of 50 M. Show that the force from the car's engine is <320 M.

5.3 Obiects connected by strings
There arc three main differences between reds and suimpes:

& & string can change direction {for example, by passing over a smeoth peg or pulley)

L

a string can be in tension or be slack (that 5, have no tengion)

& the force in a string can never be a thros

W uae the term string’ to mean any cope, chain or cable. You will always assume tha
the string i3 light, o its weight can be igmorned.

Tor keep things simvple, you alsc assume that any strings are inextensible {they do not
stretchl
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When a string passes over 1 smocth pulley, the magnitude of the tension is unchenged but the
direction can chanp=.

S it pallley Forces on compotci. of sysicm
resction |roam pulley

o f
P

It is wrong o apply Mewton's second law whon the direction of travel changes. {Even
il this gives the right answer, it is mathesatically wrong to *bend’ a vector round a
COTTET.]

When the acceleration of a aysten: of connected objects is constant, you can use e
equations for constant acceleration to calculate velocities, distance travelled or time
taken.

Archimedes invent'ed many machimes as “amusements in geometry”, some of which were used to
defend Syracese when it was altacked i 212 BCE by the Romans. These machines wsed levers and

pulleys: for crample, an “iron hand” thal could 517 the Koman ships into the air and swing them 1o
andd fro until all the Roman soldsers were thrown ouot.

He al=o ivvented a compound pulley that brought hdm preat fome when be used it to move a Fully
| laden ship with a crew of many men “as smoothly and evenly as il she had been at sea”, by holding
the head of the pulley in his hand and pulling on the conds.
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WORKED EXAMPLE 5.4

A box of mass 3kg is paced on a table. The coefficient of friction botween the box and the table ia 0.5, A string
i3 attached to the box and passes over a smooth pulley at the edge of the table. The part of the string between
the box and the pulley is horizontal. After passing over the pulley, the string hangs vertically, with the other end
attached to a ball of mass 2 kg, The aystem is released from real

a [Find the tension in the string.

ke ball is initially & e below the table top. Tie ball hits the ground after 1.2 5 The box has not reached the
pulley at this tine.

b Find the height of the takde.

Answel
N Rf e The forces wling on the box are:
_ -
Fad ! l—r—; o itsweisht (30N)
50 N ‘.}_ @& tho ourmal reaction from the contact with

£y oyl ihi table (/)

"“I‘-“' v # the tension in the string {T)
S o the frictional resistance {F).

The forces acting on the ball ane:
& its weight (20}
m # the tension in the string {T).
The twe tensions are numerically equal
because the pulley ia smooeth.

The (horizontaly acceleration of the box is
numerically egual %o the (vertical) acceleration
of the ball sinee ot sevwise the string would
either anap or wouid go slack.

Resolving vertically for the box Thu Les does not move vertically so there is no
ey Mant force vertically.

R ]

F=puH The box is moving so frictien is at its limiting
0.5 = 30 value.

s second T the bos fheriaontally, LI 0ebie The hox and the ball are moving in different

e directions, so we must treat the (horizental)

1 3 = 3 mcticn of the box and the (vertical) motion of
Mewlon's second law for the ball (vert 11y downwanls) the hall gcp;g_ra[ﬂ]l-_

M —T = 1a

Hence, 21— 3 =6l — 3 Solve the eous ions simultaneously by

20 T =18 eliminativg a.

e tension in the string is 18 N
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boasl Substivte T = 18 into 20— T = 2a,

.
I'he box and the bal each accelerate at Ims™

For the ball:
3 .,
i = 0m a=1lms=, =128

]

1 . :
f=ml+_ al Llae an equation for constant scceleration.

1
Y e
[ - 0.72

e ball falla 0,72 m. So the heaght of the tablz is 72 + 8 = 8lcm.

You cun apply Mewton's second Low Lo any part of the connected system in which all objects are
mioving with the sawe aocc e fan and in the seme direciion.

-
oo s
Accrate ol masa 500 kg rests on a slope and i3 attached to & rope that pasaes over
a armooth pulley. The slope ia inclined at 207 to the besieental, The coefficient of
friction between the slope and the erate is 0.1. ﬂ
Vhat happens to the crate when a force of 2000 Y iz applied 1o the vertical part of the rope?

The pulley is amooth 20 the tension in the rope at the point of

contact with the crate iz also 2000

If the crate slides up the slope: We are rotield whether or not the crate moves
E up the alope, is staticnary or moves down the
B N gl
"".—-
X
* |_"':H.|P

SN0
Resolving perpendicular to the slope:
R = 500 coa 20

LT
o crate is aliding,
wy F =018

=4T0OM

Component of weight down slope = 5000 5in 20
= 1TI0M

Friction is limiting 20 F = pR.

Resultant force up slope = 2000 — 470 — 1710

= 180N
Thiz means that the accsleration up the abope would be negative,
and since the crate is saitially at rest we can conclude that it does
not alide up the slope.



acts up the slope.

iz beione, R = 5000 cos 30
ATOO ™
ved F 0.l =8 ATO ™

and component of weazht down shope

R esultant ferce ap glope = 2000+ 479 — 1710
TaO ™
iz means that the acceleration wp the slope would be positive,
and snce the crate i@ intialy 20 rest we can conclude that it does
mod glide down the slope
Ierefore, the frictional force is gufficient to allow the crate to
rest on the slope witlout sliding
An alternative opproach 18 to calculate the Irctional force needed
fior equilibrivin and compare it to the limiting value of fricticn
e component of the weaght down the slope & LI N and the
i M | 1 .
forcs up the slope is 2000 M, so the forces ane in equw librinm wher
i a5 . I i k M 4 .
hia trsctional torce 15 20000 — 178 200™ down the slope
Uhe hmiting (maximuam) valae of & 18 K = - M.
Thiz is greater than the frictional force noeded for equilibriwnm,

thiz itwatson, friction 18 not linniing and 18 sufficient 1o

prevent the crate [rom slding

The coly difference is that the friction now

In all the problen 2 in this chapter you are making assumptions aboui the way that objects
are connected

The mass of a veal rod will affect the equation in Mewton’s secoend law, but if the neasa is
auffacicutly amall in comparison to the mass of the oljects. the effect in the aquation is negligible.

Il & atamg moves arcund a pulkey, the mass of the stniog moving in the different directions

on either sde of the pulley will be constantly changing. This would make the problen much
miere complicated but, because strings tend to B mvech lghter than the objects they pull, you
congider the masa to be negligible.

You are assuming the string is inextenmible, which means the objects on either side of (h
string accelerate at the same rate in the direction of the string. Strings general®y do cxiend
slightly under tension, but the sxtengion is sufficiently small to ignore.

You are assuming the pullzy i3 smeoth. This means that the tengion in the suring on either
aude iz the same, and a'50 that the string slides over the pulley. With friciion, the pulley
itgelf may rotate, 204 factors such as the mass of the pulley wou'l affaet the motion. This
makes the probbm much more complicated.
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1 [Incach of the tollowing diagrama, the blocks are at reat and sre connected by light strings passing over
gmooth puilys, Any hanging portion of a string i8 verucal amd any other portion is parallel to the surface.
Unless inarked otherwise, the surfaces are rough and horizontal. In cach case, find the magnitude of the
tenaion in cach string and the magnitude of any Frictional force.

a b .

skg The

kg

'D 2 A bucket of imasa 3kg reats on scaflolding at the top of a busiding. The scaffolding i 22.5 m above the grownd.
The bucka is attached to a rope that passes over a smootl: pulley. At the other end of the rope there iz ancther
bucket of mass kg, which initially rests on the ground. The bucked at the top of the building iz filled with
Gkg ol bricks and iz gently released. Az this bucket descends, the other bucket rises.

a Find how long it will take the descending bucket to reach the ground.

b What modelling assumptions have been made?

3 A light inextensible string ia fixed 1o 2 point on a celing. A box of mass 2 kg hangs from the string. Two light
inextensible strings are attachad Lo the box and hang vertically below the box. A particle of mass 0.4kg hangs
from the lower end of one strfog and a particle of mass 0.6 kg hangs from the bower end of the other strimg.
Work out the tension in each string.

4 A block of mass 5 kg hangs from one end of a Lhight inextensible string of kength 2 m. The string passes over a
gmall smooth pullsy at the edge of a smooth horizontal table of height T0em. The other end of the string is
connected te a block of mass kg held at rest on the table. The portion of the string between the pulley and
the 3kg miass i horizental and of kength 1.5 m. The system 58 released from nest.

a How lung does it take for the 5 kg masa to reach the ground?
b Whatis the speed of the 3 kg mass when the 5kg mass hits the ground?
The 3kg mass continues to slide towands the mulicy.
¢  How long does it take, from when the s pstem is released, for the 3 kg mass to reach the pulley?
L A masa X, of | kg, hangs from onc omd of a light inextensible string. The string passes over a small, smooth,

fized pulley and a masa ¥, of 0.6z hangs frem the other end of the string. Initially X i3 04 m below the
pulley and ¥ iz 1.8 m below the pulley. The pulley is 3m above the ground. The system is released from rest.

a Find how long it takes from when the system is released until ¥ hits the polley.
When ¥ hits the pulley, the string breaks.

b Find how long A takes from when the system is released unti! X hits the ground.
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A block of mass 4kg = held on a rough slepe that is indined at 37 o the horizontal. The coefficient of
friction between thie clope and the bleck iz 0.2, A light inextensitdz siring is attached 1o the bleck and runs
parallel to the slupe to pass over a small smooth pulley fixed at the top of the slope. The other end of the
siring hangs vertically with a block of mass | kg attached a® the other end. The system is rebeased from rest

a Work out the tension in the string.
Afer L. 28 the block of mass 4 kg reaches the bottom of the slope. The other block has not yet reached the pulbey.

b Work out a lower bound for the length of the siring, giving your answer to 2 significant figures.

A particle of masa 0.3 kg hangs from one ond of a light inextensible string. The string passes over a smooth
pulley and a particle of mass 0.5 kg hangs from the other end. A second string is tied to the particle of mass
05kg, and a particle of mass 0.2 ke hangs from this string, so that the particle of mass 0.2 kg hangs vertically
below the particle of mass 0.5kg % he system i3 released from rest. Find the tension in cach string.

Two smooth pulleys are % apart at the zame horizontal level A light inzctensible rope im 4
g T .

m
passes over the pulleys and a box of mass 5kg hangs at each end of the rope. A thind box o 0
of mass m kg is attached to the midpoint of the rope and hangs betwcen the pulleys so Hh_,.r'" ’_L
that all three boxes wre at the same horizental level. =

The total lengtic of the repe is 16m. Find the value of m.

Two smooth pulleys are fixed at the same horizontal level. A light inextenzgible rope passes over the pulleys

and a box of masa m kg hangs at cach end of the rope. A third box of mass ke kg iz attached to the midpoint
of the rope and hangs between the pulbeys 2o that 217 three boxes are at the same horizontal level. The portions
of the string that are nod vertecal make an argle of 307 with the horizomtal. The system hangs in equilibriam.
Find the value of k.

A mass of 2kg 2 held on a rough horeeontal table, The coefficient of friction between the table and the
meass is 0005, The 2 kg neass is attachwed by a light inextensible string to a mass of 3kg and by a second light
ineatensible string to a mass of 4 Le. The strings pass over smooth pulleys at the edges of the table. The 3kg
neass hangs on ene side of the tible and the 4kg mass hangs on the other sid e of the table. The aystem ia
released from rest. Find:

a the acceleration of the masses
b the tension in cach string.

A wodge has two smooth sloping faces; one face makes ap angle 307 with the horizontal and the other makes
anm angle €07 with the horizontal. & amall smooth pulley i haed at the apes of the wedge. A light ineatensible
gtrimg pesies over the pulley and lies parallel 1o the faces of the wedge. At each end of the string there iz a

particlc of mass 0.3kg. The system is rebeased from ret.

1

@ Show that the tension in the string is —— M. A
&1+ 3 ]

b Work out the resultamt horizontal forces on each of the partickes. : i

A box of mass 3kg hangs from a lighr Dnestensible string, which passes over a smooth pulley
fized bebow a beam and then undor 2 smooth cylinder of mass 4kg that is free to move.
The other end of the string is fazd to the beam.

The system is released feom reat

a Explain why the meagnitude of the acceleration of the cylinder is half thi magnitude of the acceleration of
ihe box.

b Find the acccleration of the box, incuding its direction.
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ﬂ- D 13 A horizontal shelf o mass | kg hangs from four strings. A book of mass 0.2 kg sits on the shell. Four strings
are attached to the underaide of the ghelf and a second horizonial shelf of mass | kg hangs from these strings.

a What modelling agsumptions can be made about the striogs?
b Find the tengion in cach of the upper set of strings

¢ Find the tengion in cach of the lower set of strings.

The beok is moved to the lower shelf.

d How does this change the tensions in the strings?

W hat would happen in the situation deseribed in question 12 of Exercise 3B il the
string passed over a second fxed pulley and under a second cylinder of mass 4%g
before being fixed to the beam? Investigate what happens if the masses are changed.

5.4 Objects in mowving lifts (elevators)
When a peraon travcls up or down in a lift, the floor of the 5t &acts a5 3 connection
between the person and the lift.

[reson im L PO lift

O
Fuar the gyatem (person in lifth, the (orces ane the weights and the tengion in the lift catde.

The forces on the person ane thein weight and the normal reaction from the fleor of the lift.

The forces on the lift are the reaction from the person on the floor (which, by Newton's
third law, iz equal and cepoaite to the normal reaction from the Aoor o the personl, the
weight of the lift and the tension in the lift cable.

When youconaswdon the iftand the person as a single object, the noricad ceaction forces cancel out.

When the Vit iz cccelerating, the normal reaction from the person on the lift s not the
game as the weight of the person.

Supposc that the tension in the cable iz T, the normal poection ia R, the weight of the lift ia

W and the weight of the person is w, where these fcoces are all measwred in newlons.
T T

P

K ow

If the lift is accelerating upwards with acceleration a ms—2, vou can apyly Mewton’s second
law 1o the gystem-

T—-W-—w=(M+mu
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where w18 the mass of the person and M s the mass of the lift, both in kg.
You can alae apply Newton's sccond law to the person and the lift separately

R-w=ma and " - A -HW = MWa
You can then caloviste the acceleration of the Lift, the tension in the cable or the normal
reaction betwoen the person and the floor.
I @ iz megatiee it could be because the ift is travelling upwards but slowing down o
becauwse i 8 travelling downwards and speeding up.
I e i puositive it could be because the Lift is travelling cpwards and speeding up or because
il ig travelling downwards and slowing down.

WORKED EXAMPLE 5.6

A woman of mass 50kg is travcin g in a lift of mass 4530 kg. The tension in the cable pulling the it upwards is
5250 M. Cabeulate the aceeleration of the L

Answer
1il and worman lift WOEED

SIS0 N SIS

R

£ e

|

+ T v

BN SN 40N B
For the gystem Apply Mewton'’s second law to the whole system.
5250 — 45300 — 500 = (4530 + 30)a
250 = 50z
u Sma
To find the acceleration you can work either with the entire system or with the individual

componenta. In Worked crample 5.6 we waed the system and in Worked coampple 5.7 we
show the same idea but using the individual components. To find the scaction forces you
meed to consider the Individual componenta.

Aoman of mass 80kg and a woman of mass Tlhky are travelling in a 50t of mass 500 kg . The tension in the cable
sulling the lift upwards is 6820 M. Caleulate thie acceleration of the liftand the reaction forces between the lift

fleor and cach of the passengers.

Answer
- s — To find the reociion forces we need 1o use the
LN R, 'y individual socaponents.
L $ i
AN THMN
Y
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For the lift: 6800 — 506 — B — By = 500a Aty Mewton's second law to the individual
For the man: R — 800 = 80a L ninponents.

For the woman By — 700 = Tha

1890 — 800 - 700 = 650a Add the equations o eliminate R, and R,

o]
a = 0bms

N — 800 = 80 =06 By =848N reaction from fleor on man Substitute o = 0.6 back into the previous
By —T00 =T = 0.6 By = T42 M reaction (rou floor on woman  equations to find B, and Rs.
EXERCISE 5C
1 A crate of mass 20kg is put into a lift. The lift accelerates upwards at 0.3ms . The tension in the lift cable is

S000 M.

a Find the contact foree between the lift loeor and the crate

b Find the masa of the lift, giving your answer to the nearest kg,

A crane of mass 20kg is put into a lift. The masas of the lift i 200 kg, Find the tension in the 150t cable
a when the lift accelerates upwards al 03m= 7

b when the lift travels at constant speed

¢ when the lift accelerates downwards at 0.3ms >,

A man of mass Bhkg stands in a L. The mass of the lift is 400ke. The lift starts to travel downwards with an
acceleration of 8ms . The tensicn in the lift cable is £, where B is the contact force between the man and
the lift foor. Find the vales of &,

A crate of mass 40kg is put into a fe. The lift aceelerates upwards at 0 4 ms 2. The mass of the lift is 460 ka.
a Find the tenason o the lift cakble.
b Find the contact foree between the lift loeor and the crate.

A box of misas 20 kg sits on the floor of a lift. & second Do of mass 10 kg sits on top of the first box and a
third box of mass 5 kg sits on top of the second box. When the tengion in the lift cable is 4620 N, the lift is
accelerating upwards at 0.5 ma .

a  Work ouf the mass of the Lift.

b Work out the reaction between the floor of the lift and the first box.

€ Work out the reaction between the Grat box and the second box.

d  Work out the reaction between the second box and the third o

The mass of a lift is 26 kg and the maximum tension in the lift cable iz 25080 .

a  Work out the maxinoun upwards acceleration of the lift when it is g

The lift carries a load of 40kg. The lift accelerates upwards with the maximem wpwards acceleration pogsible.

b Work oul the conmtact force between the lift floor and the load.
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T A crate of mass mke iz put into a B The lift accelerates upwards a1 o ma ™. The mass of the liftis M kg,
a Find the tension i the 1ift cable
b Find the contact force between the lift Aooer and the crate

ﬂ 8 A boa of mass 5kg sits in a Lift. A second box of masa 2 kg sits on the first box. The lift accelerates upwards
with zcceleration 0.7 ma .

a Work out the contact foree between the twao Toxes.

The tengion in the lift cable is unchanged but the boxes are swapped over, 2o the first box zits on the
gegdind box.

b Show that this increases the contact force between the boxes.

{:j 9 A passenger lift has mass 500 5g. The breaking tension of the cable i 12000 5. The maximum acceleration of
the liftis 0.75 ms .

a  If the lift travels at tis maximuam acceleration, calculate the maximum mass of the passengers:
i when the L e accelerating upwards
i when the lift is accelerating downwarda.

b Taking the average mass of a person to be T3 kg, what i3 the maximum number of passengers that should
bz L bowied to travel in the Lif?

@ 10 The tension in a lift cable is 11070 M. The lift is 2ccelerating upwards at ams™'. A man of weight 800 N stands
wr the lift on a set of bathroom scales. The scakes auggest that the weight of the man is 320 M. Azssuming that
the scales have negligible weight, find the weight of the lift.

E'! 11 Twao masses, A of 2kg and 8 of 3ka, are connected by a light inextenzible string that passes over a small,

smicroth, fined pulley. Initeally, the masses are held stationary and are then released.
a Find the sceeleration of cach mass.
The pulley is fixed to the woll of a B The lift is initially stationary. The 1 has mass 400 kg and a man of

masa Tikg is travelling in the Lift, along with the pulley system. There iz nothing else in the lift. The lift starts
to move upwards, oo rest, by a tension in the lift cable of 49492 .

Mewton's third ke states that for every action there i an equal and opposite reaction. This
means that in every interaction there & a pair of [oces that have the same magnitude, bul which
act in opposing directions.

When a string passes over o smoodk pulley, the magnitude of the tension is unchanged but the
direction can change.

Mewton’s second laow can be appdied 1o a system of connected objects, either Lo the entire system
or o individual components o the system, provided they move with the same accrlenaasn and
in the sowme dErecsion.
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END-DF-CHAPTER REVIE] m

A m long alepe makes an angle 37 with the horeontal. A box of masa 8 kg i pulled up the slope by a rope
that is parallel 1o the shope. The coefficient of frction Lotween the box and the slope is -,,.":? At the top of the

glops, the rope passes over a amooth pulley. A bal! of mass 12 kg hangs from the other end of the rope. The ball
g nitially 2 m above the ground. The system is relcased from rest.

a  Find how long it will take for the box o travel L5 moup the slope. 13
b Fimd the tension in the rope. 12]

Accar is travelling abong a straight Do rizontal road. The car has msass 1200 kg and is towing a traiker of mass 600 kg
Registance forces ane MM on the car and 10N on the traiker. Find the size and type of fonce in the tow-bar:

a  when the driving force fiom the engine is 4068 N 13
b when the driving tores from the engine is 20 M. 12]

A crate of mass 13 kg rests on a platform. The platform has mass 5 g, It is lowened wging a rope. The tengion in
the rope is 100,

a Fimd Use acceleration of the crate 12]
b Fimd the contact force between the platform and the crate. 13

Farticles I and @, of masses 0.6kg and 0.4 kg, respectively, ane joined by a light inextensible atring that

passes over a amall, smooth, fixed pulley. The particles ane held at rest with the string taut and its straight parta
vertical. Initeally, both particles are 145 m above the ground and 0.25 m bdow the pulley. The system i released
v rest.

a  Find the speed of £ when @ reaclica the pulley. K
The stning then breaks and ° (2l to the ground.

b Fimd the time from whon the system is releasad to when P hits the grovm!. K

Particles A4 and B, each of mass 0.5 kg, ane attached 1o the ends of a lighi inextensible string. Particle A i3 held
o & smooth slope ieclined at 307 o the horizontal. The string passes over a small smooth pulley at the top of
ihe slope and pacticle B hangs vertically below the pulley. Particl: 4 is released and moves up the slope.

a Fimd the soceleration of particle A up the slope. 13
Particle & hits the grownd after 125, It then stays on the giound and particke A traveks further up the slope.
Particle A does not reach the pulley in the subsequent modion.

b Fimd the distance travelled by particle A, from when it is released 1o when it comes to instantaneous rest. |5

Particles A and R, of masaes 0.5 kg and 2.5 kg, reapectively, are attached to the ends of a light inestensible
atring. Particle A i3 held on a rowgh horzontal surface with coefficient of friction 0.2, The stning passes over

a smiall smooth pulley at the edge of the surface, at a distance 5m from particle 4. Particle B hangs vertically
below the pulley. Particke A & relesssd and particle B descends | m to reach the ground. When particle 8 reaches
the ground, it stays there Find tlw time taken from the start until particle 4 comes to instantanecus rest. [
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Press ‘ Esc \ to exit full screen

@ D T A crate of mass 20kg i pulled vertically upwards using a rope that passes over a first pulley, under a second

pulley and vvei a third pulley. At the other end of the rore there is a ball of masa 30 kg. Each pulley has mass

kg, Thw first and third pulleys ane fixed at the same horeontal level and are 4 mapart. The second pulley is
an oqual distance from the first and third pulleys and hangs at a distance 2 m below them. It B ol fxed, but it
diszs mol move,

1 What modelling azsum ptions need to be mede! Which of these assumptions i unlikely 1o affect the

equilibrium of the second pulley? |3]
b Find the value of mi. |
= 4 m -
F i
fu: T * 1]
an | me | ln

A light inesicicible string of lengih 528 m has partickes 4 and & of masses 0.25 kg and 075 kg respectively,
attached o i3 ends. Another particle, *, of mass 0.5 kg, 2 attached to the mid-point of the sinng. Twoe small
amoth preibeys 1 and F are fixed at opposite ends of a rough horizontal table of kength 4m and height Tm. The
sirueg pasaes over I and B with particke A held at rest vertscally below F, the string taut and B hanging frecly
bebow £ Particl: F ig in contact with the table hails ay between f and 8 (see diagram}). The coefficient of fric-
tiom between P and the table is 0.4 Pariscle 4 i3 icleased and the system stans 1o move with constant accelera-
tion of magnitude ams . The tension in the part AP of the string is T, N and the tension in the part P& of the
sirimg ia Tg M.

i Find T4 and Tg in terms of a. 3
i Bhow, by congidering the moteon of  that o = 2. 3]
il Find the speed of the partsdles immediately before 8 reaches the flood, 2]
iv  Find the deceleration of P immediately after B reaches the floor 2]

Carritrriclye Metertiational A5 & A Leved Mathematics 9700 Faper 42 07 June 202

Particles 4 amd B, of masses 0.5kg and 2.5kg, reapectively, are attached 1o the ends of a light inextensible
gtrang. Paiticke A 18 held on a rough shope. The slope is incdined at 307 to the horizental and the cocflicient of
frictica betwoen the slope and particle A is 0.3, The string passes over a small smooth pulley at the top of the
gloger and particle B hangs vertically below the pulks. The length of the slope is 4m and the length of the

stiing i 3m. Particle 8 is |m above the ground . Farticle A i released and movies up the slope. When particke B
reaches the ground the string iz cut. Show thot paricle 4 does nod reach the pulley. [y

= s . T ke ) .
Particles 4 and 8, of masses 0.2 kg and 045 kg respectively, are connected by a 3 1m

light inexienzible siring of length 28 n:. The string passes over a amall amooth A N
pulley at the edge of a rowgh horizental surface, which iz 2 m above the Aoor. |
Particle A iz held in contact with the surface at a distance of 21 m from the pulley E m

amd pariicle B hangs freely (oo diagram). The coefficient of friction between 4 and
the surface iz 0.3, Particle . i3 rebeased and the system begins to move ¥

i Find the acceleration of the partscles and show that the speed of B
immediately Lefooe it hits the floor is 3.95 ms, correct 1o 3 sizuificant Aigures. 17]

i Given thal 8 remaing on the foer, find the speed with which A reaches the pulley. [4]

Cirribrriclye Mrtertiational A% & A Level Mathemarics 9700 Faper 42 08 June 2000
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Particles A4 and B, of masses 03 kg and 0.7 ke e pectively, ane attached to the ends of a light isextensible
string. Partiche A 2 held at rest on & roueh hodlzcontal table with the string passing over a smooth pulley fined at
the edae of the table. The cocfficent of friction between A and the table i 0.2 . Partick B hangs vertically below
the pulley at a height of 0.5m abowe G floor (see diagram).

The aystem is released fMrom rest and 3255 later the string breaks. 4 does not

reach the pulley in the subsequent moticn. Find

i theszpeed of B immediztely before it hits the foor, |
i the todal distance travelled by A. 13
Carleridge Internationa! AS & A Level Mathetratios W09 Faper 4§ QOF June 2005

A slope i inclood at 307 to the horieontal. A small box A, of mass 2ke, i held on the slope. Box A s attached
to one end of a light inextensible string. The string passes over a amall smooth pulley, F, fixed at the top of the
slope and then passes under a small amooth pulley, Py, fiacd near grouwnd level. The other end of the string ia
atlachod to a small box B, of masa 2 kg, at rest on the ground. The grownd is horzontal and the portion of the
siring between pulley £y and box B is homeontal (2oe diagram). The coefficsent of friction between box A and
the slope iz 0.2 and the cocfficient of friction botween boa B and the ground is g

The distance from the bottom of the slop: to A i3 Lo and the distance from pulley Py to 8 iz d6m. Box A i
released and the systern beging to move. 11 takes |2 for box B to reach pulley ;.

A P g

a Find the speed of boa & just before it hits the pulley. ]

b Show that the tersion in the striing iz 4. 14 M, to 3 significant figerea

E =

¢ Find the value of u.
Whin bos & hits the pulley, the string breaks,
d Find the speed of box A just before it reaches the bottom of the slope. [
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General mntmn in a straight line

In this chapter you will lesro bow to:

use differentiation to calculate velocity when displacement is given a3 2 fuaction of time
use differentiation to calculate acceleration when velocity i given 29 a function of time
use integration 1o find displacement when velocty is given & a function of time

use integraticn to find velocity when acceleration is given as o fenction of time
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Where I compes [rom Whal you should be alde te do I Creck your skills
Chapter | Calculate velocity and displacement | 1 A partick travels in a straight line. 1|t has
when acceleration is constant. initial velocity of 8ms ' and a constant

acceleration of 2ms .
a Find the speed of the partiche after it has
| been travelling for 35

b Calculate the distance travelled in the
firat 3s.

¢ Calculate the time it takes for the particle
to travel £5m.

Pure Mathematics | Diffedentiate ex pressions of the 3 p=5x'—f0x+2
furun kx®, where n may be a fraction dy
wr may be negative. 2 Find d:" and find the coordinates of the
v

Integrate expressions of the form stationary points of v.

kx® -1 ’
X = -1) b Find J- wdx and j pda
1]

Evaluate definite and indefinite
integrals,

How do objects move when acceleration is not constant?

When someons drives a car through a tow n contre, they will need to brake and aceelerate
to deal with traffic conditions. You miglt want to know the speed of the car at any moment
o how quick ly the car s speeding v or slowing dowin,

In Chapier | yvou learnt about dizplacement, velocity and acceleration and how these are
conmected when acceleration is comnstant, however, for the driver in town, acceleration is
not likely to be constant. For cxample, the driver may gradually increase the braking fonce,
a0 the rate of deceleration graduwally increases, as the car comes to a stop at traffic lights.

In this chapter you sall learn that if acceleration can be written a5 2 function of time, you
can wie calevlus (differentiation and integration) to deal with vanable scceleration.

Cther examples of non-constant acceleration include objects attached to springs,

clrjects movimg in circles, pendulums, and rockets leaving the Earth'a surface {where air
resistance, driving force and gravity are all changing during the motionk In many of
treze gituations the direction of motion ig chanzing, however, in this chapter you will just
congider one-dimengional motion.
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6.1 Velocity as the derivative of displacement with respect to time @m

O a displacement—time graph the velocity is represented by the gradient of the graph.
This i true whether the graph is made of straight lines or curves.

Look back to
Chapter 1, Section 1.4
il you need a reminder

EXPLORE &

ol displacement-time
graphs.
Aocar travels in a straight line. The diagram shows the dicelacement—time graph o
the cai as it slows down to approach a red traffic lFghe.
£{m]

3
[LULE

w-
-
[~
o

HES

Uze the graph to estimate the velocity of the car:

m a badween =13 and 1 = 33
[

at r = Xz
between ¢ = 43 and 1= 93
at { = 6e

change in displacement M

Average velocity is found by - If these changes are amall: for

chamge in time You saow in Pure

example, if the chamge in dieglacement i3 & during a ime &, then the averszo veloeity over Muthematics I,
e Chapier 7, that the
this amall time is 75 derivative of g with

respect o x gives the
d S . . adient of th h
. which ia the derfvative of displacement < grawdaent of the grap
dr of yaguinst xat a
with reapoct Lo time ¢ We call thia the Instaniamesns velocli y or simply the velocity of the poimi.
object. The velocity is represented by the gradient of a displacement—time graph, whether

of mol i1 s a straight line. I you know the displacerent as a function of time, you can 'ﬁ:‘ WEE LINK
differentiate with respect 1o time 1o find the velocity at any instant. s

You may wint Lo

£ .
A & gets smealler, ;r approaches the limit

heree a po at the
rescurce Walk-sorfing
Velocily is the rate of change of displac et and is the derivative of displucement with respe_i al the Mmiroducing
Lo Limmes Cirfrmadier station on
dy the Linderground

di Muthematics website.
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WORKED EXAMPLE &

A particle moves in a straight line so that its displacement, £ m. a1 tine 18 is given by 5 = * — 14¢_ Find an
expreasion for ita welocity at time 1.

Answer
f =1 — 141 Drifferentiate this with reapect to time to get velocity.
oo e
o
=3 - Hma"’ Remember to give units.
WORKED EXAMPLE 6.2

A ball moves in a straighi fine so that its displacement, 5 m, at time 18 i2 ziven by £ = 2¢* — 10r*. Find its speed

when 1 = 2.
Ansvet
¢ =27 — Iy Mifierentiate this with reapect to time to get velocity.
— !l‘.
|I|
&2 —20
When r=2, v =22 40 = -6 Substitule ; = 2.
S0 gpeed = 16ma. Speed = velocity|

Remember to gi ve naits,

'__‘:

A particle neoes forwards and backwarnds along a straight line so that its
displaceiment, £ metres from the inftial position, at time ( secomnds i3 given by
# =21 =127 + 18¢. Find the distance that it travels iu the first 5s.

Amswor

i= 20 — 1207 + 18 You can cabeulate the displacement
Dizplacement when £ =5 iz ¢ = 3, but this is not ily
o C the same as the distamce travelled.

250 — 300 + 90 = 40 m.
Adthough the partscle moves in a
straight line, it is moving bac!o, aoa:
as well & forwards along the Fae.

Drgplacement measus = how far an
obrject i from the sart; distance
measures hee A it has travelled to
get to that p-giuon.



M+ I8

slationary 1 = U

; 24, 15

i | W[ ]|
I i
Lnsplacement wihen I 1 18
212+ 018 =8m.
Dheplacement wihen § = 38

.

| metance trawvelled

U + 34 = Um.

iferentiate £ with recpeet o 1 o
2et an expreagion far v

Set w = 0 to find any times when
the partiic is stationary.

The s are the times when the
portick momentarily stops, befone
possibly changing direction.

Set y=1and f =3 in
=20 — 127 + 18¢ 1o find the
dizsplacement at each station.snm
poimi

Particke travedz 1o 2 =0 to 3 = 8§,
then from s =& back to £ =10, and
finally frem £ = 0 to 5 = 4.

In 1684 Edmund Halley asked Isaac Mewton what orbit would be Followed by o body under an
imerse square foroe. Newton replied immediately that it would be an ellipse and that he could prove
this using his new methods (essentially calowlus methods applied to situstions From mechanios).

Halley then encouraged Mewlon Lo wrile up his work and i 1687 Mewton published has
Pindosepiize ¥Netrralis Frivcipaa Mathermatica (which is usually called the Frimoiois). In the
Primcipic Meaton analvzed the motion of bodies, including orbits, projectiles, rendulums and

ohjects in free-fall near the surface of the Earth

e

A particle moves along the x-axis so that its v-coordinate at time ¢ 5 i3 given
by 5 m, where 5 = 200 — 4. Show that the particle is moving with constant
velocity and find the walue of this welaaiy.

A partecle moves in a straight loe so that its displacement, 5 m from the start

poaition, at time £ 5 is given by 2

A tennis ball travels vertically upwards in a straight line. The displacesent of the

= 2" + 37 + 10v. Find its velocity when ¢ = 1.

ball, measured from the initial position in metres, is modelled as 5 = <567 + 20,
where ¢ i8 the timse from the start, in seconds.

a What modeliing assumptions have been made?

Hometimes an ohject
ravels back the way

it camie It is wseful

Lo consider when it is
mimentariby af rest
{the times when v = 0)
as these are the times
when it could change
dimection.

Throughout this
chapler you may be
able o check mumernicl
derivalives on your
citkculator. I you have
wn equation solver

an your caleulator,
you miy also find

this helpiul. However,
wou will need to show
full working in the
extminakion.
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Find the speed of the ball:
b when =10

¢ when = 2.

4 Achild ona fairground ride moves in a straight line. The pedition of the child,
measured from the start, at tine 75 is given by £ = 0.50% — ¢ for O <5< 2.
Find the speed of the child:

a whens=10
b when £ =1
¢ when £ =2
E  The position of a particle 2 it moves along a line is modelled as £ = 3+ 40 — 17,

where 1 is the displacement, in metres, from a fixed point © and § i3 the time, in
aeconds, from the start.

a  Show that the perticle started 3m from .

b Find how far the particle is from & when it s instantarceosly at rest.

6 A fermz ballis projected vertically upwards. The vertical displacement of
the batl, in metres, from the point of projection at time ¢ seconds i given by
¢ = 5"+ 8.

a Find the time when the ball returns to 72 siarting point.

b Find the displacement when the ball ia momentarily stationary.

T A amall stone iz dropped into a 'ake. The stone descends vertically so that
rs after entering the water it 5 ¢ below the surface of the water, where

£= 4% — J2r* The stone lands at the bottom of the lake with speed 13ms
a Show that the stone takes 28 to reach the bottom of the lake.
b Work out the Jegth of the lake at the point where the stome laods,

{Eﬁ 8 Inadrag race, two cars, A and B, line wp side by side at the start point.
When the starting flag i waved, both cars are driven a3 [#:t ag poasible in a

straizht line. The first car to cross the finish line iz the winning car. Al time £ 2

fiom when the cars start to move, the distance travelled by car A is given by
£ =4+ 1% Car A takes 165 to reach the finish finc.

a Work out the distance from the start to the Gnish.
b Find the speed of car A when it croszes the finish line.

At time ¢ 5 from when the cars staod 1o move, the distance travelled by car Bis
given by 7 = L322,
¢ Find the speed of car B when it crosaes the finish line,

d When the winning car crosses the finigh line, how far behind it ia the other car?

{E‘ 9 A burglar moves along a straight corridor from one door to the nest deor
At time £ 8 his Jisiance, £ m, from the door of the first room is grven by
2= L& - 0.2r". He starts and finishes with apeed v = Om s, Find the distance
between the two doors.



'O . . . . .
ﬂ I 10 At time rs afier jumping from a plane, the distance fallen by a parachutisi is
mrdelled as & m, whes

Spt LA E |
=4 A7 + B o B e L
| Cr + 30 I |

A, # and C are constanis.

a Explain why A+ 28 =40,

The parachute is opened at ¢ = 4 and " spead of the parachutist is immediately

reduced by xma .
b Show that 0254 + B =40- .
At it = 25 the apeed of the parachute becomes constant.
€ Write down two eauations that conmect A, B and C.
d  Find the value of .
. warticle nowes forwards and backwards along a straight IFoe. The
@ 11 A particl i ds and backwards along ght line. TH
dizplacemoni of the particle, £ m, from s initial pogitiods: & 2 given by
= —ar® = 24 — 65 + 240 for 0= ¢ <0 4, where (4 is tee time for which the
pariiche has been travelling.

a  Show that the particle starts moving aleng the line in the positive direction.

The particle comes Lo instantaneous rest at point A, returns to pass through &
and continues to point B, where the distasce OF i3 the same as the distance (0.4,

b Find the spead of the particle whoe i is at 8.

{Mote: you will need an equation zolver for thiz guestion. You will not be allowed

an l:quull'l.ll'l solver in the exunination.)

E 12 A robot moves along 2 straight line for 10s. The displacement of the rolod, sm,
from its initial pesition i given by £ = 000" + 0.2 — 1327 + 3.2 where ¢ is
measured in secomds and 0 ¢ <2 10,

a Show that the robot s stationary when =2, 1 =5 and ¢ =&,

b Find the distamce that the robot travels in the 103,

6.2 Acceleration as the derivative of velocity with respect to time

: . clange in velocit
You learnt in Chapter | that average acceleration = — B Y If these chan gis
chaange in time

are amall, for example, the change in velocity i2 5 during a time &, then the average

acceleration over this small time is

'E_.I‘ - As 6 gets smaller, ot approaches the linit llr,

o dr
which is the derivative of velocity with respect to time. We call thiz the Instantameons
acceletallon or just the acceleration of the olbyect. This means that the acceleration i
represented by the gradient of 4 wolocity-time graph, whether or not the graph 5 made up
of gtraight lines. IF vou know 1he velocity as a functicn of ime, you can difTerantiate with
respect to time to find the acceleration at any instant.

Look hack to

Chagpter 1, Section 1.3
il you need a reminder
al velocity—time graphs
and accelertion.
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Acceleration is a vector quaniiiy, like velocity, Although the magnitude of the velocity is
called apeed, there is no teem for the magnitude of the aceeleration. In thés chapter you will
congider only examples of one-dimensional motion along a line, One dicection along the
line will be the positive direction and the other will be the negative direction.

Acccheodion i the second derivative of displacement wizh respect to time.
dr . d."a

| & P

EXPLORE 6.2

Pozitive acceleration means thai the velocity is increasing. In each of the following O_
velocity—time graphs the acceleration ia positive. Give a poasible deseription of the The sign of the
rotion in each case. Wihat other shapes could a velocity—time graph [eave for there 1o velocity determines the
b pozitive acceleration? direction of travel.
A B = L3 IT the '|IE|C|II.'i|.'_'|I s
vimaly r{msT) ¥ [msT) i FimsT) poasitive then when it
' v * increases the ohiject
speeds up, but if the
"( ’I,n‘ velocity is negative
L - e = > then when it mcrenses
1 T g @ rigp W tig) il becomses less negative
] /_ and the object slows
fu down but in the
negative direction.
Megative acceleration {decelerati on) means that the velocity is decreasing. In sach If the velocity s
of the following velocity—time graphs the acceleration is negative. Givea pozsibke pasitive then when it
desgcription of the motion i each case. What other shapes could a velocity-Sme decreases the ohject
graph have for there to by negative acceleration? slows down,, but i the
) velocity is negative
'ﬂ'"_n._._—ll f[m 51 Il,',:mrl_l_ - fn ) then when it decreases
| it becomes more
!..x negative and the ohject
e, speeds up but in the
e N negative direction.
_|.|'r :-[l;_l. L] 1ish l.|| - s} L1} \r\[rﬂ.
| |
I L
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A partiche moves in a suraight line so that its velocity, vms | attime ! s is given by

¥ =1 — 4

Find am expression for its acceleration at times.

Alswer
For -4 Differentiate this with reapect to time to get
acceleration.
dv
o T Remember to give wiits.
WORKED EXAMPLE 6.5

. : . . : : . 1 Y ) ) - .
A car moves in a firaight line so that its velocity, v ma™, at time i 2 i2 given by v =562 — %, for 0= ¢ < 4. Find its
acceleration when =2

Alswer
Differentiate this with respect to time to get
acceleration.
a b
I — 32
When ¢ =2 Substitute ¢ = 2
2 =20 -12
]
S0 acceleration = 8 m Remembser to give units.

A paricle moves in a straight line so that its displacemcat, £m, at time 8 {02 7= 10) i given by

1 7 -
f=5i — b+ 150

a Sketch the shape of the velocity-time fvaph for the particle.

b Henee, find the maximum speed of the particle.



- ¥ 1 (5]

b Speed is the magnitude of ¥, 2o to find the maxinmm
gpeed we aeed to find the mazimum poaitive value

and the minimuwm negative valae of ¥

F=it =12+ 15
de
dr

=2r— 12

id

=0 when 26— 12=030 f =&

d

4 Hernatively, complet tie square for the gquad ratic to get

r=(r—6F —21

When r==¢
r=3-71+15

Yehen =1k

r=0-0+15
=15

When r= [U;

r= 100 — L0+ 15

— —_'-l

. ; 1
Henoe, the maximum specd = 2lma.

Chapter 6: General motion in a straight line

Yirat differentiate to find v as a function of .

The velocity-time graph is a parabola.

You could use a graphic calculator or a graph-
drawing package to check the shape of the

graph.

From the graph you can see that the minimum
value oocurs at the turning point and the
maximum value cecurs when ¢ = 0.

Dafferentiate again to find the acceleration.

This iz the time when the velocity—time graph
heas its turming poont.

This i2 ¥ at the minimuem turning point on the
graph. The minimum value of v iz —21 (and the
speed at this point is 21 ma "

These are the values of v at the end points of
the graph, {We only really need to work out the
value when § = 0 because we can gee from the

graph this is where the velocity is greatest.)

The maximum value of ¥ is |5 {and the speed at
this time is 15 m="").

Speed = | velocity|
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1

A particle moves in a straight line so that its velocity, vans ™' at time 1a (1 = 0] is given by v = 5% — 20
Finad the time when the particle i stationary.

A particle moves in a straight line so that its velocity, vms!, at time i3 is given by ¥ = + % — & + 1. Find

its acceleration when ¢ = 2.

A tenmis ball ravels vertically upwards in 2 straight line. The velocity of the ballin the upwards direction,
vimal, at time £ 8 is given by v = 20 — 10r

a Find the acceleration of the ball.

b Interpret your result

A car movies ina straight Une. The velocity of the car, vma | at time £4 is aivcel by v =51+ 0502 for 0= =2
Fimd the acceleration of thc car:

a when r=10

b when i =1

¢ when r= 1
A boy vuns in a straight line. The velecity of the boy, vms I, at time 15 i given by:

| T oo 0=p]

p=) B-F I IEr=LY L T

5%
10

1. 1L 2=p=T

The boy has velocity Oms " at time T
Work cut the value of &

Tow

Sheovw that T 8 juat under 144,

Work out the aveisge acceleration of the boy over the period 0T

d  Show that there 2 ne time at which the acceleration of the boy is the same as his average acceleration.
The motion of a cat, moving along a straight line, is modelled as £ = 6 — r* for small values of ¢, where £ is
measurad in metred and £ in secomds.

a  Find an expresgion for the velocaty of the cal @5 a function of time.

b Deacribe the motion of the cat.

€ When dees the cat come to momeniany rest?

d Find the acceleration of the cat.

A particle moves forwards and backwards along a straight line. The velocity of the particle, vma, at time ¢8
is given by v = —* + 757 for 0 <27 < 10, Find the mazimum speed of the partscke.
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8 A robot moves along a straight line for 35, The displacement of the rebot, #m, from its initial position
is given by £ = A’ + B + Ot for constants A, B and ©, where 1 is measured in seconds and 0 ¢ 3.
The rebot stars with velocity 2ms . It travels dm before coming to rest at time 1 = 3. Work out the
valwes of A, B and C.

ﬂ 9 A panicle moves along a straight line. The dizplacerient of the partscle, 5m, at time 72 is given by
£=4 025 for 0 <1< 12
a Find the maximum speed of the particle.
b Work out the difference between the Wme when the apeed i3 greatest and the time when the speed is least
10 A ball moves in a straight line. The velocity of the ball, vm s, at time 8 is given by v = 5+ 41 —1* for
0= 5.
a ‘Write down the initial welocity of the ball.
b Work out the maximoem velocity of the ball.
¢ Find the aversge aceeleration between the start and the end of the motion.
11 A train is trovelling in a straight line. Alice ig siting on the frain and iz wging her mobile phone, which iz being
tracked. The position of the phone, measured from when The tracking began, is given by 5= 12 — 2% + 754,

where 5 iz measured in km and ¢ i3 measured in hours, The phone is tracked for 2howrs, 8o 0 ¢ <2 2, Initially
thie train apeeds up but then it slows down again.

a Adter how long i3 the train travelling at ite Vaslest gpeed?

b Find the maximum welocity.

¢ Find how far the train travels befose it starts 1o slow down.

6.3 Displacement as the integral of velocity with respect to time

You can differentiate displacement {as a function of time) to find velocity. Reversing this
micans that if you integrate velocity {with respect to time) you will get a function lor the

displacem. e

Diizplacement measures ow far the object i2 from an origin. In this chapior the origin will You knaw that

b at the initial position for the motion, unless a question states otherwise. This means integrating i function
that the dizplacerient, 5, will usually be 0 when @ =0 (and the ceastant of integration will
usually be 0, unkeas the velocity function i3 made up of different pieces).

gives the area under
its graph and that the
area under a velocity
time graph gives the
displacement. So,
imtegrating velocily
with respect Lo tims
will give displacement.
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This is the velocity—time graph for a particle:

Flms ")

?‘n
\\ B n//_ i

You can interpret the motion as fol lows:

# The particle starts at A with positive celocity.,

& elocity i initially decreasing so the particle s slowing down. However, the velocity ia
positive ao displaceament is incicasing and the particle & moving away frem the starting
prodnit

# When the graph crosses the horizontal axia (at &) the partichke has velocty ¢ ma
meonventarily at rest.

Land is

# The particles veiocity continues 1o decrease and i3 now megative, @0t is now travelling in
the opposite ducction {back towands where it started from).
# The velocity decreases to a minimum (at ) and then staris oo increase, but remaing
megative This means that the particle continues to trave! o the negative direction
{tovsands the start point) but is slowing dowin.
& Whon the graph again crogses the horizontal axis (at 1), the particke iz once mone
uronventarily at rest befone it changes direction. The velocity continuwes to increase, but

movw in A poaitive direction.
Suppose that the equation For the velocity 1a
=0 — 13+ 22 == 211}
then the graph crosses the horizontal axia (v = 0) when § =2 and when ¢ =1
The particle starts with velocity 2 ma-!. For 0= = 2 the particle moves iz the positive

direction, for 225§ = 0 iU moves in the negative direction, and for ¢ 2 1 it moves in the

positive direction azain.

To find the dizplacement from the starting point, you integrate the equation for v
g= J- v dr = ’[[."‘ — 13+ 22)ds = Ilr"— I_;l i+ 2

(the constant of integration will be O hh.Lr'n.“.I.'l-\.-'ll =l when t = 0L

The Ll“un-illg table shows the lli.i|:l|ul.'v|.'|:'|'|l.1'|1. for o values of 1.

0 1 2 ] 4 5 | & T B L 10 11 12

0 158 | 2007 | 163 | 53 [0E | —3000) -50.7) —69.3| -B5.5| —96.7 101 Sl

-_ -_—
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You can see that the displace ment increases as the particle travels away from

=2
the start for the first 2 seconds, I then decreases as the partiche returns the way r=1
it came and passes throogh the start point (when displacement iz zero). Tl r=11 7=20.7
displacement comtinwes to decrease until the partick is a distance of 1040 from :: "]m

the start, but in the negative direction. The direction then chang:a again as the
particle travals back towards the start.

Diizplacenent and distance travelled are not necessarily v sgame thing. The displacement

at timwe 1 is the position of the object from the origin af thiat tine, but the distance travelled Unless you are tokd
at tiree § s the sum of the distances travelled in the positive and negative directions up mm:mz'::} “Td
o that time. For example, when ¢ = 3 the displacement of the particle is 165, However, mz:;mnt:‘
ihe object has travelled 20.7 in the positive dircction and 2007 — 165 = 4.2 in the negative will be measured
direction, so the total distance ravelled is 20.7 + 42 =249, From the initial
position, so .5 will be

The distance travelled is the area beiween the curve and the horizental axiz, but in 1his 2 whe a
WhHER I = 4.

example some of the curve is below the horizontal axis. To find the total distance fravelled
we need to find the times when the graph crosses the axis and then integrate the parts
abowve and below the axiz scparately 1o find the distances travelled in the pesilive and
negative directions. The toal distance travelled is the sum of these distroces.

A particle moves in a straight line so that its velocity. vma ", at time ¢35 is given by v = r* — 41_ Find an expression
for its displacement from the inftial pesition at time 0

Answet

v=1r —4 Imtegrate this with regpect to time to get
displacement.

Ay L T
4
But 2 =0 when (= 080 ¢ = 0 ihsplacement is measured from the initial
. T AN meEE position, 8o £ = 0 when r = 0.
= L."'—:'1|||
Alternatively:
% J'l.- _ 4\ de Here we are using ¢ as a variable within the

1 : integration and also as a constant in the limit
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A particle moves i a Acaight line so that its velocity, vma™, at time 76 is given by v = it — 5%
a Find the dizplacement of the particle after 5s.
b Sketch the velocity—time graph fior 0= ¢ =< 10,
€ Work out the distance that the particle trave!s in the first 105,

o Find the time when the particle passes thiough the start position.

Alswer
a v=i"—5 Integrate this with reapect to time to get
displacement.
In ral 3 saconds the displacement | .
i The linzéis are £ =0 and £ = 3.
| -5
L
| 4" T
21lm Dizplacement can be positive or negative.
b The particle is at instantaneous rest win 5
14r — 5) Bring out common factor .
=0 cormeaponds to the star of the motion.
Herecaz, it 18 at instanta neoud redt when
¥ sl

=W iga repeated root so the graph has a
siationary point at ¢ = 0.
¥ is megative for small values of 1.
The graph iz part of a cubic curve

-
= i A}




C

The distance travelled iz the distance travelled
from ¢ =0 in ¢ = 5, added 1o the distance
travelled from § =5 to i = 1

i |
[
]
LA
T
=
1
—
| =
"
2o | Loy
--'
TR

= 5208

J?':-':—Fr"'ld.r—[_!.-"

= BR8542

Total distance travelled = 5208 + §85.42

= Y3am

ARernative mathod:

= Ji."‘ — 5 e

Ly 5 3
= — =S+
T .‘l
I 4 5,
PR

208

When ¢ =35, s = =512

When ¢ = I, 5 = 83133

Total distance travelicd = 5208 + 5208 + £33.33

= Y3iam

. |
Displacemeut = 0 when =P =0
Fria (B H 5 4

|
4 - 20 = 0
|1r Al — 21} L

il

I =1 or—
k]

Particle passea through start positio

after &y seconds

Chapter 6: General motion in a straight line

T particle is momentarily at rest when ¢ = 3.

From & =0 to r =5 the particle moves
52.08m (in the negative direction).

From £ =5 o ¢ = [ the particle moves
8542 m (in the positive direction).

=0 when £ =0, 50 ¢ =10,

Particle moves 3208 m in the negative
direction, then turng and travels through the
start pogiticn to finizh 833,33 m from the start
in the positive dwoction.

Particle tozvels 3208 twice, but this rounds up
to 104 0T when exact values are used.

aet 5 =10,

Bring out common factor 1.
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A circus performer rides a unicyele along a stretched tightrope. The Ughtrope 18 modelled as a straight horizontal
line and the velocity, v ms, is modelled as

¥ =1 fior == p=<2
v=2-3 for 25§24
v=T—,1 for 42T

where i the time, in seconds, from when the poformer starts to cyele along the tightrope.
The performer stops at time T4, having inct ieached the other end of the tight ropse.
a [Find the value of T

b Cabculate how Far the performer cyches.

Ansver
a T-T =0 ¥ = at time T'.
. ! Ferformer stops after 49
b Forb<r=<2 s=1t+g Integrate v with reapect o (.
>0 whos £= 8,00 4 = # is measured from the start of the tightrope.
g [ [ Fiid
S0 when §= 13, the distance cycled ia £ = 2m.
For 2<i<4 s=1" -3+« Integrate X — 3 with respect to 1.
2 enf=2 i q
Hence b+ 4
=0 Wi § =48, the total digtance cycled i
For 4<p-<40: s =T ' S ey Integrate 7 — %% with respect to i
-3 £n 4, ai 4
Hemca Ti—=1 4
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Alternatively, we can integrate each of the expressions for

v with limits, and add the distances obtained.

g . _'.'-_.
J-l_. — Aydr !. i ]-.

=
4
. - .
JLF—r"'ld.'—I'-'r— IS
I . ]

The total distanco travelled = 2 + 6+ 91 5

=003im

WORKED EXAMPLE .10

A particle moves ina straight line so that its velocity, vms |, at time ¢ seconds after it starts to move is given by
¥ =i+ af, where u and a are constants. Fiad the displacement after £ s,

Answer
F=u+ua Integrate this with respoet to time to get displacement.
{ = Jllr+r1.'ld|' o and o are conslnts.

[
=il &+ oal” +

But 2 = 0 wivea i =10,80 ¢ = 0.

%ou should recognise this as one of the constant

| -
Hence, § = uf +— al”
Y 2 acceberation formulae from Chapter 1.
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A particle moves ina straight line so that its velocity, vms . at time 18 (f = 0) is given by v = 5% — 0. Find
the displaccinant of the particle when it is stationary.

A particle moves in a straight line so that its velocity, vms, at time 75 is given by v = * + 3% — 87 + 1. Find
its diplacement when ¢ = 3.

A tennis ball is hit vertically upwards. The vpward velocity, vma ', of the ball at time £5 is given by
v = 20 — Ik Find the upward displacement of the ball, frem the initial position, when v = 0.

A speed skater moves in a straight lisee with velocity v ma " at time 75, given by v = 2t + 1, for 0= 1= 2. Find
the displacement of the skater:
a when =10

b when =1

¢ when =2

A amall stone [ dropped into a well. [ falls down the well, froi rest, with no resistance for 2. 1t then hits the
surface of ihe water and continues o fall vertically throug s e water until it reaches the bottom of the well.
In the veter the downwards velocity of the stone, vms I, 15 given by v = 20— ¢, where ¢ is the time, in gseconds,
measur:d from when the stone hits the surface of the water. The stone takes 252 in total to reach the bottom

of the well.

a Calculate the depth of the well.

b I air resistance is taken indo account . would you expect the depth of the well to be greater or 2maller than
wour answer from part a?

A ball bearing is fired vertically upwards in a straight line through a tub of butier. The upward velocity of the

ball bearing is given by v = 13 - 10 — 3r* ems ™', where 1 i8 the time from when it was fired upwards.

a Find the time when the ball bearing comes momentarnily to rest

b Find how Far the ball bearing has travelled upwards at this time

The ball bearing then falls downwards through the hole it has made in the butter. The downward velocity of
the ball beaying i given by v = 10T cma™, where T is the firne from when it was momentarily at nest.

¢ Find the vime that the ball bearing takes (from when it was momentanily at resth to fall to its original
positivn.

d What asaumptions have been made in the mode! waed in part €, and how could the model be improved?

A particle moves on a straight line. The velueity of the particle, v ms ™', at time 18 i8 given by v = —r* + 9rms'

for =73
a Find the displacement of the partieciz, from its original position, when @ = 5.

b Work out the distance that the particle travels from £ =0 1o ¢ = 5.

A car moves in a straight live with velocity v s at time 73, given by v = 16 - 055 4 1 for D=1 =25
a Find the displacessont of the car, from its original position, wher o = 25,

b Work out the dislance that the car travels from ¢ = 0 to ¢ = 25 (Mote: vou will need an equation sobver for
thiz question. In the examination you will only be asked 1o solve the eguations that can be done using
algebraic methods )
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ﬂ 9 A ball rolks forwards and backwards in a long straight tube. The vcocity, vms|, at time ¢ 8 after measurement
staris is given by

v=6+1" for 0 =< 225

F=ud—i for =25

for soumne constant A.

a Show that A4 = 36

b Find the distamce from the start when the ball changes direction.

10 A particle moves in a straight line, siarting from rest. At time £ s after the start, the velocity, ¥ ms—, of the
partiche is given by:

r=2 for O=r=4
F=9-(i -5 for 4 == 10
a Find the maximum gpeed of the particle.

b Work out the distance that the particle moves in the time interval 0= = 10,

'I:‘,‘ 11 Twao cars travel towards one another on the two sides of 2 long atraight road. They start 300m apart and cach
car stops when its speed is 0ma ™. The time, in secomds, after the first car starts to move is 1. The velocity,
vy ms |, of the first car is given by v = 7.5 — 0.5¢%. The second car starts 2s after the first, at ¢ = 2. The
velocity, v ma-l, of the second car is given by ¥ = {f = 2F - 14

a Write down the initial speed of cach car.

b How far does the first car travel?

¢ How far does the second car travel?

d For what value of ¢ are the carz alongside one another? (Mote: you will need an equation solver for this
question. You will not ke aliowed an equation aolver in the examination.

12 A car travels ina straight line, starting and finishing at rest. At time £ 3 afie the start, the velocity of the car is
modelled asx

F=1i fior =5 1222

¥=ki —00551 -2 for 2==T

a Find the value of k.

b Show that there is ne change in the acceleration of the car at ¢ = 2.
¢ Find the maximum velocity of the car during 13 journey.

d Find the time, T g, at which the car stopa.

e Work out the distamce that the cas ravels from the start to the end of the journey.
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6.4 Velocity as the integrai of acceleration with respect to tim=
In Section 6.2 you saw that you can differentiate velocity as a function of tire to find
acceleration. Reversing 1hvis means that if vou integrate acceleration with reapect to time,

you will get a functica (o the velocity.
£ KEY PO - .

dr I .
a= 0 r= | ad
di

The object is not necessanily at reat when ¢ =10, 50 you need to include a constant of
integration. If you know the velocity at some ume (which may be ¢ =0 or sonve other time) you
can ugethiz to fimd the constant of integration. Analernative strategy ia to find thechange

in the velocity by integrating (between. sey, r=0and a general time £ and adding this to

the welocty at the beginning of the inte rval. Both of these appreaches are demonst rated in
Worked example 6.11.

MODELLING ASSUMPTIONS
- =

When acceleration i@ nol congtant, ia it reasonable to asaume the 1.i5]:l|ul.‘v|:|'|'||:|l‘t,

Az in Waorked example

. . .6, you sometimes
velocity and acceleration follow a meat formula? need Lo solve a =

Forces may vary according to the speed or position of an chject, or according 1o b find 3 maximum

time. When used with Mewton's second law, this crealess an equation that relates
L ane af more of these variables with acceleration. In many cases this sort of equation
can be aolved by integration, so 1.|'||:. diﬂpla.-a‘::u.l:-.'l:l-.. velocity a.|.3||.1 H.C.L""I:IEI'H.‘I.i.'l'.IIEIIII'Iﬂ}' af the velocity time
i have a neat formula. However, the ||'|:I.1:g|'z!.1|.' ol some functions i8 not poagible, so graph). Remember
sometimes you need to make approximaiions to allow the problem to be solved. that the maximum o

ar mirmmum velocity
{3 MEAXImLm 0
mindmim turning peint

mindmwm may ilso

[ this chapter you have only loeked at the formulae for dizplacement, velocity and .
- ooour ab an end point

acceleration, not at the situatioos they come Mom. af the gragh.

WORKED EXAMPLE 18N

A particle moves in a straight line so that its aceeleration, a ms ™, at time 15 is given by a =8 — 4r. It starts with
velocity 2mis'. Find an expression for its velocity at time ¢
Ansver

=% —df Integrate this with respoct to time to get velocity.

when r =1, 80 ¢ =2 Imitial velocity = 2 ms™'



Aliernatively:

=21+ [lﬁ—-h.d.
1

=2+ 8- 2

8o v =81 — ?

) DRKED EXAMPLE 6.12

A particle moves ina straight lime 2o that its acceleration
particle comes o rest after 5a.

a  Find the initial velocity of the particle.

b Find the displeconzont after 2.
Amsvwer

a a=12—4f— 062

v = J (12 — 4¢ — 0.66%) ds

= 120 — 202 — 0% + ¢
When =5, vr=10:
G0 —50—-25+c=080 c=15
p= 120 =27 - 0.2 + 15

Initial welocity = 15 ms!

b —I d

r T i
) Byl e z
bl -2 — 02 =15 ) ds
L
3 2 i
£ =6 — = =005 150+ k
|

But =0 when r=10,80 £ =1

= - 0Se + 15
4

80 1= 6 -

When r= 2,5 =47%9m.

Chapter 6: General motion in a straight line

Initia' « slocity + change in velocity

Lams >, at time 1 8 i8 given by a = 12 - 4 — 061 The

Iritegrate this with respect to timee to get velocty.

Here we know the velocity after 5 seconds, 8o use
v=0 when £ =5 tofind c.

Set 1= 0 o find the inftial velocity.

Integrale velocity with respect to time 1o get
disriacement.

Displacement from the start is 0 at time 0.




A particle moves i a Acaight line o that its acceleration at time ¢ seconds is am ™,
where a is constait. The initial velocity of the particke is ums L Thimkireg consiantly

Uze calculua to find the velocity of the particle as a function of 1.

Wou may want to have

it go al the resourmce

al the Calrufus mesis
Janctiors station on

v

the Underground
Mathematics websibe.

A particle moves in a straight e so that i3 acceleration, a ms, at time 55 i given by a = 2% + 3% — |20
The particle starts frem res®. Fund it speed when ¢ = 2.

A particle moves ina #raght line so that its acceleration at time 12 is given by a = ¢ — 4ma . The initial
velocity of the particls is 15 ms . Find the minimum velocity of the particle in the subsequent motion.

A body moves in a straight line so that its acceleration, o m a2, ai tme 18 is given by a = 2% + & — 18 The
body starts with velocity Sma .

a Find the velocity when ¢ = 3.

b Fiad the displacement when ¢ = 3.

¢ When ¢ = 3, ia the body travelling towards its criginal poaition or away from it?

A bird moves ina straight line from point A w point B and back 1o point A.

The bird has speed 5ma ' when it stans and moves with acceleration, given by a = le (90 — 321 — 10). At
point & the bird has velocity Gma

a Show that the bird takes 210 travel from A to 8.

b Find the distamce from 4 to B.

c  Show that the Bicd returng to A after about 4354,

d Find the apeod of the bird when it returns to 4.

A block aliles down a sloped surface with a varying coelfcwnt of friction. The acceleration, ams * of the
block {mcasured down the surface) iz given by o = 0001 10 — 3], where 1 is the time in seconds. At ¢ = 0 the

block is at rest at the top of the surface. The bloc). reaches the bottom of the surface with speed 224ma "
How far does the block travel down the sloped sunace?

A ball moves with aceeleration given by o = 000004 + .:lj""q]. where i i8 the time, in seconds. At ¢ = [ the ball is
moving with velocity 0.5 ma™. Find the displacement of the ball between =0 and ¢ = 4.

A robot moves in a straight line with acceleration o ms ™ at time £, given by a = 4001 — 1. The mini mum
velocity of the robot in the sultequent motion is 0 m s (the velocity is never nogative).

a Show that the robot is stationary (v = 0) when £ = L

b Find the displacement of the robot, measured from the initial poziion, when the robot is stationary.

A particle starts at the origin and moves along the x-axis. The accaleration of the particle in the direction of
the positive 2-anis is a = &f — ¢ for some constant ¢ The paiticie ia initially stationary and it is staticnary
again wheon i i3 at the point with x-coordinate = —4. Find thic value of ¢
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9 A goods train starls (rom rest at point A and moves along a straioh track. The train moves with acceleration
ams " at time ¢ 5, given by @ = 015506 — 1) for 0= < 6. [t then woves at constant velocity for 6 1 < 156
before deceloraiing uniformly to stop at peint B at ¢ = 165, Calculate the distance from A to 8.

10 Two cars are travelling towards one another on the two sides of a bong straight road. Each car stopa when its
gpeed 18 0ma " The time, in seconds, after the first car starts to move is ¢, The acceleration, a; m s, of the
first car is given by g = 5— 2. The maximum velocity that the first car achieves is 2601 ma—

a Work out the initial velocity of the first cai

b Find the time when the first car stopa nioving.

The velocity, v, ms™, of the second car i3 given by v = F — 16
¢ How far does the second car travel?

[mitially the cars are 2000m apart.

d Show that the cars siep before they meet.

'IE! 11 Anice hockey playe hits the puck so that it mowes across the ice i a horizontal straight line with acceleration
ams al time 12, where a = —0.03:%. The initial speed of the puck, along the direction of motion, is #0ms.

a Find the disance that the puck travels in the first 2 secoads (between £ =0 and 1 = I).
b Find ihe spesd of the puck after 2 seconds.

When ¢ = 2 the puck is stopped by an opposing player. This player then hits the puck back the way it came,
piving it an initial speed of 30 m s, The aceeler=tion of the puck, in its direction of travel, is still given by
a = —0.03¢*. The puck returns to its original siarling point.

c Find, to 3 significant figures, how bong 1t takes for the puck to return 1o its original starting point. ﬂ

.

L :_]' 12 A girl bowls a ball along a straight and horizontal skitthe alley. The forces acting on the ball are its weight, the
normal contact force, friction aud air registance. The coelficient of Mriction between the ball and the surface of
the skitthe alley 52 0001, The airl meodels the air resistance, in newtons, as se(09 — 151], where i the mass of
the ball, in kg, and ris the tume, in &

a Show that the velocity of the ball along the skitthe alley, vms ™', is given by v = 0.75 — 1+ for some
constant .

The initial welocity of the ball is & m s\ The skittle alley is 725 m bong and the ball reaches the end of the
gkittle alley with velocity 2ma "

b Show that the ball takes just owver 2.33 to reach the cod of the gkittle alley.

{HMote: you will meed an equation solver for thiz question. You will not be allowed an equation solver in the
examination.)

¢ Why iz the model for air resistance wricasonabke?
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END-OF-CHAPTER REV]EW EXERCISE 6

@0 s

-

A woman on a sledge moves in a straight line across horizonial ice. Her initial velocity is 2 ma—!. Throughout
the journey her acceleration is given by a = —0.00ims ~, wiere ¢ is the time from the star, in seconds. Find the
distance that she travels before coming to rest [4]

A partiche moves on a straight line, starting frors vest at the point . 11 travels from O o 4 with constant
acceleration 0.2 ma2, taking 163 to reach 4. Vhe acceleration of the particle then changes so that the velocity,
in ms~', is given by ¥ = (" — 08 for 1 >~ 16, where 1 is the time, in seconds, from the start of the motion.

a Find the acceleration of the particl: immediately after passing through A. I
b Find the distance travelled from ¢ =0 to ¢ = 36, 13

A partschke, I, starts from rest al a point O and travels in a horizontal straight line. For O < ¢ <2 20, where 1 ia the
time in &, the velocity of F in ms ' is given by v = L2r — 0.0%. When ¢ = 20, £ collides with another particle.
After the collision the direction of travel of F is reversed. For 20 < < 30, the velocity of P in ma ' is given by
¥ = 031 — 9. The particle comea to rest and stopa when £ = 3.

a Find the specd of Fimmediately before the collizion and irmimediately after the colligion. 12
b Find the total distance travelled by the partiche. 12]
A gledge moves down a slope in a straight ine. At time /9 the displacement of the sledge from the stan is 2 m,
where £ = 040 for 0=s< 10 and 5 = [Te - ]—E“ - EIZI] for 10 == ¢ =2 500

a Find maximum welocty of the sledge. 13
b Show that the acceleration instantancously reduces by lms = at 1 = 10, 121

A partschk travels in a tube, starting from rest. The particle does not come to rest again in the saubsegquent
maotion. Al time rs, the partick bar scceleration @ ms . given by a = 90007 until it reaches a velocity of
2% 15 ms ", along the direction of the tube. How far does the particle travel while it is accelerating? [6]

A partiche moves ina straight line, starting at time £ = 0 and continuing votil it comes to rest. While it is
moving the particke has acceleration am s, in the positive direction aleng the line. This acceberation is given by
a = 0.1 - 0011, whers ¢ is the time from the start, in seconds. The particle starts with speed 4 ms ' and finishes
with speed 0ma '

a Find the maximum spead of the particle. H
b Find the time when the particle comes Lo reat. 1]
Avcain 18 moving in a straight line. The acecleration, o ms 2 al time ¢5 after the car stars to move is modelled as

TR
a=All+4 for0=< | and & = E[]D— I;.,J for 1= =5, where 4 and B are constanta

a 5Showthat 4 =48, 2]
At t = 5 the velocity of the car is 2 & ma ™.

b Showthat 4= L 2]
€ Work out the distance toavelled in the ime interval 0=5¢= 35, 12]
d By considering the acceleration—time graph at ¢ = 1, eriticise the model Inj

A partscke I moves ona straight ling starting from mest at a point O r.-llthr.- lime, The time after [ starts to move
ig r&, amd the parcle moves along the line with constant acceleation 3 m &~ until it passes through a point A4

. ) . - -
attime 1 = {. After passing through 4 the velocity of F iz r3ms L
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i Find the acocleration of P immediately after it passea thicugh A, Henoe show that the acoeleration of
I CO
decreazas by 12 mna ™ ad it passes through A. 13
i Fird the distance moved by F from @ =00 to § = 27, 13
Carrileridie Imternationa AS & A Level Mathernarics 9709 Faper 42 Q4 e 2002

A hockey ball i hit so that it mvoves in a horwontal straight line with acceleration @ ms—2, along the direction of
travel; a = —L6r, where ¢ ia the tinse frem when the ball was hit, in seconda. The initial spead of the ball s 14ma

a  Find the speed of the ball when it has travelled 57.5 m. 14
b Find the distance that the bal! has travelled when the ball is first momentanily stationary. 14
¢ Find the value of ¢ when tie ball has travelled 40 m. 12

Two particles A and # star to move at the same instant from a point &, The particles move in the zame

direction along the same straight line. The acceleration of A at time 1 5 after starting 1o move is a ma ™, where
a = 0,05 — 02

i Fimnd A5 welocity when £ = 200 and when ¢ = 3. 4]

B movis with constant acceleration for the first 2008 and has the same velocity as A when ¢ = 200, B moves
with constant retardation from § = 200 to ¢ = 300 and has the same velocity as 4 when 1 = 500,

ii  Find the distance between A and 8 when ¢ = 5040, I
Carileridie (ternatione AS & A Level Mathernarics 9709 Faper 41 (6 Junie 2005

A vehicle is moving in a straight line. The velocity v ms ™ at time ¢8 after the vehicle stans is given by

v= A1 —005%) for 0=¢=15and v = % for 1= 15, where 4 and B are constanta. The distance travelled by

the vehicle between ¢ = 0 and ¢ = 1563 225 m.

i Find the valwe of A and show that B = 3375, 15
i Find an expressioa in terma of 1 for the total distamee travelled Ty the vehicle when ¢ = 15, 13
il Find the speed of the vehicle when il has travelled a total dincoce of 315m. 13

Carrileridie Intermationa A5 o A Level Mathermarics 9709 Faper 42 Q7 Jugie 2000

Twer walbera, P and (), travel along a straight track AR, Both salkers start from point A at time £ = 08 and
pass through point B at time ¢ = 105 They both finish at point C. P starts from point 4 with speed 2ms ' and
acceberates with constant acceleration 0.1 m s unti! reaching point 5.

a Show that the distance from A to B is 25 m. 13
b Find the 5|.'ll:»..‘~|ﬂ of P on |'1'.‘a.L‘||.i.|'|g FRISLITp B I.l|

() staris from point 4 and moves with speed vyma ™, given by v = 000035 + 0,060 + &, When () passes
through point 8 both walkers bave the same apeed.

¢ Find the value of the copsiant k. 13

P moves from point B to point C with speed v, ma™, given by v, =4 - 0.0, and comes to rest aa C i3
reached.

d  Show that U distance from A 1o O is T m. 4]
Q) moves frem point B to point © with speed vy ms, given by vy = 0.8 — 00012

e Sinow that O reaches point © firsi 13



Cross-topic review exercise 2

Tweo particles, A and 8, are attached to the ends of a light inexicnaible string, which pasaes over a smooth pulley.
Particle # has mass 4 kg and B has mass 6 kg, The systern iz released from rest and the particles move vertically

a Fued the tengion in the string and the wpward acceleration of particle 4. 13
b Find the magnitude of the resultant force exerted on the pulley by the string. 1]
A particle of mass 3kg is at rest on a slope thal 2 at an angle of 277 to the honzontal. 5M

It iz held in limiting equilibrium by a forcs of 58, which acts at an angle of 107 to the ([
slope, a3 shown. Determine in which dnociion the particle 2 on the point of

dipping and find the coefficsent of Tniction between the particle and the slope 15

A particle [, with ma=2 3kg, and a particle 0, with masa 5 kg, are attacied to
the ends of a light incuensble string. & held at rest on a horizontai able

amnd the coefficicut of (riction between P and the table s 0.4, The string passes 1
over & smectn palley at the end of the table 0.8 m from F and 0 hamgs Lo
verically Jown, as shown.

[} s

The particles are then released from rest. Find the time until particle P hits the pulley. 5

A toy train engine has mass 4 kg amd pulls a carriage of mass 6kg along a horizontal stretch of track by means of
2 horizontal tow-bar. The brakes in the engio: cause a deceleration of 2ms . There is air resistance of 4N on the
engime and of 10N on the carriage and noe other frictional forces. Find the braking force from the engine and the
force in the tow-bar, stating whether it 2 a tension or compression. 4]

A particle, P, starts from a point © and moves in a straight line with velocity v m s, given by:
v=k for B =p=1
I g
r=5|-.r1+:: for 1<<t==35
whene ¢ ia the time, in seconds, after leaving O
a Find the minfiawin velocity for 1257 =5, 4]

b Find the Jdisplacemment from O when P reaches the minimaonn velocity 15

A particle P, of mass 4kg, is projected from a point A up a slope with speed Sms"'. The dlope is at an angle of
257 o the horizontal and the coefficient of friction between the slope and the particle is 0.4.

a Find the distance F travels up the slope before coeming to rest. 4]
b Find the time taken for P to return to A, 151

Two particles move along the same straigh® line. Particle P has velocity v ma ™, given by v = 121 + 1% — 037,
whene £ig the time in & and is at a posnt 2 at r = 0. Particle {0 has displacement £ from € at time o, given by
&= 7425 — D055

a Find the displacement of £ when it i2 moving at maximunm velocity I

b The particles collide at Lime T'. Find the value of T 13
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Two particles, A acd 8, are attached to the ends of a light inextesizble string, which passes over a smooth pulley.
Particle A haz csass kg and B has mass Skg. Both particlos are held L2 m above the ground. The system is
released from rest amd the particles mowve vertically

a Whea particle A hits the ground, it does not bounce. Find the maximum height reached by particlz B |

L When particle A hits the ground, the string i2 cul. Find the total time from being released from rest until 8 hits
the ground. 131

A particle, ¥, moves on a straight track. 1 has displacement £ m from a point, €, at time i 8, given by
2= 0.12¢ + 10— 001" for ¢=0.

a Find the time when the particls i irst stationany 121
b Find the total distance travciled in the first 10s . 121

Particle @ moves on a track paralkl to particle P, The acceleration, @ ma, of £ ia given by a = 0.4 — 0,06, Both
particles come to rest abongside sach other.

€ Find the displacement of (2 from £ after 108,

Two particles o masses Skg and 10kg are conmected by a iz inextensible
string tsal rasses over a fined smooth pulley. The 5kg particle i on a rough

fined slope which iz at an angle of @ 1o the horzontal, where tana = ; The

kg particle hangs below the pulley (see diagran). The coefficient of fiction

I | ;
between the slope and the 5 kg particle is - . The particles are released from semmaanaah2
rest. Find the acceleration of the particles and the tengion in the string. |
Ceundridyge Internationad A5 & A Level Mathemartics 9708 Faper 2 (25 June 2006

A particle of mass 0.1 kg i2 releassd from rest on a rough plane isclined at 207 1o the horizontal. It i given that,
5 seconds after release, the particle has a speed of 2ma .

i Find the acceleration of the pariicle and hence show that the magnitude of the frictional force acting on the
particle ig 0302 M correct to 3 significant figurea 3l
il Find the cosflicent of friction between the particle and the plaae 121
Carrilerice Intermations AS & 4 Level Mathemetios 9709 Faper 41 Q2 Noverber 2008

A partick & moves in a straight line. It stars at a point © on the line and at time (8 afer leaving © it has a
velocity vma ™', where v = 675 —30¢ + M.

i Find the set of walues of ¢ for shisch the acccleration of the partick: is negative. 121
it Find the distance between the two positions at which P is at instantaneous nest. £l
ili Find the two positive values of @at which P passes through O, |3]

Ceutihridpe Mitertiational A8 & A Level Mathermatics 9700 Paper 41 O8 June 2006

Particles P and @ are attached 1o opposite ends of a light inextensible string which pazses over a fixed smooth
pulley. The system is released from rest with the string taut, with its straight paris vertical, and with both particles
at a height of 2m above Rorizontal ground.  moves vertically downwards and does not rebound when it hits

the growmd. At the iostact that P hits the ground, () is at the point X, oo where it contimees to mowve vertically
upwards without reaching the pulbey Given that P has mass 0.9kg aud that the tension in the string i 7.2 M while
F ia mowing, fued the total distamce travelled by £ from the inatant it first reachea X until it retums to X, [

Carrileridse Interrations! AS & /| Level Mathemetios 9709 Faper 43 03 Noverber 2001



Im this chapter you will {azrv how to:

caleulate the momenium of & moving body of a system of bodies

uze the principle of conservation of momentwm to solve problems Involving the direct impact of
twi bodies 1hat separate after impact

m use the poecple of conservation of momentem to solve profems invelving the direct impact of
twir bodies that coalesce on impact.
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Chapter | Calculate velocity when the 1 A car is travelling at 15ms " when the brakes
acceleration is constant. are applied. It takes 63 for the car to come to
resl. Assume that the braking Force is constant
fand hemee the acceleration is constant, but
negative).
a  Show that car travels 45 m under braking
before coming to reat.

b Calculate speed of the car when it has been
braking for 3a

¢ Calculate the speed of the car when it has
travelled 225 m under braking.

Chapter & Calculate velocity using 2 Acaris travelling at 1 5ms when the brakes
caleulus. are applied. It takes Ga for the car to come
o resl. Assume that the acceleration under
Sl —
1z
from when braking staris.

a Calculate the speed of the car when it has
= bizen braking for 35
b Find the speed of the car when it has
travelled 22.5m under braking.

braking is given by ) where ¢ is the time

What is momentum?

The word momentwm g uded in cveryday language to describe the impetus gained:
Feritiisrn paibied mormen i i e early 2000 cetitiiry.

The funcdraizive comipaish weeds fo yaiv motenfion §F 08 i be reack 520 groad,

In mechanics, momenium measures the impetus possessed by a moving olbgect. By
conssderimg the vransfer of momentum between objects you can calculate what happens

when obsects interact.

Yo may have pushed a supermarket trolkey. Why is it cagier 1o start the trolley moving when
il iz empty than shen it is full of shopging? An empay trolley has kess mass than a full trolley,
i the aame amount of “push’ will get an empty trodbey moving much faster than a full trolley.

You explain this in mechanics by using maomntum.

-

At TH
A




Chapter T: Momentum

7.1 Momentum

_"'j: DID YOU KNOW? _‘

it philosopher René Descurtes {15961 650) introduced the concept of
momentum. Descartes” built on ideas first weritten doemn by Jeen Bundan (12951363
who delined the "amount of motion” as the prod o< ol the mass of a body and its
speed. Using these ideas, Diescartes formullsfed his three s of motion, which then
hecame the basis lor Mewion’s kowvs of mobica.

-

A body of mss m kg moving with speed -5~ has momentum given by m.

Melonweninm g a vector quantity, having the same direction as the velecity, For one-
dimensional motion along 4 lice you only need to work out whether the momentum is
pogitive or negative. The wnits of momentum are M &,

Im the Systéme Internationale (510 aystem of units there are seven basic units of
micasuiement. These are the metre (length), kilogram (mass), second (time), ampens
(efoctrical current), kelvin (thermodynamic tempers atwre), mole {amount of substance)
and candela (luminous intensity). Use the 51 sysiem of units to explain why

| momentum is measured in Ns.

WORKED EXAMME T.1

Find the momentum of a body of mass 3kg moving at SmsL

Answer
Momentum = poy = 325 Substitute the valwes for m and v into the
formula for momentem.
=15N= Remember to give unita.

I’!_'. D

A ball of mass 50 g hits the ground with speed 10m s and rebounds with speed 6 ma . Find the change in
momentum that cocurs in the boures.

Ansvet
50 = 00050 kg Corneect the mass to kg
S omentum before = 0050 x 10 Caleulate the momentum just before the

—05Ns boumce.




Momentum after = 0.05 P The i rection has reversed so the sign changes.

Fo ol

10

11

ange in momenium = —0.3 - 0.5 {7 we use down as positive there iz a loss in

A mcimenbum of 0.8 M 8.

I woe use up as positive there iz a gain in
moameniwm of 0.8 MW 8.

Find the momentum of a bods of mass 10kg moving at 8ma .
Fimd the momentum of @ car of mass 1500 kg moving at 22 ma

Fimd the momentoin of a tennia ball of mass 57 g moving at 180 km 5

A model car lizs mass 40g. Tt slows from 2.2ms " to 0.8ms . Find the decrease in its momentum.

A rock of inass 4 kg is thrown upwards with an initial speed of 3ms-'. Iis travelling at §ms! just before it
land=. Find the change in its momentum.

A ginl of mass 35kg jumps from a rock ento the baach below, Her initial vertical speed iz 0ma™" and she Falls
245 m under ai a.l.'il].'.

a Find the zpeed of the gif when she Lads on the beach.

b Find the downward momentom of the girl just before she lands on the baach.

A book of mass 2kg falla feem a window kedge and drops 18 mto the ground. ik falls frecly under gravity.
a Find the speed of the beok just before it hits the ground.

b Fimd the downwaod rromentom of the book just before it hits the 2roumd.

A ball of mass 0.2 kg falls 1235 m vertically downwards 1o the groand, starting from rest. 1T hits the ground
and rebounds. The downwards momentum of the ball changes by 1.6 M s in the bownce.

a What height dees the ball reach after this bowmee?

b By considering the modelling azsumplions, explain why the height might be lesa than this.

A ball bearing of masa 252 is thrown vertically upwards, and is caught on the way back down. The ball

bearing has an initial speed of 3ms" upwands and is travelling at 2m s when it is caught. Find the change in
ils momenium.

A hockey ball of mass 0.2 kg is hit 20 that it has an initial speed of 8ms~. The ball travels in a horizontal
straight line with acceleration ¢ ma given by a = —0.5 — kr where [ is the e in seconds, measured from

. 41 . .
when the ball was hit. Aftes 28 the ball has travelled 7 - It is then infercepted by a player from the other

team. This player hits the ball o that its direction of travel is reversed amd its speed is now Sma", Show that
when the ball iz hit by the second player its momentum changes in agnitude by 2 Ms.

Particle 4 of mass 5kg is moving at a speed of 2ms ' when i hils a stationary particle, B, of mass 2kg. Afe
the impact, particke A has apeed 0m s and particle B has speed vma ' The loss in momentum for particle 4
equald the gain in momenium for particle 8. Find the value of v



@ 12 A man strikes a snocker ball so that it travels horizontally across & smoker table and makes a direct hit
againgt the end cwshion of the table. The ball rebounds from the coshion and travels to the other end of the
table where it rebounds from the cushion at that end. The bail Goishes at exactly the same point at which it
started. The distance between the two cushions is 3.5 m and the initial speed of the ball is 10ms". The ball is
slowed by (riction, resulting in a constant deceleration of ! ma . At each rebound the direction of the ball is
reversed and the magnitude of the momentum after the rebound is 30% of the magnitude of the momentum

becfrie. Work out the distance that the ball travel: before it reaches the first cushion.

7.2 Collisions and conservation of momantum

During an mipact when two bodies collide, theie &= & transfer of momentum between them.
Sone maomentum will be transferred from e frst to the second and some momentum sill be
tranaferred from the second to the first. [n this chapier vou will only consider one-dimensiosnal
impacts between bodies moving in the same straight line, both before and after the impact. m

Mewton's cradbe, shown in the dizgram, iz a popular oy, The first ball iz released and
transfers momentum 1o the sceond, which in turn transfers momentam to the thind, and
a0 om uintil the last Ball gwings up. The last ball then awings back dosws oo and the
micimentum i8 transfer red back to the first ball.

In a perfect Mewfon's cradle, cach ball comes to rest after it has Bit the next one, o it looks as
il the first ball las cawsed the last one to move without the intermediate balls moving at all.

When a hammer is used to hit a nail, momentunm s transferred from the hammer o the nail,
causirg the nail to move (although resistance forces mewn that the mail will not mose very fark
Mewosenium ig also transferred in the opposite direciion, causing the hammer 1o nedbound.

Trupacts happen instantancowsly, ao you do oot need to think about external forces, such as
friction, when considering the impact. The clange in momeniom id caused by the normal
contact forces between the two objects imvelved.

One-dimensional instantaneous impacis happen, for example, when a snocker ball. w#h uo
apin, hits a stationary ball and caces it to move along the same line as the original motion.
The contact forces betwesn the two olgects involved in the impact are equal and opposite,

a0 the momentwm transteroed from the first object to the second i equeael aod opposite to
the momentum transisred from the second object to the first

Thizs means that the total momentum before the impact will alway: be the same as the total
mrmentum afted the impact. The total momentum s undharged: momentum i conserved in
an imjpact.

I reality a snooker player would not uswafly want a direct, one-dimengional inpect
and would probably prefer to wse an obhgue, two-dimengional impact, where the
rnotion id mot all in the same straight hoe
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D '| KEY POINT 7.2 ‘
Momentum is conserved in impacis 12 tota] momentum is constant.

WORKED EXAMPLE 7.3

Twir ball bearinz: are moving directly towards one another. The Grat ball bearing has mass 202 and s moving at

3ms . The second ball bearing has mass 23 g and is moving at |ms ™. After the collision the first ball bearing is
gtationary. W hat i3 the speed of the second ball bearing afo the collizsion?

ARk
belire afler ; ;
" - Draw a diagram to summarise the
Jms 1 I mas 1 Oms 1 r b
— -— . o
@) O O o
0,020 kg 1A kg kg 025 kg
Total momentum before colision Fememhor that momentum i a veclor
020 = 3+ (0025 ; )] Uiy

0035 N s Tra! « ig the sgame as -l ma! =

lotal momenten: aiter colligion

Momentum i conserved.

Sometimes, instead of moving apart after am imapact, the objects may coabesce. This means
that they collide and then move of § together as a gingle object. The objects can be thoughi of
ag having merged into a single object with a mass equal to the sum of the individual nesses,

Examples of coalescence includ: a railway truck being pushed up o an engine and
coupling with it, a person jumping ontoe a moving vwehicke or two ice skaters mocting up and
holding hands to continue a5 one.

The oppoaite of coalescence i8 called an exploston. This would happen. o example, when

the engine and truck become decoupled, when the person jumps o the moving vehicle or
when the ice shaters stop helding hands and drift apart.



Chapter T: Momentum

WORKED EXAMPLE T 1

A girl i3 sitting on a sledge. The girl and the sledge have a combinsd masa of 30 kg, When the girl and the sledge
are moving a1 2m &' her gister standing in front of the sledge thiows a snowball at the sbedge. The snowball has
masz 0.2 k2 aad is travelling at 10.55 ms " when it hits the sledge, head on. The snowball, the gid and the sledge
continwe tosether. Assuming that the total momentum i3 enchanged, find the new speed of the sledge.

Amaw et
bl alte
3msl m:u,_ﬁ 1 : !Ziraw a d:a,gmm to sumimarise the
—w - - information.
L) * 1‘3—_-'
silkg 02kg 5020y
Motal meenventumn before = (50 = 2+ 0.2 = (—10.55) The anvwhball is thrown in the opposite
= 9T B9 Mz dirczion to the motion of the sledge.
Fetal momentum 2ite = 50.2v N3 The total mass of the girl, sledge and snowball
i 50+02 =502k
07 89 = 501w Momentum is conserved.
¥=195ms"
DRKED EXAMPLE 7.5

A block of mass 200 g moving at 4 m s~ makes a direct collision with a larger block of mass 500 g moving at | ms™".
O impact the blocks coalesce.

a Find the speed of the blivcks after the collizion if the blocks were initial ly moving towards one another.

b Find the apeed of the blocks after the collizion if the blocks were initially moving in the same direction.

Answer
a . .
gl after Draw a diagram 1o summarise the
. ] 1 . .
rear Ml . infor mation.

020 kg 050k 0.70Mrkg

Total meementuen before = (00200 = 4 + (0500 = 1) Momentum iz a vector quantity.
=3z

Total momentum after = 0. 700 M s
0.3 = 0. 700w Momenirm is conserved.

= 042 {todar)
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1] teebirre afler )
dms  lmg! . The Inster block must catch up with the slower
- * - bk,
! —
2] g U.S00kE DTN kg
oty before = (0020060 x &)+ (0500 = |
Fotal momentum after = 0,700 N 8
1.5 0. M0y Belomentum is conserved.
} — ma!
ok M8 teda.0)

L ]
MODELLING ASSU ‘.M

By maodelling oidects as particles, you are ignoring the possibility of an oblique
contact. This can happen if objects collide so that the contact 5 not in the line of
mction and instead they bounce of 7 each other at different angles. You will assume

this i= mot the cage.

Thee is alse a possibality that objects travelling along a surface wobble slightly or if
thie objects are a different size or shape some of the moementum may cause one of the
v ofrjects to lift off the surfece. The effect of Liss is normally guite small, but can be
gignificant in games where precigion is roquined.

- = -—

1 Chrisand his son are skating on an ice rink. Chris skates in a straight line at a speed of 3m &' towards his
sonm, who is Aationary on the ice. When they meet Chris Lifts iz som up and they continue together at a speed
of 2ma . sl travelling in the same straight line. Chris has mass 80kg. Find the mass of his son.

2 A ball ol mass 004 kg is moving at a speed of 2" when it hits a stationary ball of mass 006 kg, After the
impact the firgt ball is stationary. Find the speed of the second ball.

A box of mass 25kg slides down a slops vaiil it has reached a speed of Sma ' Tt then travels at Sms
horizontally across a amoeoth floor until it bamps inte a stationary crate. Immediately after the impact
the box reverses its direction and trave’s ot 0.5ma™". The crate starts to travel at 275ms™. Find the mass
of the crate.

E" 4  Twoancoker balls are travelling towards one another in a straight line when they make a direct impact. Before
the impact the first ball had speed 12 ms' and the second ball had apeed 8= L. After the impact both balls
have reversed their direction and each has speed 10m s, It is claimed that the balls are not both real snocker
balls because they hawe different masses. Find the ratio of the masses of the Balls.
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L Partickes A, B and 7, of masses 001 kg, 0.06kg and 0012 kg respectively,
are at rest in a stizaght lime on a smooth horizontal surface, with &

between A 2nd O A i3 given an initial velocity of 4ms " towards 5. --- -O— ------ O ------ O---
After this impact A rebounds with velocity 2mz " and B goes on to
hiit 7. Adter the second impact B comes to rest. Find Cve gpeed of O after

AmOlkg)  BOOokg Ok

the second impact.

£ Threeballs, A, Band O, of masses 4 kg, Tkg and 2kg, respectively, are ai rest in a straight line on a smooth
horizontal surface, with B between A and . A is given an initial velocity of Sms " towarda B. When A hits B
they coalesce amd continue as a single olyeet, 1, until they collide with O Afer this collision O has velocity
Sms'. Work out the final velocity of D

T Jayne is performing in a show on ce. She 18 pushed onto the ice while sitting on a chair. The chair slidea
across the ice and Jayne then stands up and moves away from the chair. Jayne has speed 4m s~ when she is
sitting on the chair and speed 3 ms " when ghe moves away from the chair. Jayne has mass 60 kg and the chair
hias masa 6 kg.

a Find the webecity of the chair as Jayne moves away frem it.

b What mododing assumptions have you made?

8 A bean bag of mass 100 g is thrown at Sma " at a stationary target. The bean bag sticks to the target and they
move oY together at 0.1 ms . Find the mass of the target.

9 Masiam is moving on a shedge at 2 ms " The combined mass of Mariam and the sledge is 40 kg. Sarah, who
hias mass 60 kg, runs up behind the sledge ard jumps ento it The sledge continees in the same straight line
with speed 2 3ma "

a Find Sarab’s speed just before she lands on the sledge.
b What assumpticn have you miade regarding Sarah's velocity?

10 A simplificd model of the Buach of a space shuttle is as follows. The shutil is attached 1o two rocket

barosters each of which contains a fuel tank. The launch is vertical aind fu a straight line. The initial
total mass is | million kg, The masa of the shuttle is 60000ke, the ma s of each rocket booster ia

20000 kg and the mass of the fuel in cach rocket booster iz 450 000kg. The rocket boosters accelerate the
shuttle (and themeclves) to a speed of 1500 ms'. At this time afl the fuel in the rocket boosters has been
used up and the rocket boosters are detached. The rocket boosters have speed Dms ! immediately after
they are detached.

a e congervation of momentum to show that the speed of the shuttle immediately after the rocket boosters
are detached is 2500m s\

Suppose that instead just the first rocket booais i@ used initially to accelerate the ghuttle {with both rocket
boosters) to a speed of 500 m a1, At this (e all the fue in the first rocket booster Tas been used up and it is
detached {with speed 0ms ') The second rocket booster is still full of fuel.

b Show that the speed of the shittle {with the remaining rocket booster) is 518 9 m s~ immediately after the
firat rocket booster i detached.

The second rocket boosted i then used 1o accelerate the shutthe (and itzell ). When all the fuel in the second
rocket Boogter has been vsed up it is detached (with speed Om s "L Aler the second rocket booster has been
detached, the apeed of the shuttle is 2500 m s

©  Find the speca of the shuttle (and rocket booster) just before the second rocket booater was detached.
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ﬂ 11 A caristowing acaravan at vms ' ina straight line along a horizertal road. The mass of the car is mkg
and the mass of the caravan 8 ke kg. The caravan becomes detacied from the car. Immediately afier the
separation the car ias speed avms ! and the caravan has speed 053vms ! in the same direction as the car.

a Showthara o =13 then & = 046
b Find anexpression for & in terms of a general value of o
{E!I 12 A particle of mass 0.3 kg is travelling at speed 2inz ! when it collides with a parficle of mass 0.5 kg travelling

at speed lma~'. After the impact the first particle has speed v ms ' and the second particle has speed
v+ msl

a By considering the directions in whicl the particles could be mowing before and after the impact, find the
posgible values for the gpeed of the hirat particle after the impact.

You are given that v is the smaileat of these possible speaeda.
b State whether the particies were travelling in the same direction or in cpposite directions before the impact.

EXPLORE 7.2

Five amall balls cre placed in a line on a smooth table with L Gotween sach ball

and the next. Tl fifth ball is at the edge of the table. The first ball has masa 50g, the
second has iass 02, the third has mass 30 g, the fourth has mass 20 and the ffth
has mass 10 2. Initsally the balls are all stationary. The Gt ball i then fred to hit the
gecond ball with speed s, In this collision, hali tie momentum of the first ball is
franiderred to the second ball. It is claimed that in cvery impact, half the momentwm
of the faster ball i transferred to the slower buli. Tnvestigate what happens and how
long it takes until the fifth ball falls from the iable.

® A body of mass srkg moving with speed v m s~ has momentum given by mr.

® Momentum is conservsd in impacts. The tolal momentum is constant.

& mm +omn = gy e,
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END-DF-CHAPTER REVIE] m

Particle 4 moves actoss a smooth horizontal surfece in a stralgit line. Particle 4 has mass 4kg and speed 3m g’
Particlc &, which has mass 6kg, i at rest on the surface. Paiticle A collides with particke 8. After the mllmun A
ia at reat and B moves away from A with speed ums . Find the value of u. 13

2 Two partiches, A and B, have masaes of 3kg and 2 k2, respoctively. They are moving along a straight horizontal
line towards each other. Each particle is movieg with a speed of 4 ms ' when they collide

The particles coalese: to form a single particle. Find the speed of the combined particle 13
A (kx) Briig)
O: O
dms ! drms |

3 A train congists of a locowotive, of 40000kg, pulling fowr coaches, sach ol nrass 50000 kg, The train i travelling
at Sms! along a straighi horizontal line when the mupling between the secomd and third coaches breaks.
The lecomotive 2od the first two coaches continue at Tms . The rear two coaches then decelerate at a constant
rate to come to oot afler travelling, 100m. Work out how bong @0 takes frem when the coupling breaks to when
the rear ten coaches come to reat. 4]

4  Particle 4 has mass $kg. It moves with speed 3ms " i 4 straight line on a smooth horizontal surface. Particle

B B mass 6kg and s at rest on the surface. Particle A collides with particke 8. After

—
the collision, 4 and B move away from ecach other with apeeds vins ™ and dvms ' as
L O

shown in the diagram.

Find the value of v 4]

5 Twao balls are travelling towards one ancther along the x-axia The first ball has mass 2 kg and is travelling

at 3ms " in the positive x-directica. The second ball has mass 5 kg is travelling at 1ms " in the negative
g-direction. The balks collide arad after the collision the balls are travelling at the same gpeed but in opposite
directions. Work out the speed of the balls after the collisaon. 14

6  Two parisckes, A and M, are moving in a straight line on a smooth heoeoatal surface. A has mass mkg and is
moving with velocily Sms-!, B has mass 0.2 kg and is moving with velocity 2ma-!,

a Fumd, i terms of mi, an expression for the total momentum of A and 8. I

Particle . collides with particle B and they coalesce to form a single particle, . Particke ¢ has velocity 3ma-1,

b Fimd the value of m. 13
T T partsckes, A and B, have masaes of 3kg and 2 L, respectively. They are nowing ASkg) BiZkg
along a straight horizontal line towards each otibor. Each partick is moving with a __O ________ O___

apeed of 4m s~ when they collide.

After the collizsion, particle A mowves in the same direction as before the collision but
with speed 0.4ms ", Find the specd of 8 after the collision. 14

E 4  Ball X has masa 0.03kg. It falls vertically frem rest from a sindow that i 30m above the ground. Ball ¥ has
miass 00 kg, Al the same Une that ball X staris to fall, ball ‘r’ is projecied vedtically upwards From ground level
directly towards ball X . The initial speed of ball ¥ is 20 ms ™' vertically upsarda

a Find the downverd momentum of each ball just before they meet. 13
The balls coaleses and the combined obgect Falls to the grownd
b Show thit the combined object reaches the ground 265 seconds after ball X started to fall. 151
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ﬂ 9 Three balls, A4, & and C, are in that order in a straight line on a saooth horizontal surface. A has mass 0.4kg

10

11

i2

and is moving at 4ma ' towards B. B has mass m kg and iz sttionary. © has mass 0.25 kg and is moving at 0.8 m s
away from B, A hits B and then 8 hits C. There ane no furthes impacts. 4 and O now sach have a speed of
1 m 2" and are both moving in directions away from 8. Find the range of poasible values of m. |%]

A ball of masas 0.6 kg is dropped from a height o L& m oonto a solid fleor. Each time the ball bowvees on the
iloor it boses 109 of its speed.

a  Work out how much moementum wes shaorbed by the foor in the first bounce. 2]
b Show that the ball first fails to reach a heaght of 1moafter the third bounce. [ET}
¢ What moedelling assumplions Gave you made? [

Ball X has mass 30 g and iz iooving a1 0.5Ims". The direction in which X is Uasvelling is taken as the positive
direction. Ball ¥ has mass 50 g and is stationary. Ball X' collides with ball ¥ and, after the impact, ball X' moves ai
000 m s in the positive direction. Ball ¥ then hits a wall and rebounds with hali” the speed with which it hit the wall.

a Work out hew miwch momentum was abzorbed by the wall. = |

After rebounding from the wall, ball ¥ goea om o hit bal! 27

b Fxplain why ball X' must be travelling in the negative direction after beang hit by ball ¥. 2
After this impact ball ¥ has speed 0.15ms .

< Find the final velocity of ball ¥. [E]]

Balls X, ¥ and & lie at rest on a smooth Lonzontal surface, with ¥ between X and 2. Balls X and & cach

have mass 2 kg and ball ¥ has mass 1 ke, Ball X is given a velocity of ms™ towards ball ¥ Balls X and ¥
collide. After this collision the gpeed oi ball ¥ is three times the speed of ball X', Ball ¥ goes on o collide

with ball Z. After this colligion thc speed of ball ¥ iz the same as the speed of ball X, and the speed of

ball £ s twice the speed of Lell ¥. Finally ball ¥ collides wdith ball X again. Adter thiz collizion the

apeed of ball ¥ is twice the apeed of ball X, and the apeed of ball £ & four times the apeed of ball ¥

Show that the balls are now all travelling in the same directicon and that o further collisions occur. [JLL
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In this chapter you will {>z:v how to:

B calcubate the waork June by a forae in moving a body
m  caleulate the ks energy and gravitational poteintsal energy ol a b
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PREREQUISITE KNOWLE

Where Il comes from Whal von shoubd e able (o do

Resolve Forces.

Chapter 3

Chapter 4

Uze Mewtons second jaw.

Clraptor 2

Chapter | Uze the equations of constant

acceleration.

Cabeulate frictional resistance.

Check your skills

1 A block of mass 4 kg is at rest on
a slope that is inclined at 307 to
the horizontal. A force paralkl to
the slope prevents the Block from
i g.

a Find the component of the
blocks weight down the slopse.

b Find the normal reaction that

thee Aope exerta on the blodk.

2 A block of mass 4kg i sliding
Jovwn a slope. The coefficient of
friction between the slope and the

=
block i ID-..'.:I.
The normal reaction that the slope
exerts on the body is 20,3 N
Find the frictional force.

3 A block of mass 4 kg ia sliding
down a slope. The component of
the weight down the slope iz 20 M
and the frictional force up the
gloype ig 2 .

a Find e resultant force on the
black.

b Find the acceleration of the

block down the slepe.

4 A block is initially at rest on a
slope. It slides down the slope with
constant acceleration 4. 5ms
down the shope.

How far does the bleck slide in the
first 0.5 g7

How are work and energy used in mechanics?

The terms work and encrgy are used in overyday life, but what do these terms mean wien

wie use them in mechanica and how are they connected?

In everyday life, a student wheo [as been studying hard for 2 howrs would say that they have
been doing work, as would o gasdener who has been working in a garden or 2o athlete who
heas been training. Each of these people has spent time deing an activity 2o has used energy
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in the process. This energy comes from the food that the people have eaten. The gardener and
the athlete have used enen 2y 1o create movement, and the student has wsed «oegy 1o create
“brainpower”.

The phrase ‘put mor anergy inte it is usad 1o mean put more efior tato a task, or apply
more force. Encrgy comes in many forms and can be changed froo ene form to another.
A person who cats a meal takes in chemical energy, which might then be converted into

movement o, if it is & cold day, waed to warm the peraon wp.

In this chapier we will show that when a force moves a body, it does work and causesa
changein the kinetic energy of the body. In Chapier 9 we will further investigate this
rejationship between work and energy.

8.1 Work done by a force

In meechanics the word work means sumething more than just making an effort. I# hes a
very specific meaning that refers ¢ how energy changes when a foerce moves an ofyjecl

Mechanical work is done by a force when that force causes an object 10 move. Bor mechanical
work to happen, we need 3 Fonee that cavses motion wrvd we need motion 1o cocar.

A weightlifier does woork in lifting a weight because a foree acts e tension in
the arm of the weightlifter) to cause motion {the weight i3 raised vertically).
However, no mechancal work is done when the weightlifter olds the weight stationary

above their head, because there i8 no motion (althougl clearly it requines a lot of effort to
gt il wzight from falling).

Woestart by considering the work done by a force acting in the direction of motion; for
example, a horizental force pushing a box across a hoerizontal foor,

If the force doubles then the work done By the force doubles. The work done would alas
doubde if the force was unchanged batl e object moved twice as far.

The lime of action of a force has the zame direction as the foree and includes the point of
application of the fonce.

£) KEYPOINT 8.1 5

W =&

‘When a force of magnitude F N moves a body a Furit cind
distance 4 m, alung the line of action of the force, the ¥ i E
work done by the force is: —_— i i

(] &

Mote that the distance moved has been represented by o here. When the motion i in
a straight line and in a constant direction, the distance moved will b2 the same as the
displacement, 5, and then the work done by the foree is given by B = Fi.

Work is a scalar quantity; it can be positive or megative, but otherwise has no direction.

The work deme by a force has eaits Nm, but it is more usual to use joulea (1) to measure
work done. One joule is the 2mount of work done by a force of | newton i mving an
object a distance of | no, clong the line of action of the fonce.

II=1Mm

Latler in this section,
we will consider what
it means for waork done
to e megative.

James Prescott boule
{IE1E_18E9) studied
the nature of et

and discovered

its relationship o
mechanical work. This
bed to the development
al the first Low of
thermodynamics.
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WORKED EXAMPLE 8.1

A boy wses a constea torce of 250 M to push a box 4m acress a Aoor. Vind the work done by the force.

Answer
Waork dote = Fd = 250 x 4 Substitute the values for F and  into the
formula for work done.
DOSH0 Remember to give units.
WORKED EXAMPLE 8.2

A girl hiokds a maas of 20kg abowve her head. Find the work done by the girl.

Answer

Thie mass does nol mowe, 8o no work is done. 1 mia shows how mechanical work differs from
the everyday use of the word work.

Work done = 0] Work is dene in raising the mass but no
meechanical work is done in holding it steady,
despite how it might feel!

WORKED EXAMME 8.3

A ball of mass 0,05 kg falls a distance of L3m. Find the work dome by the weghii

Answer

Weight = 0.05 x |0 T ball falls because of gravity, so the force
05M that i3 cauging the ball to fall is it weight.

Waork don { ]

Thiz is the work done by the weight.

0,751

The wink done by the weight of an object i vsually referred to as the work done by praviiy,

. ) .. . ; directic
[ otivwer forces act and the direction of motion is upwards, e describe this as the work done ‘_dm' " pulling
palnst praviiy. motion J/‘ fowce
Sometimes the direction of meotion can be us a different direction to the lime of action of JIII.-

the force that is causing the motion. This can occur when there are other forces acting
For example, when a force at am angle 1o the horizontal pushes or pulls a box acroas »
horizontal floor, or when a horse-drawn barge i3 pulled along a narmow canal vsing a rope r:umu(
from the bank of the canal, the motion i3 restricted by contact forces. i

When the direction of a [orce ia different from the direction of motion, we can calculate the
wiork done by the force by reselving it into components along the diceciron of moticn and
perpendicular to the direction of motion.
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—p Foos 8

T i ] 4 5

5

w
.,
3

o . . o

The box in the diagram is on the floor and there i3 no motica inthe perpendicular direction,
ao the perpendicular component does ne work. The aork done by the force is given by the
compumnent of the force in the direction of motion maltiplied by the distance moved.

. CEII

When a force of magnitude F M moves 1 body o distance start il Look back to

 m, at an angle @ to the direction of (M force, the work Chapter 3, Section

dane by the force i A, il you need a
B = Fdoos @ reminder about

reacdving forces

. o inide perpendicular

Colil poenis.

You can either tank of this as the compenent of the force in the direction of motion
rultiplied by the distance moved, B = (F cos @) = d, as fo the following left-hand diagram;
or a3 the force multiplied by the component of the displecement in the direction of the
force, W = F = (deos 8], as in the following right-fand diagram.

: N
<\
of o
-
WORKED E WERA

A small truck iz pulled 5m along a railway track by a foreo of 100 M at an angle 607 to the track. Find the work
dome by the force.

A nowWer

Work done = Fd cos @ = W0 5 = coa &0 We can think of this as 30 ™ = 5m or as
— 251 ] 100 M = 2.5 m.

If there is a force that oppoeses the direction of motieon, then the work domne by tis foree will
b nizgative and we say that vork s done apadnsr the force. Thiz happens, fer cwample, when
a load i3 being raised verticaity and work is being done against its weight (o against gravity),
as in the next Worked crample.
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A ball of mass 0.05 k2 I8 raisged through a distance of 1.5 m. Find the sk done againat gravity.

Ansver

Weight = 0.05x 10 = 05N There will be other forces acting to raise the
ball, but we are only asked about the work
done against gravity; that s, due to the weight.

work done by the weight = 0.5 L3 0.75] This iz negative because the weight opposes the
i .

Wiork done againsl thiz we gt i WUTE Qo Dy th wengnt ) wtmliﬁﬂ}'"k.l. Jn-'.l!liiﬂ:ﬂl."gﬂiivﬂ'wrldl}lmil_r

Work done against weight = 0.75] the weight or i hat we have positive work done

Work done agamst gras

ity = 0.75] agrerimiat the weight.

When several forces act on a body we can add the work done by each [orce to get the total
work done by all the torces. Remember that work done may be posivse or negative. So to
find the total veerk done by the ferces, we add the work done by the forces with components
in the direction of motion (forces that |'|l:||.'l to miove the bod i 26d subtract the work deme
againat forces with components in the direction opposite o the direction of motion (forces
that try o prevent the body from moving) This is iliostrated in Worked example 8.6

A box of mass 5ke iz pushed up a glepe inclined at 307 1o
the horeontal by a force of 30 N at ae angle 107 o the slope.
The frictional force acting on the box ia 2 M. The box moves
a distamce 3m up the slepe.

Find the work doose against friction.
Find the worl. dome against gravity.

o

b

€ Find the work dome by the push fonce.

d  Find the work done by the normal reaction.
1]

Find tihe total work done on the box by all fowr forces. weighl = 5 % 10 = 50N
Lnswer
- e 1 =5 i Ty f — . - 2
a  Work done against friction =23 = 6] Friction acts along the direction of motion, but
opposing the motion.
b Thecon ponent ol the w .'|__'||I. vwn the sl P id
$hzin 30 = 25 M

. . g -
Work done against gravity = X x 3 11
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¢ The component of ithe push force wp the slopse ia

The e ngle between the push force amd the slope
Icos 0 = 2954 N is W

Work done by push force = X354 23 = 88.6]

d Therc s no movement in the perpendicular
direction, 8o mo work is done by the normal
reaction.
g Total work done = work done I.l:r |.IL."\:.'I fsrue This isg the total work done hy all fipur forces in

— work done againat gravity maoving the o
— work done against friction

=886-Ti—6=Th]

- ™,
O :
Sometimes a questicn muy mention ‘non-grastlational resstance”. This means o the components of
forces, much as friction and air resistance, that act agaimst the motion. [t does aol mean any component
al the weight that would oppose the motion of 2 body trvelling uphill or Asing vertically.

& 13

-

1 A crate is pushed 2 m across a amooth horeental leor by a horieental force of 30M. Find the work doene by
the force.

2 A boxia pulled 5m across a snoooth horizontal floor by a rope with tengion 29 M. Find the work done by the
tendion:
a when the rope is horizontal
b when the rope 2 ot 407 above the horizontal.

3 A ball of mass D04 kg i thrown vertically upwards. It rises 2 moand then fallz 2 m. Ignoning air resistance, find
the work dodes by gravity:
a when the ball riges 2m
b when the ball falls 2 m
c when the ball riges 2 m and then falls 2 m.

4 A skier of mass 60 kg starts from rest st the top of a slope of vertical height 10m. She descends the slope and
ascends the other side to come to real al a point that is 4 m vertecally bower than where she started. Find the total

wirk done by gravity (ie. the woik done by gravity in descending minus the work done against gravity while
ascemding).

l:]' 5 A horse-drawn barge is pulled 20m forwards uging a rope at a smal® anglz o the direction of motion. The
barge towches against the edge of the canal. The total resistance to the motion = 100 M.
a What causes e resistanmce?

b Determine the work done against the resistance.
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A horse-drawn barge 5 pulled 40 m forwards wsing a rope at an angle @ to the direction of motion. The
tension in the repo iz (30 M. The barge is kept moving in a straighi hiee by a contact force with the edge of the
canal. Resistance forces also act on the barge.

a Determine the work done by the tension:
i when &= 0F
i when 8 =207
b Show that when 8 = 207 the tension would need Lo increase to 1572 M to do the same work a3 in part al.

Congider the barge being pulled with & teasion of 150M with & = 107, or beimg pulled with a tension of 157.2 N
with @ = 207

¢ Eaplain why the frictional resiztance will be greater in the second of these situations.

A box B pulled 2 m acres: & horizontal oo, waing a rope with tengion 0™ ot 307 to the horizontal. The
frictional resistance ig 300, Find:

a the work done agaicst friction

b the work done By the tension

c the work aone by the weight

d the work done by the normal contact foerce

e the wotal work done by all four Forees,

A crate of mass 25 kg slides 4m down a slepe that is inclined at 157 to the horizontal. Mon-gravitational
resigtance i3 5 M. Find:

a the work done against non-gravitational resistance

b the work done against gravity

c the work done by the noroa! contact foerce

d the total work done by 2 these forees.

A crate of mass 27 L2 i3 pushed 4 m up a slope that is inclined at 157 10 the horizontal by a force of (00N
parallel to the slope. Mon-gravitational resistance is 5 M. Find:

a the work done by the Force of 100 M

b the wook done against non-gravitational resistance

c the work done against gravity

d the work done against the normal contact (aree

e the total work done by all these forees.

A tille of mass 005 kg slidea 2 m down a roof, which is inclined at 807 to the vertical. The frictional force is L3 M.
Thire are no other external forces. Find:

a the work done by gravity

b the work done against Tiction

c the work done b ithe normal reaction foree

d the total work done by all three forces.
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IIE 11 A box of weight 20 & iz pulled 12 m acroas a horizemal floor, using a vope with tension 25 M at 107 10 the
horizontal. The irictional resistance i3 | M. Find the total work done by all three forces.

E" 12 A zack ol mass Skg alides 2 m down & ramp. The ramp i3 Goclned at 157 to the horieental. The coefficient of

friction hetween the sack and the rampis 0.25. Find the total work done.

8.2 Kinetic energy

Emerey cam exist in many forms; heat, light, nuclear cnorgy, chemical energy (from food or
fuel}, stored {potential) energy (such as the energy stored in a compreased spring) and so on.
Euoergy can be transferred from one form to anoilior and can be used to create motson.

Enecrgy is a scalar quantity; it can be positive or negative bui otherwise has no direction.

In Mechanics we are only interested in rechanical energy. Mechanical energy can be
kinetic or potential.

Kimette enerpy is the encrgy that a body possesses bocause of its nvotion.

A body of mass e kg moving with speed v m s~ has kinetic energy (K17 given by:

1
KE = E et

Kiautic energy could be measured in [kg]{m S '}1. Laut this is the same as
(kgms 2 m) = Nm=1.

All forms of energy are measured in joules (1),

WORKED EXAMPLE 8.7

Find the kinetic energy of 2 hody of mass 3kg moving at Sms.

Amsvwer
KE = l.lr.--" 1:{_{}:::1-' Substituie the valuwes for e and v into the
o formula for the kinetic energy.

= 3751

Remember to give unita.

» DRKED EXAMPLE 8.8

A ball of mass 50 g hits the ground »ith speed 10ms ! and rebounds with speed 6z o', Find the loss in kinetic
energy that cocurs in the bounce

Answer

50g = 0,030 kg Convert the mass to kg,
Change in KE = final KE — initial KE
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KE before = — » 0,050 7 i ] Calcutate the KE just before the bounce.
} Imiial KE =—_L

[ =]
LN

e

KE after = — = 0,050 % 6% = 0.9 Calculate the KE just after the bounce.

. F“irmll:!l?:in-w1

=]

K E is szalar, 0 the change in the direction of
the welecity does ot matter,

Es R Remember to give units.

5 KEY POINT 2.4 N

A common error is Lo use the differc noe between the velocities or speeds in the caloulation, hiae this
1 S| |
Exn.us:nx[: Llf=641 o Exﬂ.ﬂﬁﬂx{ﬁ 0] = 04

But these are both wrung. i must be the difference of the squares of the speats:
! 0,050 % (6 - 10°) = 1.6

1 Find the kinetic energy of an object of mass [0kg moving at 8 ms.
2  Find the kinetic energy of a car of mas: | 500 kg moving at 22 ms!.
3 Find the kinetic energy of a tenn's ball of mass 57 ¢ moving at 180kmh ",
4 A rock of mass 4kg is thrown upwards with an initial speed of 3ma'. Itis tiavelling at 6 ma ™ just before it

lands. Find the increase in i kinetic energy.

5 A book of nass 2 kg falla frem a window bedge and drops 1008 mto the ground. 1t falls freely under gravity.
a Find the apecd of the book just before it hits the ground.
b Find the hinetic energy of the ook just before it hita the ground.

6 A mode! train of mass kg s moving at 3m s |1t acceberates unifor mily for 52, travelling in a straight line and
covering a distance of 40 m while accelerating.

a Find the speed of the train at the end of the 5:
b Find the increase in kinetic energy from the start to the end of the 545,

T A ball bearing with mass 003 kg s prosected vertically upwards. It loses 0.733 1 of kinetic energy before
coming to imstantaneous real Find tho initial speed of the ball bearing.

8 A box of mass W kg slides fron the top of a smeoth slope to the bottom of the 2lope. The slope i3 inclined at
30" to the herizontal. The box starts from rest. At the bottom of the slope (he box has gained 3751 of kinetic
energy. Find the length ol e slope.
D‘ 9 A boy of mass &4 kg runs at a constant gpeed along a straight track Hetakes 163 to run 100m.
a Work out his kinetic cnergy.

b What dilizience would it make if the track was curved?



Chapter 8: Work and energy

l:'l- 10 At its launch a rock el has mass 2 million kg, It accelerates from rest to 75000 mal,
a Work out the increase in the kinetic energy.
b Wy wiii the calculated valwe be too big?
11 Ball 4 of mass 2 kg, is moving in a straight line at Sms". Ball B, of mass 4kg, is moving in the same straight

ling =i 2ma ", Ball Bis travelling directly toward= ball 4. The balls hit cach other and after the impact each
hall has reversed its direction of travel. The kinetic energy bost in the impact 2 12.51.

a Show that the speed of ball 4 after the imp=act ia IEIII ma
b Find the specd of ball B after the impact.

ﬂ 12 Twao balla, A and B, of equal mass, are travelling towards one another with velocities uy and —ug, respectively.
The balls collide and their velocites after the impact are —v 4 and vg, respectively. The kinetie energy after

the impact ia the same as the kinetic energy before the impaet (i.e a “perfectly elastic collision’. Explain why
vy =g and vg = uy.

-IE‘!I 13 Balls X, ¥ and & lie a1 rest on a smooth horizontal surface, with ¥ between X and Z. Balls X and & each
have mass 2 kg and hall ¥ has mass 1kg. Ball X ia given a velocity of |ma " towards ball ¥ Balls X and ¥
collide. After this collision the speed of ball X is 0.4 ms ' in its onginal direction.

a Work out the loas in kinetic energy in this impaci.

Ball ¥ goes on to collide with ball Z. After this collisica the speed of ball ¥ iz 0.4m s in the direction
towards ball X

b Work out the loss in kinetic energy in this impact.

Finally, ball ¥ collides with ball X again. Adle: this collision the speed of ball ¥ is twice the speed of ball X
and the apeed of ball & is four times the zpeed of ball ¥, with the balls all travelling in the zame direction.

¢ Work out the loss in kinetic energy in this impact.

Investigate what happens in Excrcize 8B, question 12, if the perfectly elastic collision
takes place between two halla that have different masses.

8.3 Gravitationzl potential energy
The other ty pe of mochanical energy is potential energy. Potenticl energy i the energy that O_

a body possesscs because of its pogition. | can be thought of as stored energy. Gravitational potential
Gravitational polentlal enetgy is the energy that could be icleased il the body falls under B iGI".I'.}u
X sometimes just called
gravity. “patential energy”,
U although there
wre odher types of
potential energy (ep.
A body of mass m kg al height hAm has poteeiad energy (PE) given by: elastic potential enengy,
which is the energy
VE = mgh = 10mil stored im a stretched or
- — compressed springl.

The amount of potential ercigy that a body pessesses depends on its heaght The height iz
masured from some ‘hase Lol where PE = 0. We can choose any leve! 22 the base, but
rust measure all heiglts from the same level.

Potential energy is measured in joubes (1.
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Find the increase ie polential energy in raising a sack of mass Lke through a height of 3m.

Answer

Increass in PE = migh 2 i = 3 Subaiitute the values for e, g and k& into the formula for PE.

3 ] Remember 1o give wiits.

When a body of neass m kg is raisad theoogh a height & m, the work done against gravity =
prigeh J and the increase in gravitationa! potential energy is mgh 1. Potential energy incroeies
when work is done againsgt gravity, so objects at a higher level have more potential encrgy
than those that are lower.

When the zame body descendz through a vertical distamce B m, the work dunc by gravity

i3 gl J and the decresse in gravitational potential energy is sl 1. Potential energy

decreases when work is done by gravity.

What matters s the vertical keiels difference between the top and the bottom, even if the
body descends by shiding down a slope.

MODELLING ASSUMPTIONS
L

As a.|'|-.-;l:|-5. Wwio ane uﬂﬂumillg uh_il:».."‘tﬂ are |.'IH.I'|'.I.'L_'-\. Ihis means that when we consider
the kinetic energy of an object, we asaums the entire object is mowing at the zame
gpeed. Thiz is often not the case. For exanmple, the wheeks of a car are rotating, so
the point at the top of the wheel ia saoving more quickly than the car, but the point
at the bottom is moving more 8l owly. We will conzider this difference as negligiisle
Experimenting with a ball roliing down a slope will show that the speed at the
brottom of the gl._:.p:_- is mot as "llgh a5 &x |.'ll.'».."ll.'-|i

1 Find the increase in the potential energy of an obbect of masa 5kg when it rises through 2 m.

2 Find the change in the potential energy of & body of mass 10kg when it falls throwgh a height of &m, stating

whether this is an increase or & decreage.
3 Find the increase in the potential encrey of a tennis ball of masas 57 g when it rises through a height of 700cm.
4 A box of mass 25 kg falls 2 m vectically downwards. Find:

a the loas in potential encrgy

b the work done by gravity

c the increase in Kselc energy.

5 Atile of masa L2k slides 3m down a roof that makes an anglz of 35" o the horizontal. Find the decrease in
potential cnorgy.
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6 A person of masa Tikg climbs three flights of stairs to reach the thira door of a building. Each of the flights
of stairs congigiz of 15 gtairs, cach of depth |8cm. Find the increase in the potential energy of the person when
they climb frons the ground feor to the third floor.

T A crate =2 pulled up a smooth slope using a rope that 2 perallel to the slope. The slope is inclined at an angle 8
L thie horizontal, where sin@ = 028, and the tengior in the rope i 30, The work done by the tension iz 75
aud the increase in the potential energy of the cratc iz 168 1. Find the mass of the crate.

2 A ramp rizes 10cm for every B0em along the sioping surface. A box of mass 50 kg slides down the ramp, starting
froen rest at the top of the ramp. The coeflicient of friction between the ramp and the box is 0003 and mo other
registance forces acl

a Draw a diagram to show the feices acting on the boa.

The bex is travelling at 2 m2 ' when it reaches the bottom of the ramp.
b Find the length of the camp.

c Find the loas in the potential energy of the boa.

D 9 A boy of mass 6 kg slides down a slepe that makes an angle of 457 to the horizontal. The coeffucient of

friction betwoen the boy and the surface of the slope is 0.2 The boy starts from rest at the top of the glope and

finishes a1 the end with speed v ms

a Show that the aceeleration of the boy is 5.66 ma~ down the slope.
b Work out the lemgih of the slope in terms of 1

c Find an expression for the loss in the boy's potential energy when he slides down the slope.

d What modelling assumptions have you made and what effect would cach of these have on your anawer to
part 7

@ 10 The recommended slope for wiwekchair ramps is 1; 12 This means that the ramp rises lem vertically for every
I 2cm along the slepe.

A perzon in their wheohchair, with total mass 90 ke, descend along a 112 wheekchair ramp that has slope
length & m.
They start the descent with speed 2ms ' and finish with speed $ms .

Work out the change in total mechanical energy (kinetic cnsgy + potential energy) after descending
the ramip

{EI 11 A beall oof mass 002 kg is progected vertically upwards through oil. The ball kas initial speed % s, The oil
exerts a resistance of 010" N, where ¢ 8 is the time from when the ball was projected.
Work out the increase in the potential energy of the ball from the start to when it comes to instanianeous resi
(Mote: vou will need an equation solver For this guestion. You will not be allowed an eguation solver in the
examination.)

ﬂ 12 A particle of mass m kg is projocted up a slope. The particdle has initial speed v ms—" up the slope. The slope is
inclimed at an angle @ to the horizontal and the cocfficient of friction between the particle and the slope iz Q.

. . . miv® tan &
Show that when the perticle comes to rest ita potential energy has increased by .
N+ tan &)
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Checklist of learnixngand understanding D

#® The work done, i jockes, by a foroe of magnitude # M in moving a body » dslance 4 m in the
direction of the frice is:

W= M

#® The work Jone, i joubes, by a force of magnitude & M in monor a body a distance o m at an
angle & to the direction of the fonoe ks

i = i cos @

# The kinetic energy, in joules, of a body of mass o1ky moving with speed rm s is:
KE = = m’
7

#® The grovitational poiential energy, i joules, of a body of mass ek g ab height & m abowe the
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A block i3 pallad for a distance of 30m akong a hormontal Ao, by a rope that 2 inclined at anangle of &® 1o
thie Aocs The tengwen in the rope is 130N and the work doce by the tension is 82000, Find the value of . &

Canilridge Internationad A5 & A Leved Mathemarics 9700 Faper 43 (0 June 50

A ball of mass 302 is thrown vertically upward = with an initial speed of 4mas. Air resistance can be ignored.
The ball reaches a maximum height of 80cr, Find:

a the decrease in kinetic energy 12
b the increase in potential energy 121
A car of mass 1600 kg is driver 200 m along a straight horizontal road. The car starts with a speed of Ims™'
and finishes with a speed of 20, A constant resistance of 40N acla

a Find the acceleration o the car. 12]

b Find the work done by the driving force. 121

A box of mass 0k B pushed 3m oup a slope indined at an angls o to the horizontal. The work done by the
push fieree is M0 T and non-gravitational resstance (friction cwd air resistancs) s 40 M.

a  Work oul the push force. I
b Siow that the acceleration of the box up the slope, a mz—2, & given by a = 13 - 10 zin . 13
€ ‘What assumptions have you made? I

Aand B are two poants 50 metres apar on a secesht path inclined at an angle 8 to the horgeontal, whene sin & = 0005,
with A sbove the kevel of B, A block of mass 1o kg is pulled dowan the path from A to B The Block stans from nest at
A and reaches B with a speed of 10m =" The work done by the pulling force acting on the block is 1150 1.

i  Find the work dene against the vegistance to motion. 13

The block & now pulled up the path from B te A, The work done by the pulling force and the work done against
the ressstance to motion ane wie same as in the case of the downward moticn

il Show that the speed of the block when it reaches A is the same 24 iv2 speed when it started at 8. 12]
Canilridge Internationad A5 & A Fevel Mathematics 9700 Faper 42 (02 June 503

A basketball of inass 0625 kg i thrown from a height of 2m with a speed of §ms . i passes through the hoop
at a height of 3m with speed $ma .

a  Find the change in the kinetic energy of the ball, sfating whether this i2 an increase or a decrease. 13
b Fiad the change in the potential encrgy of the ball, stating whether this is an increase or a decrease. 13
¢ What difference does changing the ball’s angie of projection make? I

A borry of mass 16000 kg moves on a stragot hill inclined at angle a® to the horizental. The kength of the hill is
500 m.

i While the lorry moves from the botiom to the top of the hill at constant speed, the resisting force acting
o the lorry is B0 M and the work done by the driving force iz 28000k Find the value of o 14

ii O the return journey the speed of the lorry is 20m s at the top of the hill. While the lorry travels down
thi hill, the werk dose by the driving force is 2400 k) and the work dunc againat the registance o motion
is B k). Find the speed of the lerry at the bottom of the hill. H

Coarilreidge Internationa A5 & A Lovel Mathermarics 9700 Faper 43 05 June X002
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A box of mas: 20kg mowes acress a horizsental Acor. The coefcient of frction between the box and the foor is
0.2, and friction is the only resistance force. The box has initial speed 3m s and moves until it comes to rest.

a Find the retardation {negative acceleration) of the hox. ]
b Find the distance that the box travels. 3
¢ Find the work done againat friction. ]

Sam and his skateboard have a combined mass of 100 kg, He accelerates from 0 ma ™ to 20 m s while descending
a hill. The hill is modelled a5 a sbope at 2n angle of sin—! 0.2 to the horizontal. The non-gravitational resistance is
200 M. The bottom of the hill is 1o Bolow the top of the hill. Find:

a theincrease in the kinetic encogy of Sam and his skateboarnd 3
b the decrease in the poteatial energy of Sam and his akateboard ]
€ the distance that the skateboard travels ]
d  the work done agaiugt resistance. ]

Kiera climba up a tadder to git at the top of a slide 2 m above the groaad. Her potential energy increases by 128000,
a Find Kwra's weight. [
Kiera thea slides down the slide, starting from rest. The slide i3 modelled as a slope at an angle 8 o the

b zonial. The resistance foree i3 a constant 20 M. The work done against resistance by Kiera when she iz
alicding iz 801,

b Find the length of the slide. el
¢ Find the value of . &
d Find Kiera's speed when she reaches the bottom of the slide. [ET]

A ramp i inclined at an angle sin ™' 001 Lo the horizontal. A box of mass 40 kg iz projected wp the ramp with
initial speed 5ms | The coefficicnt of friction between the ramp and the box iz .05, and noe other resistance
forces act.

a Find the acceleration of the box, stating its direction. ET}
Thez kst comees te rast when it reaches the top of the ramp

b Find the lesgih of the ramp. ]
€ Find the pz2in in the potential energy of the box. 3
The tota! inechanical energy is the aum of the kinetic energy and the polential energy

d  Show that the overall bozz in the mechanical encrgy of the box is 1661). ]

Jack has mass T0kg. He works as a “human cannon ball’. Jack is projected with speed 12 ma ' at an angle of
45" abwove the horizontal. He lands on a tram poline when the angle between his flight and the honzontal is 500
Model Jack as a particle with no air resstance

a EBaplain why the horizontal eomponent of Jack’s velocity is constant ]
b Find Jack's speed when he hits the trampoline. [ET]
€ Find the kinetic energy 2aiued during the flight. ]
The gain in Jack’s kinetic enmgy equals the boss in his gravitational potestiz! mergy.

d  Find the differenc: fn heaght between the mouth of the cannen and e trampoline. ]

By changing the aigle of projection, Jack can change the angle hetvozen his flight and the horizental when he
lands. Supposze that Fack lands on the trampoline at an angle e 1o the horizontal.

&  What conld happen if @ s very amall? [
f What could happen if @ i close to 007 1]
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| Where it comes: from | What you should be able fo do | Check your skills

Chapter 8 Calculate kinetic energy. 1 A box of mass 5k s pushed up a slope.
The box has initial speed 2ms! and final
gpeed 3ms . Find the increase in the
kinetic energy of the box.

“hapter 8 Calculate the work done by a | 2 A box of mass kg is pushed 5m up a slope
force in moving a body. inclined at 307 to the horizontal by a force
of 30M parallel to the glepe. The frictional
force acting on the box is 3.
a Find the work done by the push force.

b Find the work done against friction.

¢ Find the work done against gravity.

How is power used in mechanics?

We talk about & powerful argument” to mean a persuasive argument, or a power lifter” as
somecne who it great weights. Political activists talk about giving “power to the people’

when they mean giving rights to a group of peopde or acting ca the wishes of the majority.

In everaday use the word power means something like strength, but in mechanica the wosd
atrempth elates o the force needed to break something (Guch as the breaking strength of a
cabloh Power in mechanics is a way of measuring the rate at which a machine generates motion.

In this chapter you will learn how energy can be converted from one form to another
and how work can increase or decrease the mechanical energy (kinetic and gravitational
potential energy) of a body. Youw will cbso learn how the relaticnship between the power
generated by the engine of a vehick: aad the work that is done by the driving force lews wus
find the maximum speed that con be achieved by the vehicle.

9.1 The work-energy principle
When a force mowves a body, it does work and cawses a change in the kincrie energy of the body.

For motion in a atiasght line with constant acceleration we Enow that

. . F .
Ulging Mowtons second law we can replace a by — to give
- iy

- 1 F
T e
i

Muliplying by ! a and rearranging gives
2 IF|¥ <. then
I 3 l 3 I -

2 WP =y e = Fs — ! mr iz

| | : } L et re

You know from Chapter 8 that - wev’ —— mie is the increase in kinetic energy. When the negative and there is
. . . . ¥ < . . i & i decrease in kinelic
mcdicn i3 ina straight line and 1 2 constant direction, the distamce mowved wil! be the same

; h - . ERETEY-
asg the dL:‘-|.'l|..1-.."l:|I'|-.:|'|l, £, ard s e work done |!'Er_l.' the foree is Ziven |!'Er_l.' W=F:
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This means that the previous equation can be expressed as:
increass in kinetic eneigy = work done by force

This relationship betwezn work done and kinetic energy is not restriciwed to motion in a
gtraight line, nor 1o mcdicon with constant acceleration. We do ot peed to know the exact
path taken te ged trom the start to the finish. This means that we can casily deal with non-
lingar motion or situations where we know what happens al the start and at the finish but
not the exact path taken in between.

Thiz reawlt tells us how the forces acting cause the kinctic energy to increase or decrease.
The todal work dome by all the forees acting {driving force, weight, non-gravitational
registance etc) equals the increase in kinetic cnergy.

L) KEY POINT 8.1 -
The work—cnerpy principle states tha bor any motion:
incrense it Linetic energy = total work done by all forces

L S S 3

2.I:'I.-rz In—zh
where the “total work Jane” is the sum of the work dane by fonces {including o= ight) with a
component in the dicsclion of maotion {forces that speed up the motion® micoes the work done agauinst
faroes with a component in the direction oppoesing the motion (forces the® show down the motion]).

The toial work dome will include work dene by any forss that i8 not perpendicular to the
direction of motion. This incledes any driving force, pash or pull, tension or compression,
wiigh, air resistance, friction ete.

The work—energy principle applies whatewe: e path taken during the motion.

WORKED EXAMPLE 9.1

QL

The path of the body
can be amy curve, or
even unknown. For
eximiple, the work
energy principle applies
1o a child on a slide,
helter-skelter or roller
coasler; a persan skiing
in a wigeag path or up
iand down hills; or the
mation of a partiche
maving in a cirche.
Application of the
work—energy principle
is the only method that
can be used when the
path iz nat a strisght

line.

A boy wzes a constant force of 250 M 1o push a box, of masa 20kg, a distance 4m in a curved path across a

horizontal Moor. The bax starts from rest Find the final speed of the bos
a  when the flowr i amooth

b when the coefficient of friction between the floor and the box ig 012

Answer

a Work done =250 x4
= | {0 ] force.

Ulzing the work—energy principle:

The enly force that doees work is the push

The path is not a straight line, 8o you

I need to use the work—energy principle.

s | 2
L — e = work done

=0 The box Aaris from rest.

l ]
— paw — = 1000
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[ QD -+ D=0
100 .
11

S0 the final apes

al The box i [hmg

b Work done by push force = (480 ]
is done againgt Criction.
Frict CHCE 2 2K
MM
g0 work done againat friction = 24 < 4
61
Total work done = WD by push force — WD against friction WY = work done
A1
o4 10
Hi 2

When the motion invoelves a change in the height of the body, work will be done by o
againat the weight of the body.

The total work done can be writicon as the sum of the work done by the weight and Lhe

work done h_l.- the other force:

When the heght of a body increases, the work done againat the weight (or cpanst gravity) is
thie zamie as the increas: in gravitational potential energy; when the heigh? decreases, the work
e by the weight fur by gravity) iz the same as the decrease in gravitational potential energy.

W havi:
increcse in kinetic encrgy = total work dome
and.;

toial work done = work dome by the weight + tota) work done by the other forces
= decrease in gravitational potential energy + total work done by other forces

Thia gives an alternative form for the work-energy primciple:
icrease in kinetic energy + increase i gravitational potential energy = total work dome by forces

(where “forces” here excludes the weight of the body).

The sum of the kinetic eiergy and the gravitational potential energy is the otal mechanical
EnETgy.

Work is done by the push force and work

Kinetic and potential
emergy are bypes of
mechanical energy.
Cther forms of energy
{heat, light, sound,
chemical, electrical,
nuckar etc. | ire nan-
mechanical.
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We can write the work- cnorgy principle as
increase in mechwical energy = todal work done by forces that act 1o =peed the body up
— tolal work done by foroes that ac. to slow the body down
{in bath cases *luices” excludes the weight of the body).

il

A ball of mass 0.05kg is thrown vertically upwards with an initial speed of wms ™. It rizes through a distance
of 1. 5m and then falls through 2.5 m belwe hitting the floor. 1t hits the floor with speed v ma!. Throughout the

motion air resistance of 001N acte on the ball. Cabeulate the initial speed, ums™, and the final speed, vma™.

Answer

Using the work-energy principle: State ! at you are using the work-energy
L.

increass in mechanical energy = work done priuciple.
increase in KE = increase in GPE = 0 — WD against resistance

To find & wo congider the motion from the start 1o the top:

increase in KB = 0 — _ = 0.05 % o®

= —0.025u" ] The KE decreases by 0.02562 1.

increase in GPE = 0005 0= L5
= [.75]

s increase in mechanical energy = 075 — 000255 §

Work done againat resistance = 0001 = 1.5 = 0.015]

0.75 — 0,025 = —00015 Ivcrease in mechanical energy = —WD
= WE cernst resistance, 20 it 18 negative (it iz a
o= 5.53 decrease)

Initial spead = 553 ma

To find 7 we congider the motion from the top to the foor: Use the work—energy principle again for the
F . 1 - I i
incoease in KB = — x 0005 % " — 0 = 0L025¢* ] second part of the motion.

increase in GPE = 0005« 102 —2.5
= —|.25]
5o increase in mechanical energy froms the top to the Aoor

= (U025 — 1L25))

Work done against resistance = 001 = 2.5

= 025]

Adr rezistamce is constant throughout the
(TR
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0.025v" — L25 = -0.025 Incre=s: in mechanical energy = —WD
0025 = 1225 agrinst registance.
el s 114
Alernatively, we could consider the entire motion togetho
amy Do atart 1o the end
increage in KE = 00025 — a')
5 0,765
increase m Lkt Uy o B0 2 )y — 2.3
S0 increase in nechanical energy = (LO25y 126511
Work done against resistan 0.0 = (L5 + 2.5) Mote tha? the resistance acts for a total
0,04 dista e of 4m of travel, although the
) i dizslacement iz only |m downwards.
125 20 1]
TR H G 1
¥r=Tm

Aowormnan snowboards down a hill of varylug gradient. The masa of the woman and her snowboeard i 64 kg, She
gtarts from reat at the top of the hill and sccelerates under gravity. Throughout the descent the woman does no
work to accelerate or deceberate the spowboeard, the average frictional foree is 1.5 M and all other resistance forces
are negligible. The snowbearder rcaches the bottom of the hill with a speed of 30 ms °, having travelled a distance
of 500 m in a zigzag route down the hill. Find the height of the hill, & metres.

Alswer
Ulzing the work—energy principle
InCreass in mwechanical enengy = work done e motion is non-linear so the work-energy
noreass m &k - increase in P {0 — W againat frictios principle must be used.
imitead 2peed = thm The snowboarder starts from rest.
mal gpeed = Mma
Soincrzase in kinetic energy 4
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Initial gravitational pofontial energy = 64 = 10= & Tuke the bottom of the hill as the zero level
Final gravitational potential energy = 0 o potential energy.
A0 increase in potenial encrgy = —6400 1
The work done against friction = 1.5 = 500 {Average) force x distance
=T501
| Fience, BR800 — 6404 = —750 Substitute the values into the work—energy
h =462 equation.
e height of the hill is 46.2 m.

1 A box of mase 25 kg is pulled 5 m across a smooth floor by a rope with tension 22 M. The rope is horizontal.
There is a irictional force with average value 12 M. The bos siarts from rest. Find:

a ke work done against friction
b the work done by the tengion
c  the total work done by all the forces

d the final speed of the box.

2 For the situation describad in question | Gnd the final apeed when the rope 5 inclined at 207 above the horizontal.

3 A crate of mass 50kg alides down a smooth slope. At the top of the slope the crate has speed 0 ma—" and at the
bottom of the slope it has speed 4 ma .

Find:
a theincrease in Losetic encrgy
b the decreass in potential energy

c the verticzl height through which the crate has descended

4 A boy sledges down a hill. The boy and his sledge have a combined mass of B5kg. He staris from rest and
dizsernds through & vertical height of 3m. Friction and air resistance are negligible.

a Fimd the work done by gravity.
b Usethe work-energy principle to find the boy’s speed at the end of the descent.

The boy descends the hill again, starting from nest, but this time he i joined on the sledge by his litthe brother, of
miasa 35 kg

c  Find their apeed at the end of the descent.

§ A girl of mass 50 kg travwls down a water slide. She starts at the top with a speed of 2m s and descends
through a vertical height of 5m.
a Assuming that there 2 no registance, find her speed when she reaches the bottom of the slide.

b The girl’s actual inal speed is & m s because there is resistance of average value 40N, Find the kngth of
the waler alide.
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A child of mass 45 ks wavels down a water chute. The child has apeed lma! at the top of the chute and
speed Sms" at the bottom of the chute. The length of the water chuie is 20m and the height through which it
descends iz 4m . Work out the average resistamce force that acts

A boy gits on a sledge at the top of an iy hill. He gently 2cis the sledge in motion. When he reaches the
bottom of the hill he is moving at 10ms. Assuming that friction is negligible, find the height of the hill.

A girl of mazs 30 kg aits ona sledge at the top of a grasay hill. She gently sets the shedge in motion, When she
reaches the bottom of the hill she is moving at 2.9 ms ' . The hillis 3m high and the sledge slides 100m down

the hill.
a Work out the resistance force.

b Comment on your answer.

A child of mass 40 kg slides down a playground slide. The child starts frem rese at the top of the slide, 2m
above the ground. At the bodtom of the slide itz slope levels of .

a Find the child’s los: of gravitational potential emergy.

There s a constant veastance of 112N throughout.

b Find the distamce the child has travelled when she comes to nest.
The slide = inclined at an angle of 307 to the horizontal.

€ Find the distance the child travels on the level part of the slide.

A car of mass 160 kg travels M m aleng a leve! road. The average driving force is 2000 M and the average
regigtance is 800 N. The driver claima that the speed throughout the journey was less than 30ms™. What can
you say about the initial speed of the car?

A roller-coaster car has mass 100k, H carries two passengers, cach of mass between 50 kg and 80kg. The
car becomes detached from the drive chain and continuwes to travel along the ride with ne drive force and no
braking force. The car comes 1o ‘'nastamaneous redt at the highest point of the dde and then descends wnder
gravity to reach the lowesi poant of the ride. The highest point is 12 m vertically above the lowest point. The
car travels 100 m along the track while descending through 12 m. When the car pasaes through the lowest
point it has speed 15ma .

a  Show that tis & arage frictional force i less than 20,

b If o other non-gravitational resistances act, show that the average frictional force must be at least [5N.

A ball, ol masgs kg, moves inan arc of a vertical circle of radiusg Lm by rotating on the end of a light rod. Adir
registance can be ignored. Initially the red hangs vorteally. The ball iz then given an initial horeontal speed
of ¥ms . It travels in a circular arc through an suele 8.

a Find the gain in the gravitational potentizl cnergy of the ball in rising to 8=120°.
b Show that the apeed of the ball at thiz position is +/v* — 30 ms™.
I the first case to be considered, v = &, Find the speed of the ball when @=1207

.

d In the second case to be conadered, the ball comes to rest when 8=120°. What was its initial apeed, +?

e [ the third cage to be considered, v = 35, What ig the value of @ wher the ball comes to instamaneous
regt?

f  Inthe final case o be congidered, the ball iz just able to make a complete cincle (3o its speed at the top of

the circular peth is 0ms ")y What was its initial speed, !
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EXPLORE 8.1

In the situation dezeribed in Exercise 94, question 12, suppose thai 1the ball iz
rodating om a atreg instead of a rod and that the string breaks svten @= 18 The
ball mowes ficely under gravity from that point onwards. This ineans that once the
atring has broken, the horizontal compoenent of the velocity is constant and the
vertica! component is subject o a constant aceeleration of 10mas™ downwards. Use a
apreadabheet to investigate where the ball passes throogh the original vertical circle for
ulferent values of the initial speed, v

You might also investigate the effect of chanzng the angle at which the string breaks.

9.2 Conservation of energy in = system of conservative forces
A comservative loree is any force for which the work done by that foree in moving a particle
between two poinis is independent of the path taken.

Weight iz an example of & conservative force because the work done by the veight depends
only on the change in thie vertical heght between the initial and final positons, and not on
the shape of the pail taken. Friction and driving fonce are not conges vative forces because
the work done derends on the kength of the particular path travelial,

When work is done by a conservative foree it changes stored potential energy inlo kinetic
energy, with no loss of mechanical energy. All this energ ¢ can be recovered again as
potential energy by reversing the effect.

'moa closed aystem of conservative forces all energy tiansfers will be between potential and
kimetic encrgy. You have already seen examples o1 this in Exercige B, questions 5 and 7. In
question 7, a boy sat on a aledge at the top of an iy hill. He gently 2t the sledge in motion.
When he reached the bottom of the hill he was moving at 10ms . The initial mechanicz]
encrgy was all gravitational potential cuorgy, which was then transferred into kinetic cnorgy
as the sledge descended the hill Theoe were no resistance forces so all of the gravitational
potential energy was converted inlo kinetse encrgy. Taking the botton of the hill a5 the seroe
lewvel for potential encrgy, the initial potential energy was Wl ), where m kg = the mass of
thie boy and his skedge and & s the height of the hill. The initial kinetic sergy was 00,
The final potential eneczy was 01 and the final kinetic encrgy was 50m: 1. As all the potential
energy was converted into kinetic encrgy, this means that the heigit of the hill is 5 m.

P = Ik

KL= 1

U
Slim

A consequence of the work—energy priccinie is that for a closed system of conservative force: vie
todal mechanical energy, KE + GPE, = constani:

initial KE + initiad GPE = KE at any point+ GPE at that point = fimal KE + fna GPE
Ahernatively, we can think o4 Lhis as:
‘oss im GPE = gain in KE (or gain in GPE = lossir §$5)
We call this consc mvvison of mechanicl energy.
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A box of masa kg s waitially at rest. It alides down a smeoth slope that is inclined at 307 10 the herizontal.
Find the speed of the box after aliding a distance of 3 m.

Answet
We can ignore friction and air resistamce, There is no mention of resistances ao this is a

GPE + EE i congiant and chosed system of conservative forces.

increase in KI s of GFE
| = ;
— ¥ = ik Cancel reand 2{ u =0, g = 1
o 2K The apead w2 iudependent of the mass of
thz b
i fter aliding 3m down the siope:
b = Yzin 30 5

Fhe box is L5 m lower than at the start

il

54
] weeid bz besx i 548 ma
1 e spwed ol The L 15 2. n .

A ball of mass 005 kg is thrown vertically upwards from a height of 1.5 m above the ground. The ball rizes through
a height of 2 m to reach is maximum height at 3.5 m above the ground. Use the conservation of mechanical energy
o find the initial speed of the ball.

Ansver

Let the initial spesd be ams

Wi can ignoie friction and air resigtance, & There i3 ne mention of resistances o this is a
GPE E is constant closed system of conservative forces.
Mleasuring heights from ground level
1t I 0.05 = [0 5 T5]
| _
titial ki — = LD et ]
Final CalPk 005 = 0= 35 1750

Final kil il
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Alernatively, we coul! measure heights from the point

where the ball was thrown:

initial GPE + il KE = final GPE + final KE

V4 D05 = 005 % 0% 2+ 0

i =632 ma

o

P JpsEN

[Fe=]

A parcel of mass 1kg slides 3.5 m down a smooth slope inclined at 207 o the horizontal. When it reaches the
bottom of the slope it has specd 8 ms. Find the speed of the parcel at the top of the slope.

Aowaiter drops a plate and it falls 143 m to the floor, where it amashes. Fiod the apeed of the plate when it hita
the floor.

A tennis bali of reass 57 g is hit to give it an initial speed of (20 kmh ™. It rises through a height of 1m.
[gnoring air jegistance, find:

a the icrease in the gravitational potential encrgy of the ball
b the herizontal speed of the ball at the top of 2 flight.

A box slides down a smooth ramp. The heiglt o the ramp is 20cm and the length of the ramp iz 2.5 m. The
box starts from resi. What is the speed of the box when it reaches the bottom of the ramp?

A ball is launched up a smooth slope that makes an angle 307 to the horizontal. The ball travels a distance
2.5 m up the slope before coming (o instantansous rest, Find the Bunch speed of the ball.

In a pinball machine, ball Bezrings are fired up a slope inclined at 107 to the horizontal. After travelling 1.2 m
ihe ball bearings reach 2 curved barrier. Find the maximum initial apecd of a ball bearing if’ it comes 1o rest
before getting to the curved barrier.

A boy itz on a sled pe at the top of an icy hill. He gently sets the sedge in motion. When he reaches the bottom
of the hill he is moving at vm e, Assuming that friction is nepligible, find an expression for the height of the
hill-

A diver jumps from a 10m tall beard into a swimming pool.
a The diver has an initial velocity of u ms™ upwards. Find his speed when he hits the water.
b What modelling assumptions have been inaae?

A football is kicked from ground level with speed 15 ms™ and rises to a height of 145 m. Assume that air
resigtance is negligible.

a Find the speed of the ball when it is | m above the ground.
At the top of its flight the ball is travelling horizontally.
b Explain why the honeontal component of the velocity is constant throughout the moteon.

¢ Show that the b2l was kicked at an anghe of 210" with the horizontal.




' ﬁmmaﬁm Mechanics

Lot

Cambridge International AS & A Lew

ﬂ W A crate of mass M ke aiis at the bottom of a smoeoth slope that is inclined at an angle @ 1o the horizontal.
A light inextensgible rope iz attached to the crate and passes over 4 suooth pulley at the top of the slope.
The part of the ropse between the crate and the pulley iz paralle! 1o the glope. The other end of the rope hangs
vertically and a1 the other end there iz a ball of mass mke. The gystem is released from rest and the ball

reaches the ground with speed v ma? after descending a Jimance of km.
a Finl expresaions for;

i the decrease in potential energy for the ball

il the increase in kinetic energy for the bali

ili the increase in mechanical encrgy Dor the crate.
mi— M i & ]

b Useithe work—energy principle 1o show that v = IIIIIEIII.E[ T

D 11 A piece of sculpiune includes a weotical metal circke with radius 245 m. A particls of masa 0.2 kg2 sits at point 4 on
top of the sculpiure ai the wop of the carcle (on the eutssde of the cirdel The paniche is gently displaced and alides
dowen the circle until it reaches point B, which is kevel with the centre of the circle. i then falls a further 3.6m

verscally o hit the groond at point .
a  Use the work- sergy principle to find:
i the speed of the partich: when it reaches point B
il fhe speed of the particle when it reaches point O
b Wwhat medelling assumptions have you made?
¢ How do your answers change if the mass of (he particle is doubled?

I::- L2 A boy i performing tricks on his skatebcard. He skates inside a vertical circle and
accelerates until he is mowing just fast coough to reach the top of the circle with
speed 2ma ", uging just gravity.

We can model the boy and hiz sbaleboeard as a particle pozitioned at his centre of
miasa, moving in a circle of radies 0.4 m.
a Find the boy's speed ai the bottem of the circle

b Find the angle between the upward vertical and the radiva frem the centre of
the circdle to the boy when his speed is JTOma .

9.3 Conservaiion of energy in a system with non-conservative forces

A mot-conseryatlve fovce i any force for which the work dome by that force in moving a
particke between two points is different for different paths taken. Driving force, friction
and air reaistance are examples of non-conservative Forcss.

When work iz done by a non-conservative foree it converts energy into movement, such as a
deiving force converting chemical energy from fucl into kinetic energy. The total energy iz
vonserved, but mechanical energy increases.

When work is done ageing a non-congervairie force it converts movement into other forins
of energy, such as heat energy when friciion acts. This energy i3 “lost” from the mechanwal
aygtem. The original situation canmnol be recovered by reversing the effect becawre some
mechanical energy has been disipated into non-mechanical energy. The total energy i
consgerved, but some mechanical energy is lost.

For example, when a box ahides acrosa a rough floor amd comes to rest because of friction,
the kinetic emergy i8 boing converted into heat energy {and also some soamd energy).

Leibnizx thowght of
energy as a living
lorce” and believed that
the Ratal living force of
a body was constant.
To account for slowing
due o friction, Leibmiz
savid that heat consisted
of the rmndom mation
of the constituent
parts of matter.
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WORKED EXAMPLE 9

A ball of neasa 50 ¢ {0k from rest through a height of 80em. It hits e grownd and rebounds 1o a height of 30cm. Find
the mechamical snergy lost in the motion from the start at height 20 an to the end at height 30 em above the ground.

Ansver
Ihe initial and final KE are both 0.

he lesa of GPE is 00050 = [0 (0080 — 0,307 = 0.25] Convert data to kg and m.

i Energy lost=0.25] This will be dissipated as heat and sound.

The aystem in Worked example %6 = um a cdlosed system of conservative forces because 1he
reaction from the ground is a nen-conservative force. We cannot recover the onginal posgition

by reversing the bounce.

™y

A crate of mass S0kg slides across a rough horizontal floor. The crate has an initial speed of 3ms" and is brought
o reat by Tnection. The distamce travelled by the crate & $m. Find the coefficient of friction between the floor and
the crate.

Aol

i he mestion is horizontal so there i no changs in GPE.
AT R 3 - =

The loss of KE is , = 50| 3 - 0* | = 221

Encrgy logi= 2351

This will be dizupated as heat and sound.

5o work done against friction = 2351

Use the work—energy principle.

We now need 1o find 1he irctional force.

[

g 5
F o8

wee ghil, S0 &

K< 300N Resolve vertically.

and F = uR . . o
F Crate is moving 8o friction is limiting.
= 500

. . s T T it R | ¥ A — .

s work done by friction =30y = 08k g Work d ~ Foopoa x dist
Hence, :LH.".'_Jl' = X215

o= 01125
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A pulL'-..'| of mass 3 :':e_ Alides 3.5m down a |-.:-ugh :'-|l.r|:r|.' inclimed at 207 10 the horizontal. The ecefficient of friction
between the [l <! and the gl._:-|_'n_- iz 0.5, When it reaches the boitom of the ::|I|_||_'u_- the |:u|l.'|.'| has .i|:r|.'l.'-|.1 & ms I. Uze
the work—enerzy principle to find the speed of the parcel at the top of the slepe.

Ansver
R

-

> -J\Tf‘f

20 '-I_Ih‘
R =3coa2d =282 M Resolve perpendiciior to slope.
' 82 =14IN Parcel is moving so friction is limiting.
F=pR=-05xR

TS EE+1 n Ly Wl

i i onlly foree that does work is friction and
sork will be dome against friction.

Lt the spead ot the top of the slope be & m s

Inc A i i
e st
e o _IIJ an 20 Parcel slides 3.5m down slope so vertical
drop = 35an 20 = LM m. The GPE decreases
by 3591
TS EE + increase in Lyl
i 35.9 = (i S )]
he work dome against 141 5
3.3 ]
Hence, (&0 — |5y =0 —49.3 ae the work—energy principle.
Su? = 1094 WD by forces that speed up the parcel=01J.
 S4m g W against forces that slow down the

parcel= 4231
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WORKED EXAMPLE 9.5

Aocar of mass 1500 kg (including the driver) is travelling at &4km b © along a kevel road when the driver sees a

ball roll out eaiio the road and in front of the car. The driver t2kes 28 to react and then applies the brakes, using
the maximun braking foree, The car comes to rest, just mizsing the ball, after travelling total distance of 80m
from whon the driver first 2aw the ball. Assuming that v wheels bock as soon as the brakes are applied {80 the car
glidesh and that air resistance can be ignored, find the coefficient of friction between the tyres and the road.

Apswer

Gkmb'= 1778 ms™" Convert speed to ma™.

Dhistance travelled at 17.78ma™ = 2 = 1778 = 315.56m Dristance travetic while the driver ia reacting
tor seeing the Haell

Dristance travelled under twaking = 80 — 3556 = 444 m

Increase in kinetic coergy = 0 — 0.5 x 1500 = 1778
= 2370371
So work doue against friction = 237 037 ] The car is slowed by the friction between the
tyres amd the road.
Average frictional force = = . I:I'l' ! Work dﬂn.E E_SNI'H. rIMIm.=
4444 average frictional force = distance
= 533331

R = my

= | S0 = 110

= | 5000 ™
F=uR

533333
-

A= 15000

= .35&

f} 1 A helter-skelter rade at a fairground consists of a spiral-shaped slide that people slide down on mata. The top
of the slide i3 7Tm higher than the baotiom. The average frictional resistamce ia S0 M. A boy of masas 60 kg sledes
down the helter-shelter, starting from rest. At the bottom of the ride the boy has speed 10ms—.

a Find the kength of the stide.
b Work out the ameont of mechanical encrgy that has been lost.
¢ What form of sucegy has most of this loas of mechanical enerzy been changed into?
2 A box of mass Wkg slides 3m down a rough slope inclined at 307 to the horizontal. At the top of the slope the

apeed of tie box is 325 ms! and at the bottom of the slope the speed of the box iz Sme'. Find the coelficient
of friction between the box and the slepe.
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A gack of mass |2 ke slides down a ramp, starting from rest at a heiplt of 2m above the ground. The sack
reaches the grourd with speed 6 ms'. Work out the amount of mechanical energy that has been dissipated.

A skydiver of mass Bh kg falls MO0 m from rest and then opens his parachute for the remaining 2000 m of his
fall. Air resisiance is negligible until the parachute opens. The skydiver is travelling at 5m s just before he
hits the ground. Find the average resistance force when the skydiver i falling with the parachute open.

A tile of mass Lkg slides 3m down a roof inclined at 307 to the horizontal. The tile then falls 5 m under gravity
in hit the ground with speed & ms. Find the fnclional force between the tile and the rood.

A model racing car of meass 30 g iz released from rest at the top of a downward-sloping track. I travels along
the track under the action of gravity The resstance to the motion of the car is 0,05 M. The car comea to a stop
on a horizental piece of track that iz 2 m lower than the top of the track. Find the distance that the car has
travelled.

A diver jumps from a 10 m board above a swimming pool. The diver has an initial velocity of um s upwards.
The horizontal component of the diver'’s path is negligible. A constant resisiance of 05N kg™’ acts on the diver.
Find an expression fur the height of the diver above the pool at the bighest point of her dive.

A golf ball of nrass 45.9 g is hit from a tee with speed 50ms—'. The ball lands in a pond that is Sm lower than
the tee. When the Ball landz in the pond it has travelled slong o curved path of length 160m. The resistance
acting on the ball has magnitude 03,

a Fimd the speed of the ball just before it hits the water.

The water immediately absorbs 81 of energy from the ball. The ball then sinks vertically downwards to reach
the bottom of the pend. The resistance acting on the ball has magnitude 3N and the ball just comes to nest as
it reaches the bottom of the pond.

b Find the depth of the pond.

A golf ball of masa 459 g iz hit fro a wee with speed 180 km b The ball rises to a height of 20 m, having travelled
along a curved path of length G575 m. At the highest point of its path the ball i3 vravelling st 144 kmh-,

a Find the magnitude of the average registance force acting on the golf bail.

The ball travels a Turter 1058 m along a curved path to land on the green. The green s 4m lower than the
tee. The average resstance remains unchanged.

b Fimd the speed of the ball just before it lands on the green.

The ba'l is travelling vertically when it lands on the green, where it i immediately brought to rest.

€ Shoew that the encrgy absorbsed by the green ia 303 1.

Pwo particles, A and B, are connected by a Ught inextensible string. Particle A has mass 2 kg and particle B
has mass 5kg . The string passes over a pulicy and hangs vertically with partsce A and particle B on cach

side of the pulley. The pulley, however, & nod smocth and 10 of energy i3 dissipated for each rotation of the
pulley. The system is rebeased from rest, and the particles reach a speed of 0.2m s after cach moving 1.6 m.

a Work out how many rotation: the pulley has made.

b If the string pasaes over the pulley without glipping, work out the radive of the pulley.

A woman of weight 54 ™ skiz from point X to point ¥. The distance froan point X to point ¥ ig 162 m.
Point ¥ is 3m lower than point X. At point X she has speed lma ' and at point ¥ she has speed Tms.
a  Uze the woa k- energy principle to work out the average resistance force that acts on the worman.

b Giveaiw expression for the average resistance force if, instead, her speed at point ¥ is vms .
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@m 12 A picce of sculptur: includes a vertical metal circle with radius 2 45m. A particle of mass 0.2 kg sits ai point
A on top of the scelpture at the top of the circle {on the owtside of the cirele). The particle iz genily displaced
and slides down the cirche wntil it reaches point B, which is kevel with the centre of the circle. 1t then falls a
further 3¢ m vertically to hit the ground at point C. When the particle reaches point € it has speed 10ms™".
Air resisiamee can be ignored.

a Work out how much mechanical energy has boen lost by the particls in travelling from A to O,
b Show that the average frictional force betw e the surface and the particle is 0.546 M.

¢ Misclaimed that the coefficient of friction between the surface and the particle iz 0273, Explain how this
vialue has been calculated and why it is too small.

9.4 Power

Enecrgy can be put into a system by an engine converting fuel ichemical energy) intc a
driving force. The work done by the emgine is given by:

wiork done = fore: < deplacment

= Fx
Power is the rate of deing work, 2o the average power generated by an engine is given by:
average power = wirk r_lu.-m: by the emgine
time taken

_Fi

. [« rewn0 |
It alwaye takes the same amount of work to make a car gpeed up from 0 to 100kmh ™, but a
mute powerful engine will get the car to 100 km h ™' more quick lv than a less powerful one. Recall, from

Chapter &, that when
we dilferentiale

displacement with

Orver a very amall ime interval, &, the driving force F is constant and the rate of doing
work is given by:

power = F L respect Lo time we gel
ot velocity, and when we
A - I differentiate distance
Az b gets amaller, a approacies the Iurmlm and we get: with respect to time
ds we pel speed.
power = F i Y

The rte o® which an engine works is called the power of the engine.

Power = rate of doing wurk = Fr

| where I, the driving force, is constant.

Power is meagured in 157! or watts (W), Wi often use unita of 1000 watts (KW

Power s a scalar quantity. Strictly speaking, this involves a product of vectors, but a8 wo
are usually only concerned with motion in one direction along a line, we can fay trat

power = force = spoed




-'0.:"\_.]

L
Cambridge International AS & A Lwewnﬂmrrmﬁm Mechanics

)

L el

MODELLING ASSUMPTHD

When an engine corvens energy from fuel into other forms of energy, som cnergy ia

kot im thee fiorm of feat and sound. We will ignore this and assume that the stated power

of am engineis the veeasure of the rate of encrgy conversion e mechanwcal energy by the
engine and that mo energy is bost. However, energy losses do need to be considered by
rnamufacirers of machines so they can try 1o minimise energy foases and improve efficiency.

E*‘“J;

A car of mass 1500kg is being driven along a level road. It accelerates from 0km h™" to 100 km b~ in 108, Air
resistance and friction may be ignerad . Find the average power generated by the enginc.

Answer
W ki 1 YT F g
100 ki b AR Convery ‘\.l.ill'."l:dl.ﬂmﬁ-l.
AT (2722 _n2) =57 B B

Work done= 0. B2 -0 ) =578 T04 increase in KE = WID by engine

A VATame Twer 787 .

FANVETELER ik s Average power = WID + time taken
STETO4'W
STOEW (to 3 significant figures

Fora given power, the driving force generated wiii be greater at lower speeds and amaller

i1 higher speeda.
It is imporint to be

For example, & car pulling off from stationary under maximum power has a low speed and so has very carefiul to use

a greater driving F.w-:.t thian -.-.-.I:p.:n it £8 Fcre L e qui.:lklg.-. .T'Iu's rizana that the resultant fore is the resftant farce {or
greater and a0, usng Newlon's second by the acceleration is greater and the car speeds ap quck by net Force) in Mewlon's
seond low but only

Az the speed increases, the driviog foree (under maximuam powen) decrsases and 50 the resultant o )
i the driving foroe in the

firrce decreases amd, hence, the scoeleration decreases. 7 the maximum power = maintained,
the acceleration will eventually become 0 and the driving force is balanced b tise resistances.
At this point, the car is reoving at its maximum speed and this cannot be iecrsased further.

power squation. You
may find it helpful to
denode the driving foroe
We can use the masimum power outpul of an engine to find the maximuem speed that it can by I rather than F.

. . . ) .
generate. Al the maximum spead the acceleration is 0m s and, haoce, the resulant force is 0 M.

ORKE m, ,

L 1 S
Accar of mass | 5300 kg has an engine that has & pacimum power output of 2000 kW, The resistance o motion is ty pically
5003 M. Find the mazimuom speed that the cor can achieve on a level read {ignosing legal speed restrictions).

Answer
K - .
A diagram i2 helpiul.
resistance ‘l__*__h.dri'.-inp_ T
¥ Resigtence = SO00 N

weight
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Resultant force = driviog fonce — 5000
At the maximum fueed, acceleration =0,

i ) d Lise Mewton's second law.
Resulant foree = &

Drriving forg SO0 N

Power = dnving force = spoed Mote: we have not used the mass of the car,
= 500w o the maximum speed is the same for any
00 000 : engine that has this maximum power and this
= Spop  Tms resistance to motion.

WORKED EXAMPLE 8.12

Aocar of mass 1500 kg has an «agine that has a maximum power output of 200 KW, The resistance to motion is
ty pically 5000 M. Find the irstantaneeus aceeleration of the car when the sngine i3 working at itz mazimum power
and the car is travelling st W0ma.

Answek
i A diagram is helpful.
msistene driving lorce
— ﬁ"; Resistance = S000 N
weight

Power = di i'-i_'|!_l foroe = ?il-".'l.'d
Diriving force = 200 000+ 20

= [i{} QD T
Regultant foree = driving force — resimlance
= [0l — 5000
= 5000 ™
Resullant force = mass x acceleration Use Mowton's secomnd law.
Instantanecus acseleraiion = 5000 + | 500

) 3
= 333ms

L
IKEDEX]

A can of mass 1500 kg has an engine that has a neoaimuom poser output of 200 kW, The resistance to motion is
f pically 5000 M. Find the instantaneeus aceelerction of the car when the engine i3 working at its maximum power
and the car is travelling at 20m s~ up a hil! that is inclined at sin~" 0.28 to the horizontal.

Answer

A diagram ia bociplul

Resigtance -= 5000 M

Ciopvpw: nentt of weight down slope
= 15 00 zim O = 4200 M

Sin i - {128
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Resultant fores (o slope) = 10000 — 5000 — 4200

LR

Hezultant force = mass = acceleralion Use Mewlon's second law.

laneous acceberation = S0 <+ 1500

_ -
0513 ms

A car of mass 2000 kg traccls in a straight line on a horizontal road. The car accelerates from [ma Mo
MWms ! in 88 Agsumc ifeal registance can be igndned.

a Usethe woik- eveigy principle to find the work done by the Ao ing force.
b Find the overage power generated by the engine.

The cagine of a 5 tonne truck has a power output of 300 kW, The truck is travelling in a straight line on a
horecutal road. The resistance to motion i 20000 5. Find the maximum apeed the truck could achieve.

The maximum power of a boat engine s [40%X%_ The boat is subject to a resistance force of M 000 M. Find
the maximum speed the boat can achieve wiien travelling in a straight line.

A model train of mass 2 g iz neoving ia a straight line on a level track. The train accelerates from 2ms to
&ms"in 35 Find the average powor generated by the engine.

The maximum power of 2 boat engine is 12 kW . The maximum speed the hoat can achieve is I0mas™. Find
the registamce force acting on the boat when it is travelling at its mazimum specd and the engine iz working at
TV 5 TNV OwieT

A car of mass 1860 kg i being driven, at a constant [5ms I agajnet a registance of 2000 M, up a hill inclined
at 107 1o the hwrizontal. Find the rate at which the engine is woing.

A car of mass [0 kg i being driven up a hill inclimed at 107 to the horizontal. The car has an initial speed
of [¢ma" and a final speed of 12ma™ after 608, Air resistance and friction may be ignored. Find the average
power gencrated by the engine.

A ocar of mass | 200 kg accelerates upa hill cgainst a registance of 263 M. Ata certain point on the hill the road
iz inclined at 7 to the horizontal. The engine is working at 75 kW and the car is travelling at 25 ms. Find the
aceeleration of the car at this instant.

A small van of masas 1600 kg acceiciates from rest in a straight line along a horisontal road. The resistance
from friction and air resistance i 2400 M throughout the motion. The engine works at a constant rate of
A8 kW

a Write down an expression for the driving force when the van i travelling at vma™.
b Write down an caxpression for the acceleration of the van when i is travelling at vms.

¢ Explain why the power cannot be constant.
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m' 1 A powerboat of maga 500 kg travels in a straight line at its maximum veloeity against a resistance of 15 M.
The engine of 1l powerboat has a maximum power outpul of 754 W,

a Find th: imaximum velocity.
In diffcrent weather conditions the same powerboat has a maximum velocity of only 25ma™" .

b State what has changed in the model and give the new value of this guantity.

'IE‘! 11 A van of mass mikg moves up a hill that is inchoed at 2° to the horizontal. The engine works at a constant rate
of 30kW and the resistamce (From friction and air resistance) is a constant 400 M. When the van is travelling at

20ms " it has acceleration 0.1 ma . Fiod the value of m.

E 'I:*:“ 12 Car A, of mass [250kg, is travelling 2long a straight horizontal road at speed 10 ma ™. Theengine worksata
constant rate of 25 kW and the resistance is a constant 500 M. After 55 the speed of the car hasinereased to vms.

a Usethe work—energy minciple to find the amount of energy that i dissipaied and, hence, find the distance
travelled in the 55,

b Find an expreszica for the acceleration at time 58 as a function of v and show that the acceleration is not
constant

Car B travels along the same road, starting with speed 10ins ' and aceelerating at a constant rate for Sa. After
58 the fwo cars have the same apeed and alzo have the saimne acceleration a8 one another.

€ Show that v must satisfy the equation v* — 8v = 100 and, hence, find the speed of the cars at the end of the 5.

# The work-energy principle stales that for e motion:
increase in kinetic energy = todal wor Sone by all forces
1 |
myt — = gt = Fr
Sm =
where the “tolal work done" is tne sum of the work done by Forces with a component in the direction of motion

{forces that speed up the wiction) minws the work done agaimst forces with a oo ponent in the direction opposing
the mation {forces thai s¢~w down the mation).
The work-enemyy urinciple can also be wnitlen as:
Increase in miocianical energy = todal work done by fonces that help oo speed the body up
— tolal work done by foroes that help to slow the body down
{I'n both cazes “forces” excludes the weight of the body)
K.inetic energy and podential energy are types of mechiuiscd energy. (Mber forms of energy (heat, hight, sound,
curemical, electrical, nuckesr etc.) are non-mecham ol snergy.
A& consequence of the work—energy principle is that for a system of conservative forces the total mechanical energy
is constant. We call thes conservation of mechanical energy
Power is measured in Watts. The power of an engine, in walls, is the rabe a1 which that engine can work:
power = wark done = time laken

The power of an engine is also the product of the drving force of the engine and the wolocity in the direction ol
the driving fonoe:

power = Fr, where Fis the ariving foroe of the engine.
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Accar of mass 1250k is travelling along a straight horizontad road with it engine working at a constant rate of
PW . The resistance to the car’s motion is constant and eoua! to BN, When the speed of the car is 1%ms! ils
acceloration i 0.6ms ™, and when the speed of the car iz 30ms its acceleration is 0.16 m 2. Find the values
of " 2od R e
Catnbriclye Difermionional AS & A Level Mathematics 9709 Faper 43 002 Save 2001

Partscle X, of mass 2 kg, and particle ¥, of mass mi kg, are attached 1o the ends of a lght nextensible string of length
48 m. The string passes over a fixad ama®™ amooth pulley and hangs vertically ather ssde of the pulley Particke X is
held at growmd level, 3m below the putle: Parscle X i3 neleased and nses while particle ¥ descends to the grownd.

a Find an expression, in termes of my for the tension in the string while both particles are moving. 12
b Use the work-energy principle to find how close particle X gets to the polley in the subsequent motion. 2]
Aovan of mass 1500kg staris from rest. It i driven in a straight line ug o slope imclined at angle o 1o the

horizontal, where s o = — The driving force of the engine iz 2000 7! and the non-gravitational resistances

total 350 M throoghout the motion. The apeed of the van i vms ™ when it has travelled xm from the start. Use
the work—ewcsrgy principle to find v in terms of x. =]

Accar of inass 00 ke travels in a straight line up a slope iochined at angle @ to the horizontal, whens
aim @ = {05, The non-gravitational resistances are 200 N throughout the motion.

a When the power produced by the engine is S0 KW, the car is accelerating at L2ms . Find the speed of the

car at this instani 1]
b 'What would happen to the speed if the mass of the car increased? I]
¢ What would happen to the spesd of the power produced by the engine decreased? I

Actruck of mass 3000 kg stars frean rest. It is driven in a straight line up a slope inclined at angle @& to the
horizontal, where gina = 0.0%. The driving force of the engie ig T N and thic non-gravitational reistances
total 4000 N throughout the motion. The speed of the truck is v ma ™" when it Las travelled x m from the start
Find, to 3 significant fawica, the value of k for which x = &kv™. =]

Accar of mass 1200 kg e driven along a straight horizontal roead aganst a resistance of 3000 M. The engine has
a maximuam povser outpul of [00EW.

a Find the mximuam speed the car can reach. 12
b Find fie power being used when the car is travelling at a speed of 15ms and accelerating at —2 ms—=. [4]

A bux of masa 2kg iz pulled up a rowgh slope by a 1ope. The rope passes over a amoeoth pulley and is attached,

at the other end, to a block of mass 4kg with that cod of the rope hanging vertically The slope i inclined at 207
wr the horzontal and the coefficient of friction between the slope and the box iz 023, The system is released from
rest. Use the work—energy principle to find the spoed of the box when it has moved Lm ap the slope ]

A car of mass |600kg travels down a strzight road inclined at an angle @ 1o the horizental. The power produced
by the engine i 24 kW and the non-gravitational resistance is a constant 1600 M.

a Find the driving force when the car is travelling at a constant 20me . 2]

b Find the value of @sEp &, 4]
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A borry of mess 14 000kg moves along a read starting fros oot at a point Q. It reaches a point A, and then
continues to a point B which it reaches with a speed of 24us™". The part @4 of the road is straight and
horiconial and has lemgth 4080 m. The part A8 of the road is straight and ig incdined downwards at an angle of
&7 1o the horizontal and has kength 300 m.

i Forthe motion from & to 8, find the gaio i kinetic encrgy of the lorry and express its loss in potential
energy im terms of &, 3]
The resigtance to the motion of the boiry s 4800 M and the work done by the driving fence of the lorry from
Ot B is S000 KT,
il Find the value of 8. 3]
Carrilreidie Internationa AS & A Level Matleianios 9700 Faper &1 Q4 June 2005

A block of mass 25k i dragged across a rough horizontal fleor, uging 2 rope that makes an angle of 307 with
the floos. The coefficient of friction between the loor and the block is ®.25. The tension in the rope is TN and
air resistance can e ignored. After ravelling a distance of 5m, the speed of the box has increased by 2ms

a Fimd the woik done against fnction, in terms of T 13

b Use the work-energy prnnciple to find, in terma of ¥ the average of the initial and final speeds. 4]

A light inextenaible rope has a block A of masa Sk attached at one end, and a
block B of mass 16k attached at the other end. 1 he rope pasaes over a amooth B
pulley which iz fixed at the top of a rough plase mchined at an angle of 307 to the

horizonial. Block A iz held at rest at the boitom of the plane and block B hangs A -
below the pulley (see diagram). The coefficient of friction between A and the plane
ia __.&j Block A is rebeased from rest and the system staris to move. When cach of
the blocks has moved a distance of xm cach has speed vma'.
i Wirite down the gain in kinetic energy of the system in terms of v I
il  Find, interms of x,
a the loss of cravitational potential encrgy of the avstem, 121
b the work doae againat the frictional force. 13
i Shaow that 21¥t = 2200, 2]
Carilridge Internations) A5 & A Leved Mathersatics 9700 Faper 42 (5 June 2004
Farticle B, of meass kg, and particle X, of mass kg, ane attached to the ends of R
a light, inextenaible string of length 4m. The sting passes over a amall smocth
pulley fined at the top of a fixed trangular wedge, ABRC. The angles BAC and I
BCA ane cach 45" and the side AC is fixal 1o henzontal ground. The distamce L
from A o is 3T m. s 4™,
Surface A iz amooth and surface B i3 rough, with coefficient of friction | . ' Hm '
Particle B ia hold at the bettem of the slope A8 and is then gently released
a  Find the work done c2ganst Mmction when particle X moves a dstance xom. 13
b Find the chang: in the total potential energy when particle X moves a distance x m. 13

c Usethe weik-onergy pnncphe to find the speed of the particies when particle X' reaches
the groued at O, 121

d Expiun why the work done by the tension does not necd 1o be included in the work—energy calculation. 1]
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1 A ball of mass 0.5 kg is dropped from a height of 045 m and bounss to a heght of 0.2 m. Fimd the change
in cnentunn of the ball during the bounce. |

2 A box of measa 3k is pulled 10m from rest up a smooth slope, which iz at an angle of 87 to the horizontal.
Thee bz i3 pulled by a string with constant tengion, pacailkl to the line of greatest slope, for 65, Find the work
dene by the tension in the string. I51

3 Object A has mass 3kg and i moving with velocity 10m s towards object B, which has mass 6 kg and is
stationary. After they collide, object A bownces back with speed 2ms . Object B then collides with object ©,
which has mass 17 kg and is stationan: Obsect © moves at 3ms! after this collision. Deduce whether o
ncd there will be a third collision and caplain your reasoning. |

4 A cyelist and his eyele have a cosniwned mass of 80kg He works at a rate of 600 W while cycling along a
straight horizental read. Theos 8 a congtant resistance of B M.

a Given the cyelist has o maximum velocity of 12m s, find the value of K. 121

b Find the speed of ihe cyelist when he is accelerating at 0.625me— |3]
E A particle of mas: 3kg is projected with speed 4 ma ' towards 4 stationary particle of mass Skg.

a The parhicles coalescr on impact. Find the speed at which the partsches move after the collision. 121

b The rmoalesced particles then move towards a particl: of masa 2kg. After the collsion the coalesced
particles remain stationary and the 2 kg particle rwves with speed 3m s, Find the speed and direction of

= notion of the 2kg particke before the collisiun 151
B A carof mass |200kg travels along a straight horteontal road, starting at a poini A, The resistance to motion
of the car ia 800 M.

a The car travels from A toa point 4§ al a constant speed in | 2z, The power of the engine is 20kW . Find the

distance A8. 151
b The car travels from B 1 a peint © with an increased power of 24kW, reaching O with a speed of 28 ms :
after 37 a. Find the diziance BC. |3]
T The diagram shows 4 vortical cross-section, ARCD, of a fived surface 48 and O £ g

L1

I

are smooth curves and BC i a rough horteontal surface. A is at = vedtical 17m] ! \\ /
ES 1
1

heaght 3.2 m above BC. A particle of mass 2 kg i released frim A and travels

along the siface o D. TETTTTT

a Find the apeed of the particle at 8. 121
b Given that the particle reaches C with a speed of £ ms ™!, find the work done against the resistance to
nvortion as the partscle moves from 8 to O, 2]
€ The particle reaches the point 1. Find 1he mazimum vertscal heght of 0 above BC. |3]
8 A carof mass 2000 kg climba a straizht hill, ABRC, which makes an angle 8 with the honeontal, where s@ind = 6

For the motion from A to 8, the work done by the car’s engine is 256 kI and the cesistance to motion is B M.
The length of AB is 200 m. The speed of the car is M0ms " at Aand 16me 'a2 8.
a Find the value of R. [4]

b From B ioe O, the work done by the engine is 388 k. The resistaccs to motion remaing the same as that
between A wiwd J. The speed of the car at  is [2ms . Find the distance BC. 3l



- 1

Cross-topic review exercise 3

A particke, P, of mass 4kg is projected with speed 9 m s along cough horizontal ground. The coefficient of
friction botwsen [ and the ground is 04 After Tm it strikes a particle, @, of mass 3kg. The coefficient of
friction Getwoen £ and the ground is akoe 0.4, §F comes to rest after 2m.

a Show that the speed of P immediately before the collision is 5ms " and find the speed of @ immediately
after the collizion. 15

b Find the distance between (f and P when both have come to nest. 13

A lorry of mass 24 000 kg is travelling up a hill which s inclined at 37 to the horizontal. The power developed
by the borry’s engine is constant, apd there is a constant resistance to motion of 3200 M.

i When the speed of the lorry i 23ms ™", its acceleration is 0.2 ms . Find the power developed by the
lorey's emgin. 4]
il Find the stcady spoed ai which the lorry moves up the hill if’ the poser = 500 kKW and the resistance
remizims 3000 N 15]
Canifiridge Internationa A% & A Leved Mathermatics 9700 Faper 41 03 Noverther 2005
A box of mass 25kg is pulled, at a constant speed, a distamee of 36m up a rough plane inclined at an

amgle of 207 o the horizontal. The box moves up a line of gicatest slope against a constant frictional force
of 40N, The force pulling the box & parallel to the line of greatest slope. Find

i the work done against Mmction, I
ii the change in gravitational potential energy of the box, 12]
iii the work done by the pulling fonce. 12

Cemtfiridye Miternational A5 & A Level Mathematics Q7048 Faper 21 (32 June 2000
A car of mass 1000 kg is moving afoug a straight horizontal road against resistances of total magnitude 300 M.

i Find, in kW, the rate ai which the engine of the car i working when the car Tas = constant spead of 0ma". 3]

i Find the acceleration of the car when its speed is 25m s " and the engine i working at 90% of the power
found in part i. 13

Canbridye Mitertiarional A5 & 2 Devel Mathematics 9700 Faper 41 O3 Jure 2000
A block of mase 25 kg is pulled along horieontal ground by & Serce of magnitude 30N inclined at 107 above
the horizooatad. The block starts from reat amd travels a Aostance of 20m. There is a constant resistamce fonoe
of magritude 30N opposing nvotion.

i Fuied the work done by the pulling force. 12
il Usean energy method to find the speed of the block when it has moved a distance of 200m. 12]
iii Find the greatest power exerted by the 50 [ force. 12
s M
e

After the block has travelkea the 200m, it comes toa plane inclined at 57 40 the borizontal. The foree of 50M i3
merw inclined at an angle of 107 1o the plane and pulls the block directly op the plane (see diagram).
The resistance foroe remaing 30N

iv Find the time w1 takes for the block o come to rest from the instant when it reaches the foot of the
inclimed wtane. 4]

Carrifridyge Itermationa A5 & A Level Mathermatics 9709 Faper 41 Q8 Noverber 2000
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Time allowed k1 Bour 15 nalnwbes (30 matks),

Avnswer all the guestiona

Giive noo-esact numerical answens correct to 3 significani fgures, or | decimal place in the case of angles in degrees,
uiless a different level of accuracy is apecified in the 9 uestion.

Wheie a numencal value for the acceleration dus vo gravity is needed, use 10ms™

The use of an dlectronic calculator is expecied, where appropriate.

You are reminded of the nead for dear presentation in your answers,

1

Four horizental forces act af 4 puinl. The forces have magnitudes F R, 3N, 4 W and 10M. The F N force acts
at an angle of 90" to the 5 M force and at an angle of THF to the 10N force. The 4N foree acts at an anghe @ 1o
the 5 M force, as shown in the diagram. The forces are in equilibrivm. Shoow that o = 238" and find the value

of F. i
M
4N
T, Fy
i L]
——
S 1
/-
10

Aocar has a maximum povwier oulput of 60 kY. The car iz driven at its maximum P ina ﬂlluighi line
on a horizental road against a constant resistance. The car travels 2080 m at a constant speed of 32 ma

a Find the resistance. 121
b Find the work done by the cuzine. 121

Tw balls are travelling directly towards one another in a straight line. The first ball has mass 12 kg and i
initially moving at 3ms " the second ball is initially moving at 5ms—'. The Lalls hit each other and after the
impact each ball has veversed its direction of travel and iz moving at half iz original speed-

a Find the masa of the second ball. 15
b Find the ks of kinetie energy in the impact. |

A girl relier-skates in a straight line along a horeonial track. She starts from rest and accelerates at a constant
rate for Z0s, during which time she covers a distamce of 1000 m. She travels at a constant speed for the mext 105
and then slows at a constant rate for 55 uniil she slops

Find the tetal distance that the girl skates 4]

On another occasion the girl skates along the same track, starting from rest, with the same acceleration as
before. This time she accelerates for only 1s before travelling at a constant apeed.

b How long doees she take to tra! 100 m? 121



E A man runs slong a straight track, starting from rest. He aocclerates o that his velocity, v ms, is given by

W= L _._I ¢*, where ¢ is the time, in seconds, from when he starts to run. The man runs until his acceleration

]

gy = U and then runs at constant speed V for 50m. He then accelerates again, with acceleration &, ms >, given

by ay = 0.048T* — 0.008 T, where T is the time, in seconds, from when he starts the second acceleration phase.
The man rung until he cones 1o nest and then stopa

a FindV.
b Show that the man comes o rest when T = 0L 15
€ Find the total time for which the man rens. 6]

Particles A and B, of maszzs (4 kg and 0. 1kg, respoctively, are attached to fhe enda of a light inextensible string.
Particle A gits on a rowgh hogizontal table and the sinng passes over a small mnooth pulley at the edge of the table

4
1
g

[,

The system is released from rest and particle B dcscends Tmin 25

a Calculate the frictional force acting on part A. 151

Particle B iz now on the floor. Particle A contimees until it comes to rest, without having reached the pulley

b Find the total distamce travellcd by particle A. 151
A crate of masa 29 kg slides doawa a slope inclined al an angle & to the horizoatal, -.I-.-I'm-n: zin @) = Ilni-lrﬁ' For the
first part of the slope the ceaficient of friction between the slope and the crate is 25
a Find the acceleration of the crate down the slope on this part ol the slepe. 151

When the crate iz ieoving at 0.3m s down the slope, the surface of the slope changes, although the angle of
the slope is vochanged. After travelling 0.58 m on this second vart of the slope the crate is moving at 0. 1ms™".

b Find tic loas in the kinetic energy of the crate. 2]
Find the loas in the potential energy of the crate. 2]

c
d Find the average resistance force on the erate while it is travelling on this second part of the slope. 13]
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T 43 m

S a 0édms—

b The sprinter can maintain a constant accelera-

F'rerequis'n:e k'rﬂ.ﬂEdgE lmr.l a n-:I. WE Are ignoring lhc shape ﬂ! l.h-: .
i N 5 b 1 : sprinter’s body and the different positions it
t I=G A X= t=lary=—y . takes when running, by considering the
¢ x=-0907 or x =257 : sprinter having a single position at any point
in time.
2 a x=land y=2 b x=land p=3
) % Ims”
“xercise 1A _
-
I fms-] I Ems
7 Gim Il  Hecan pedal because doing nothing he will
| arrive at the tend with velocity 10Ems.
3 a 6=z i
b The chestah can ins{autly reach that speed. Exercise l{:_ ~
The gazelle remaing stationary. I a s=IIm b s=TIm
o e o=2ms" d a=3Ims*
4  Eminutes 20 scconds ; |
> a=4ms " I u=31ims
5 294 g v=Ims" h s=14m
1
6 a G3Ims! | 2 & t=4s b r=6s
b The speaeds are average speeds or the runne c i=4s

instantaneously changes spesd between seclions.

| 3 v=—Ims'

a 45m b 3ms )
- 1 4 wu=Tms"
¢ Sms
- 5 a v=9ms"
8 125ms’
b Positive acccleration means v must be larger
9 009s than i
1 BOs 6 50m
1 1 58440 m T T3 ms :
12 1014m in @ .Tds &  E00m
1
13 a Proof b Proof | 9 Smug 2
14 a Proof b Proof I a 10ms
. b The deceleration is constant.
Exercise 1B
I Zms? Il 04m past the target
7 2.5ms= 12 Mo, the ball stop: U4 m short of the hole.
3 L.58 I3 Thecar canmot brake safely in time, but can
) accelerale 1o get past the lights before they turn

4 19ms red, so inust accelerate.
3 3Ims 4 a Proof b Proof

6 14ms!



16 Proof
Exercise 1D
I a s

o oamd

i

T a nm

By

R

—18.75

-

10 s
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4 g=10s — 60 80 f=3.T75= € FmsT)
5 a p=—05 g=MW and r=0 T
i
b =50+ 10 - _J:;
S0 a=-ims” and & =10ms’ ] >
(1]
(1] a4 im) | -
S}
d Flms™y
&
i "
1]
b 5=30i and 5= 3000 — 20¢ T~
¢ They meet at ¢ =60z at & distance of 18500 m L] —_— -
from junction 1. e
2 & rims')
7 a3 slm) L

r_.il-—h.

11} S |
! [ >
b r= 1405 and 5= 3500 m i
L] s=8¢and 5=25+ 10§ — 5)
125ms™
? a 1135 ks Flmsy
b HRowing boats can travel at constant specd (in ]
reality they tend to increase speed with the
strokes and decrease speed between strokes).
10 00Zms™ ., -
\HE 5.5 1)
Il 60m 5 :
12 3501
i C pimsTy d rims ]
13 LZm | i
14 s
i
] _ Ehih 0 i
15 &= \ ) TE 1] . -
= | 705 aE)
Exercise 1E o}
| A wims 1] rr..il' L 3 160m
5 4 6.25m
5 5  9%m
W b ) D8]
ris) i 1260 m

T 22 58



=

L 5 15}

8 IL25s
9 12
I a &
b Thebeat accelerates at a constant rate and
moves instantaneously to constant speed at
the change between the teo stages.
i e
12 a 62m b 25l=
I3 a Heleadsbhy 69m. b 6472
4 a ymsy

26

a —

& ris)
b v=2-5 and v=-5{t—6) ¢ 28

15 a Thegraph iz a triangke and area under graph

is 3=%.rr independent of gradients of incs.

b The graph is a trapezium and area under araph is
s=%{t+T}v,iutpuuhtufgmjiﬂnuﬂiﬂ.

Exercise 1F
| rime-1)
-
i
]
2

I7.5

PE LR FTTY R P TTR PP !
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b The ball is modelled as & particle so has no
width (otherwise the distance the ball travels
between the cushicas would be less than 6m)
and the change 'n velocity is instantaneous.

7 Proof

End-of-chapter review exercise 1

| a 25m bk 567s
2 a 1125m b 23s
3 a 0.008ms? b 0.075ms *
4 a 6.25ms? b 469ms™
5 smk

] R

i
S
L]
[}
E
K
- \
oy P

Y

5 I

T
7 a 4.17s
b When the footballer kicks the hall &
instantancously starts moving at dms-1,
¥ a 135m bk 1Lis
& a Proot
b The clesest the lion pets is 0.5m away at
i= s,
I a Proof b 6.5=
¢ 320m
Il 55m
12 Fm
13 Proof
g Ly — Jusy — as
i — v

15 i 0016Tms?2, —02ms"

ii 40.35m ili #4.5m

i 1 Flmsy
0 1 1 >
| T i+ Ty 552 uj=m
py - 10
h=VF
ii Proof. ¥ =24
I7 i 32ms? ii G
il &5 iv Ims?
Prerequisite knowledge
| =04z
2 v=5ms’
Exercise 2A
| T M
2 4ms?®
3 300kg
4 35m
5 a 0Em=
b The balls are considersd as particles and so
ihe I m distance does not need to include the
thick ness of the balls.
25N
7 2000 M
& 60ke
o I3 600N
0 B0k
I 15z
12 20000k
13 15kg



Exercise 2B
| 40 M

2
3
4
5
[
7
a
9

S0M
]

0.625ms 2
490N
G600 N

25z
26,25 m

a 5340kg

b The air resistance i= constant or the variations
in air resistance are assumed to be negligible.

I 160ms"
I 7N

12 136M
13 40N
14  Reduce the driving force to 125N,
Exercise 2C
| TO0 M
18kg
2z

im
15mst

1L25m

=1 = U da e b

76, Tms!

58

=

150

I a 522z
b The force provided by the fare remains vertical
(often the flare may be blown at an anglel.

11 DO08SN
12 1Wéms!

I3 a 3i2m b

14

15

i
7

T.506ma!

305 m

i m

56N

Exercise 2D
1050 M

o e =1 2 U da e b

3MN

195 M

G048 M

420M

200 M

TOTH

GO0 N

a
b

G30M

The girl is being medelled as a particle, 20 has
only one point of contact with the helicopter,
otherwise there may be contact foroes where
her feet are on the helicopter as well as from
her seat.

4M acting froin the top pad pushing downwards
on the parcel.

End-of-chapter review exercise 2
44 m

L]

da

203 M

40M

a 30Z2500M

Z63ims"
316z

1208
0. Tmsz?

b 80m

¢ The subrmarine can reach a higher speed

underwaier, suggesting there is not as much
resizlance when the submarineg is underwater.

13i3ms’ b 393m

Accelerate with force T5M.



2 a D35N b &2ms’! I a F=I06k, F,=364N upwards
0 6575m F =233, F, = 173N right
¢ F=118MN,8=387T
It a 140m b #4mm I F,=18.3N upwards, 8 = 47.2°
12 3= e F,=2331MIeft, 8 =52.1°
13 B27Tm | 3 F=03660=0614
14 a i‘roof b 00607 4 a i ¥
8 i " tef
1 1 566ms? il 0.234s 2
16 1 2s
ii P=8ms",@0=1Tms"’
I7 i 135N
- |
I orimsy
E b Tsing=274
Toos8 =125
a u _ =128 =124
.S :I B ris) _ F=09531N. § = 0.5
Wl el 5 =053M, 8 = T05
P ik T :
I (] F R :I.I:l.-}_
The particle enters the liquid at time 15 with rallls
velocity —10ms and reaches the bottom of the )
. . - . . b
container at time 1.36 8 with velocity — 12 ma. =
20m
Prerequisite knowledge b F=295N, k=148N
[ 13m
7 a ES0H
1 AE=613m, BC=514m # <
3 AFABRC =334° AL=104m TN [ (
s 2 s
5 v
- 5 ' Tillg ™
5 7
\ b 8=346° R=T020N
Exercise 3A 3 3
i a 115N right b 263 N vpevards
ii a GEEM left b 98301 upwards
iii a T7T.52M leht b 274N downwards
iv a T.I8M right b 197N downwards
v a 746N right L 106N upwards I
vi a TL5M right b 338N downwards b F=I104N, R=473N
viil a Z4TM leil b 741N downwards
vili a 410N l= b 113N uwpwards



9 T =4260N, R =51500H
0 F=50N,G=34HN
Il T =17TN.7: = ¥ON

12 At 3 the box canmot remain on the ground.
The force is not large enouwgh to break equilibrium
herizontally, o the box lifts off the ground first.

13 Proof, F = (753 - 100)

4 @=331° =074

Exercise 3B

| 123 M im the given directicn
127 M in the given direciion

526 M inthe oppostie direction
359M inthe opposite direction

B f T o=

38.1 M anticiockwise from given direction
D14 M clockwise from given direction

0,202 N anti-clockwise from given direction
d 386N clockwise from given direction

LI -

F=190MN,8 =535
T=06E4M, F=512N
F=TTN, R=20MHM
8=175, R=382N
F=45TN, R=18TH

8=421% R=800MN

B s =1 = U da e

F=266N, K=T65N
10 #=3.5 R=155N
Il F=204N,R=230N

12 s Anyarrangement works. If the man holds the

rod at 407, each child can pull with furce
TLO M. If the man holds the rod at 53°, cach
child can pull with force 8006 M. I the man
holds the red at 60°, each chiild can pull with
force 80T M.

b They can hold it in cquitibrium provided the
man hobds the onc ap 4407

13 a Theycan hold it in equilibrium it the strongest
person hold= the one at 10° and the next
stronges! Lolds the one at 257,

b They can prevent the box from moving
ko izontally it the strongest person holds the
cne at 10F and the next strongest holds the one
at 25°. However, to remain in eguilibrivm the
contact foree would be negative, so the box
cannot remain on the grownd.

Exercise 3C
1 8=103.5, ¢ =1169°

2 30N foroe makes an angle of 53.1°, 40N foroe

makes an angle of 36.9°.
3 T=52N, 8=[22F
4 @=1512, F=680N
5 1330 ab 1007, 262 M at 2107
6 S5Moat 120°, BOGMN at 150¢
A
8 a Upto3ToN b Less than 220N
c 281°
%  Proof
I Proof
Exercise 3D
I @=388ms? H=452N
1 a =i ns?
® T
r o T
N

b T=0603N,R=I199N
3 8=50° R=84HN
4 T=5835MN,a=01Xms?
5 8=MN7F a=33ms?

G a

L T=510N, a=054Ims?>
T T=I10M0N, and 8 = 75°



& 0433ms?
9 a -"
] ,,J{LL’.--
I.'---H.é__",_-
- -l' II' -
1 ___F__. e
e | i; I
Ny N
v AN
W F=549N, a=0T3ms"’
Il @=168 a=325ms"
12 337s
13 302ms=
14 a 46lm
b The ball is being modelled as particle and
slides up the slope.
15 434s
4 15=
17 35im
18 414ms!
19 141M
20 Gl150N
Exercise 3E
| a=19ms" at an anglc of 30.9° to the right of
the positive y-direction
2 2665
3 397 aboes the positive x-direction
4 a="%Ims" at an angle of 14.2° above the
positive x -direction
5 158 M at an angle of 1247 below the positive
a-direction
6 a 531
b 155N at an angle of 75° below the negative
x-direction
T 45" below the negatiee x-direction
8 a a=06019m= ° at an angle of 35.0° to the right

of the direction AH

9

1]

1
12
13

14

b The peopic continue to pull at these angles
onee the motion starts, otherwise the answer
will only be the initial direction of motion.

Braring 36.4°, a = 0.860ms

The mass moves on a bearing of 088.1°, so closest
to Bob.

Bearing 021°, a = 0463 ms >
205 M
Prosof

Akhil pulls at 0¥, Yon pullz north and K hadijah
pulls at 30° o oive a net force of THN.

End-of-chan tor review exercise 3

[
2

i

-1

1

il
12
13

14

16
7

F=102N,8=4258°
177N
a 17T0M b 0361ms*

0.629ms > on a bearing of 3588

B=7515,T=35TN

0257 ms 2

a 06467 b 0.629ms?

23.6ks

a 240s b 0.784s
0.5Thms™!

b The torce is constant and the angle remains
unchanged despite the motion starting.

= 546m

a 6.72ms! E 130m
a 980ms’ b G603z
Proof
Proof

Resultant = 73 M. direction 41.1° from positive
a-direction

AF =65M, EF=10N

153



2

Cross-topic review exercise 1
| TO0M

? a Ati=5=v=4ms" andat =40z r=Ims™’

-
1z
3 b 2&Tms’
4 4A064N
5 a F=M3IN a=H4H2
b R=364N, 8 =164"
i a 528 m b Proot

T T=8TN.F=060N

B a TL¥
b m=2kg, angle 5437

2 a 129N indirection AR and 734N
perpendicular to A8 above A8
b Magnitude 148N at angle 296 to AR

above A8
0 a O5ms b 2

Il =848 F=5352

12 i 45z
ii 33s
I3 i F=1"_K=124

i 0.526ke

14 Tension in 5 s 138, tension in 5%, is 20M.

4 Friction
Prerequisite knowledge
1 1Tm

I 122m

3 334ms?

Exercise 48

a 4 & horizontally to the left
L 215N horizontally to the right

c 0N
2 a 36.2M upthe slope
b 13EN down the slope
¢ 559N up the slope
d ZX1MN up the slope
3 a 24N b 193N
¢ 2EN
4 a 40N b 415N
¢ J6EN
5 15N
6 = LBON b 236N
114N
8 TN
9 0258
I a 0221
b The roller is being modelled as a particle so it
does not roll down the slope.
I 0400
12 p=0275
13 1E4
4 M4N-=T=3MHN
i a 209 with the upward slope
b 83" with the upward slope
It a Atthat value of tension there will be no
normal contact foree, so no friction.
b As the tension increases, the normal contact
force increases, thereby increasing friction, so
a smaller coefficient of friction may be enough
to prevent motion.
17T HMoN=T={®HKN
Exercise 4B
1 a 149N b 14N ¢ 035ms?
2 a 29000N b THON ¢ 0.173ms™



3 0I182ms?
4 a 1.¥Mms?
b The gardencr will not move the wheelbarros:.
5 0447
G 0236
T 373ms*
& 0516
2 DZ6E
0 259ms!
I 374m
12 Pulling with the string gives an acceleration of
0.54 ma7 comparsd io an acocleration of
0.5 ms by pushing.
13 a 0244
b 1.19ms *
14 044im
15 a 29Tms? b 0485ms
6 a 13m
The tension instantly falls to zero when the
string breaks.
Exercise 4C
| 127 m, proot
2 a (L9545, prool
b A ball wouid abways roll, whereas a particle
would not =lide.
3 a 0422 b 518ms
4 a RLTN b 618ms?
5  Proof 1340 N
& Proof, L6dms2
7T 332ms’
g 432s
¥ a 0.972m

b The ball is being modclled as a particle, so
slide= rather than colls and has no thick ness,
=0 the size of 1he ball does not affect the height
reached up the slope.

I 931ms"’

I 1835m

12 0259

13 Proof

14 00956
Exercise 4D

I 48m

1 455HM

3} 255N

4 a 274 b 0518
5 14

G 120N

I

& 1610kg

92  Proof, 6LTN
I 315

Il Proof

12 Proof

End-of-chapter review exercise 4

[
2

L]
11

42 M

M= F=lMEM

&14ms"

L69ms*t

244mas"

R=4D0M T =150N

a Proof, 358N b Proof, 0.530ms2

It accelerates at 0.1 7% m a2 towards the
younger boy.

a Proof, 604N

b G0N =t 76" to the upward slope
a 922N b 05393

a LEim b 326z



12 a 0.51Tms? b 3i33ms!
¢ 11.7m d T27as

13 Proof

14 a Proof b Proof

15 i Proof ii 243m

6 i Proof ii Proof

17 0O57E= F==449

5 Connected particles

Prerequisite knowledge
I a 125m b 038
2 a 20N

b Surface is horizontal, no other forces act,
acceleration due to gravity is l0ms =

3 a 2N b (4zin & —1)N
Exercise 5A
| 0N
? a 0lms?* b 130N
3 a 0DfEms?
b Model box as a particle so oir resistance can
be ignored.
¢ M d i2N
4 a 20N b 130HM
S a ITON b 0.5ms"
G a0 Vippssred 240N, lower rod 120N

il Vpper rod 240 M, lower rod 160 M

b The masses of the rods arenegligible, the
second rod is vertical, the buckets of water can
be modelled as particles.

T From top: 250N, 240N, 20N, 220%, 210N,
200N, 190N, 180N, 170N, 160M, 150N

8 25N, 15N, 40N
9 TO000N

10 34N tension

11 4N thrust

12 Proof

Exercise 5B

B T B

Tension 30 N, friction 30 N

Tensions 50 M, 30M, friction 20 M
Tension 30 M, friction 10N
Tenzsion 20 M, friction with horizontal
surface 20N

a 3s
b The rope is modelled as a light inextenzible

string and the buckets as particles.

3 30N, 4N, 6N
4 a 02135 b 138ms’
c Ldgs
5 a 12z b l4s
6 a RGN
b D66
T 432M, 12N
8 6
2 1
M a Ims? b 36N, 33N
I a Proof b 0475M, 02T5H
12 a There are tvo lengths of string at the cylinder,
so the distance moved by the cylinder in a given
timee is half the distance moved by the box,
hence the speed and the magnitude of the
ecoeleration are also half those of the box.
b 25ms? downwards
15 a 5Strings are light, inextensible and hang
vertically.
b 55N inecach ¢ 25Nineach
d Upper unchanged, lower changed to 3™
Exercise 5C
I a 206N b 465kg
2 a 300N b 3200M
c JloomM
3 6
4 a 5200M b 416M
5 405kg J6EM
c 158N d 52.5M



a 25ms2 B 417N

a (M+milh+ats b moll0+ a)M
a JLIM b Proot

a 1 Gloky i T9Tkg

b &

Indw N

a 2mas’, upwards for A and downwards fur B

b 0.4ms 2 upwards

¢ A24ms wpwards, B Ltms downwards

End-of-chapter review exercise 5

[
2

(]

]

=

&
1]
li

12

a ls b 24N

a 00N tension b 5™ tension

a 95ms2 B 75N

a lms' b 0.9:

a 25ms> b 27m

T

a Pulleys are smooth, crate and ball are mindzlled
as particles, rope is light and inextenstde. If the
pulleys arenot smooth they might “=tick” and
the ten=ion in the rope might b different on
the two sides of the pulleys, hut the second
pulley would (probably} still not move.

b 243 =319

i Ty =25+0725 Ta=75-0.T5a

ii Proof

ili 12ms ! iv Gms?

Proof
fims ii 484ms’

i 275ms’ il 0.89m

a 12Zms! b Proof

¢ D.036E d 20Im:

Prerequizite knowledge

| 4 i4ms"’ b 33m
e 58
a 15x% - 60, (-2, 82), (2, -TE)
5 -
b ;rf 30x? + 2x + &, — 96
Exercise 64
1 20ms’
2 Eoma-!
3  a Ballis medcicd as a particle, air resistance
can be ignored.
b 2me! ¢ Oms!
4 a Oms’ b Oms’
= 12 units per second
a Proof
b Tm
i a lbs b 3ilm
T a Proot
B 12m
i a 320m b 3tms=
¢ 32ms’ 12.8m
@ 27Tm
I a xizcontinuousat =4,
s05x 4 = A3+ Bx=4d
B =24+ 48
N=Ad+28
b Proof
¢ A+58=5C+0 A+ 108 =10C
d 19
Il a Proof
b 404 ms!
12 a Proof b &74m
Exercise €68
| i=2
2 loms?®



>

3 a -W0ms? 7 a —43Zm b #43m

b This is the acceleration due to gravity. It is 2
negative use the upward di ion is & a %5m b 2Tlm
positive in this question. 5 2 Proof

4 a Sms b Gms’ b 294m
Tms * L0 a9 b 573
5 all b Proof 11 a Fimstcar 0ms", sccond car l6ms™
€ %ma'1 d Proof b 2E1m
¢ 427Tm d 123
6 a v=6-2rms’

b It starts with speed G6ms " but slows down and 12 a k=1 b Proof
then stops and returns back the way it came, ¢ 655ms’ d T=122s
specding up all the time. e 953m

¢ =13z

d a=-2ms"? {constant acceleration) Exercise 6l

1 32ms’
7 250 ms?
2 3 : 142ms’!
8 A=--B=>,C=2
. 1:: o R | 3 a I85ms’ b -12m
a 2i3ms 33s I
s -1
IR Ime= b 9ms 4 a Proof b 578m
e —Ims? 1
¢ Proof d 343ms
I a 10 minutes 5 498m
75.2kmh ! {or 209ms ™)
12.5km G 252m
i T a Proof
Exercise 6C b T
A0
-y 8 @
I 14l3m 9 1690m
3 20m 0 a 198ms’ b T.6s
4 a 0m b L33im c 42Tm d Proot
¢ ":] m Il a 799m b 398ms’
S a 299m ¢ 207s
b Smaller 12 a Proof b Proof
G a ls b Tom ¢ According to e model there is still air
¢ L18s resistance wien £ = 1.3, but the ball will stop

d There is no resistance on the downward when it reaches the end of the skittle alley.
journey, so, for cxatnple, the ball bearing docs End-of-chapter review exercise 6
not touch the sides of the hobe it has made. | Bdim
Improve modzl by incorporating a factor to .
represent friction. 1 a 0.125ms? b 11lm



3 a IZms!'. Ims! B 175m

4 a Bms! b Proof

5 234km

6 a 45ms’! b 40s

7 a Proof b Proot
¢ D2 m

d The gradient of the acceleration—time sraph
changes suddenly at ¢ = 1.

g8 i g i 713
i & m s ii m
& a OL5ms b G635m
¢ YD6=

il 583im
1 337
Il i A=4 proof ii [45u-"15}m
ili 54ms"
12 a Froof B 3ms’!
c 21 d Proof
¢ Proof

| a Tenzion = 48 M, acceleration = 2 mg?
b 26N

2 Oin the point of slipping down, g = 0.336

3 D.580s
4  Braking fore: = 6 M, compreassion of 2M in the
toww-har.
5 a 75ms’ b 59m
G a !5%m b 2945
T a XM3m b 3s
8 a 268m b 1995
% a 2s b %12
¢ l4m
7 . v o 20
W a=2=333ms=, T = 3 = 6.7
11 1 a=04ms> proof il p=10.321

12 i r«<25 ii 2Tm

iii =231 and =519

13 08m

Prerequisite knowledge

I a Proof b 75ms’

¢ 10éms!

2 a 75ms? b 124ms!

Exercise TA

[ B0Ms

2 33000M:

3 285HM=

4 DNO36MN=

5  36Ns

6 a Tms! b 245Nz

7 a Gms! b 1ZNs

8 a 045m
Ball iz modelled s a particle with no size and
it i2 assumed Thore is no air resistance. Air
registance woubd slow the ball, so it would
hawve a smailer velocity when it reaches the
grovild and consequently a smaller velocity
afi=r the bounce. If the hall has size then the
centre of the ball does not reach the ground so
the distance travelled is reduced and again
this will reduce the velocity atter the bounce.
Bedeced rebound velocity will reduce the
height reached.

2  DIX5Ms

1 Proof

I 1.2ms?

12 13im

Exercise TB

[ 40kg

2 2ms!

3 50k

LLE]



>

4  9:11
5 05ms’
6 2ms 'in the same direction as C (the original
direction of travel for A)
7 a 6ms 'inthe opposite direction to Jayne
b Motion is in a straight line. Jayne just stands
and does not “push of ™ with her skates. Jayne
and chair can be modelled as particlcs.
8 40k
% a 25ms’ b It is horizontal.
1] Proct b Proof
1880 ms !
Il a Proof b 2 — 1)
12 a 0.75ms . 65ms ", 3ms’', 2ms’
b Opprosiic.
End-of-chapter review exercise 7
| 2
2 0Ems!
3 909=
4 06
1 1
5
3 ms
G a (3m+04)M= b0
7 l4ms'
8 a X:0a5MNg F-005Ns b Proof
9 195=<m=25
0 a 5B84Ms
Height reached after second bounce 1L18m,
aftter third bounce (L957 m.

¢ Ball can be modelled as a particic, so ball has
o size, and there is no air resislance.
a D02X5M=

b Let the original direction of travel for X be
the positive direction.

Total momentwn before impact = — 00072 N s

C

This is negative so at least one ball must be
traveiling in the negative direction after
impact.

¥ cannot pass through X, so X must reverse
itz direction of travel.

—05ms !

12 Proof

8 Work and energy
Prerequisite knowledge

0™ b 346M

2 OGN upthe slope

3 a 13N duwn the slope b 45ms"?

4 5 lZem

Exercise 8A

1 &0l

|

2 a lood b 766l

3 a -0E)] b 03]
c 0l

4 400]

5 a Friction from the edge of the canal, resistance

from the water and some air resistance

b 2000

6 a i 01 il 5640]
b Proof

¢ The component of the tension perpendicular

to the direction of motion is more than double
in the second situation (538 M) compared
with the first (26.0 M) o the frictional
resistance will be greater.

T a 6l b 1731
c 0l d 01
1L.31
8 a 201 b 259]
c 0] d 239]
2 a 400] b 200
c 2591 d 01

e 1211



I a 5J ] J
c 0l i 21

11 283]

12 1.73]

Exercise 8B

| 1200

2 3630000 or 363k

3 T3]

4 5]

5 a 14Tms’ b 2164

6 a 13ms! b 80]

T  Tms!

&8 25m

2 a 12501
Mo ditference, provided the speed is still
constant.

6 a 563x10)
Fuel will be used while the rocket iz
accelerating, se the mass will decrcase.

10 13 :

Il a _J_c-r.'%.."i."i b or 2.17Tms=

12 Momentum is conserved
Ml g — PRIl = —HV 5 = (VR
B Uy +Fy =g - Fg
Kinetic eneroy is conserved

0. 5me + 0 5mug = 0.5mv’5 + 0. 5mvy

3 ) ¥ )
80 Wy — Vg = Vi — g
(g — FyMay + vy =(vg —ugivg + tig)
But sy + ¥y = Vg + ug
SOy —Fy = Fg—1lig
Add: (uy +vy)+ iy — vyl =(Fg +ug)+{vg —tg)
20 2y = 2vg

iy = vg and vy =g

13 a 012] h 0l
c 021

Exercise 8C
| 106 ¥

2 &1 § decrease

3 034l
- a 5] b 500
¢ 5]
5 206
G F67T0)
7 40 kz
] A "
i
003K ;E]\
500 Y
b 2 10m ¢ 131)
2 a Proot - m
3 1L32
35 ]

The boy is modelled as a particke, this means
air resistance is ignored. Adr resistance would
slow the boy down, so the slope would be
longer and the loss in GPE would be greater
than the values siven.

The slops s modelled as a straight line.

In reality # would Hatten out towards the
bottonn, so the boy would slow down while
trovelling horizontally, his spead at the
buttom of the descent would be greater than
v and the loss in GPE would be greater than
the value given.

i —60)
11 00751
12 Proof

End-of-chapter review exercise 8

I 243

I a 0.24] b 0.24]
3 a D9T8mas? b 321k
4 a IONM b Proof

< The push force and resistance are constant.



&

&

75010 ii Proof

1 a .25) decreass

Mo difference o the numerical answers, but it
would alicct how far the ball travels horizon-
tally, i'v: height the ball reaches and alzo the
anglc that the path of the ball makes with the
vertical when the ball passes throwgh the

b 0.25) increase

hioop.
T i 17 ii 30ms!
8 a IZms? B 2235m
c 071
o a 20001 b G0 T
50m d 100001
1] 0N b 4m
in° d 6l1Zms!
Il a L30m: - parallel to the slope and down the
slope.
b E£3im c 31X
d Proot

12 a Theonly force acting on Jack during e Hight
is his weight, which is vertical, o there is no
horizontal resultant force and hence no
horizontal acceleration.

13.2ms"

10600

L51m

He could casily slide off the trampoline.

He would bounce up to quite a height and
could bounce several times before coming to
rest.

- & & T

9 The work-energy principle and
pnower

Prerequisite knowledge

| 1251

I a 1501] I |
c 1251

Exercise 9A

I a &bl b 1101

¢ 501 d 2ms’!

G =1 = N

I

1.3 m="!

a 43al b
¢ DEdm

4001

a 25501 b 7.75ms!

¢ 7.75ms!

a 10.2ms"’ b 25m
6N

S5m

a 498N
b Very small resistance force so grass is very
slippery, perhaps the grass is wet.

a Bi)J
Al4m

b T.14m

If the initial speed is & ma ' and the final speed is
rms ' then ¥ — o = 300. According to the
driver, v < 30 30 & must be less than 24.5.

a Proot

b Proof

a 151 b Proof
¢ 583ms! d 548ms!
e 6720 I 632ms?!

Exercise 9B

e -

-]

G3%ms "
535mg!
a 0.571
b 498mas'=1™kmh?

2ms!

Smz!

2Mms!
0.05*

a W!ﬁ] ms!

b Diver modelled as a particle sono air
reAistance, no spin ctc. End of the board
azsumed to be 10m above the water at take off,
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bt if it is a Hexible board it may be bess (or Exercise 9D
more) than M0m. 1 a IN0ED B 37.5kW
9 a 43ims— 2 Mmag!
The cnly Frace acting is the weight, which is ) :
vertically downwards, so there is no horizontal 3 i4ms
component to the acoekeration. [ 3 2w
¢ Froof |
5 1IkM
I a i 10wkl i O Smr? ]
i (0.5Mv* + 10Mk sing) ] 6 TOIEW
b Proof T 16w
11 ai Tms’ ii 1lms” % O0ERms?
The surface is smooth.
- a 48 000 b | £ || _ 2
¢ No difference. o M l . - 1.5|ms
12 a 0 =44Tms' » 755 ¢ IFthe witial value of ¥ iz zero the initial
Ariving force and the initial acceleration
) vwirld both be infinite.
Exercise 9C _
I a Mm b 1200 It a 50msz" b Resistance is now 30 M.
¢ Heat {11 2450
I 0 12 a Encrgy dissipated = 6250300 — ¥},
3 24] distance travelled = 1.25(300 — v*)m
4 100N b [ 2::' — 0.4 }mﬁ . Proof
5 942N - :
¢ Proof, 148 =
G 20m
_ [m LR }m End-of-chapter review exercise 9
' 21 I P=25500,R=75
27 1 0.6 10]
a 225ms b 144m 2 . '-1-1?!1: N b [::J:”
a 02N b 35ms’=126kmh’ s -
¢ Proo ¥ = E
| 'E
I a 47 b 532cm ;
4 a 2WiIms
Il a 7H p M= b The speed would decrease
o ¢ The speed would decrease
2 3 :
12 a 211 b Proof 5 3 50
¢ At the start the normal contact lorce is 2N _
and 0.5346 + 2 = 0.273. However as the particle 6 a 20ms b 39kW
mecves down the surface the frictional force 7 103 1
reduces to 0. The valus G546 iz an average and ' S
at the start the frictional force is greater 8 a 1IN0 b 0.025
than this.




B i Cainin KE = 4030% ]
lo=z in PE = 42000 2n8%k]
[T

10 a 0.625(500-T)] b (D997 — L56)ms"!

1 oi 105
ii a 135x)

b 25x]

il Proof

12 a 12.5x] b 1020 = t40x]
¢ D90Gms!

d Work done by tension in pulling X up slope
Al iz cancelled by worl: done against tension
when ¥ slides down 8C.

Cross-topic review exercise 3
| 2.5Ms upwards
2 5851

3 Ves, there will be a third collision, because objcct
% is moving faster than object 4 and will calch it

up.
4 a 50 b Gma!
5 a l5ms!
b Imsz"' in the opposite direction from the
codlesced particle
6 a 3m b M m
7 a #ms! b 48]
c Em

a8

]
i1

1z
13

a 750 b 250m

a Froof, 4ms™! b 1.5m
PoSl4kwW ii 3L.7ms’
i 14400 i 30801
iii 45201

i 12kW i 0.032ms?
i 9E5] ii 555mal
iii 27IW iv 544s

Practice exam-style paper

1
2

Proof, F = 661N

a [875HM
XI5k0

T

0.72kg
1081

[=al ]

225m
258

[=al ]

a F=4ms™"'
b Proof
¢ h5s

075N
L27m

=l ]

0.775ms2
L1G6]

1971
60N

B oo



Glossary

A
Aocelerathon: rate of change of velocity

Angle of &=icthon: the angle between the normal contact
firce asd the total contact force when friction s Emitiog
C

Coalesee: when two bodies join together in an impact and
continue as one object; the eppoesite of an «xplogion
Coelfichent of fchetlon: the ratio between the Frictional force
and the noermal contect force when friction is miting
Components: the paris of a force acting parallel o given
axed, udually two perpendecolu aes

Compressione force in a rod or other connecting object,
but not a stnng, which provides a force in the direction of
ihe rod towards the objsct it is connected to

Commected objecis: ohjecis that are attached together with
forces acting betw cen them

Comsetvalive ioree: a force for which the work done in
moving 2ii object between two points i independent of
the pati taken

Coms erved: wnchanged, as in “total momentum i=
aongerved in an impact’

Contact force: the combined effect of twoe ofsjects
touching, compriging two components: the normal
contact force and friction

D

[Hsplacement: distance relative 10 a fised point or origin in
a given direction

[Mssipated: mechanical cueigy lost by being converted into

non-mechanical ene gy, such as heat, sound and light

i

[istamee: bength of path between two points

E

Equillibetiz: atate of an object when there i no net fores
acting wn it

Exploston: when a single object splits into two or mcne
wpparate parts; the opposite of coalescencs

F
Foroe: influence on an object that can aiter its motion
Frlctlhom: force between two surfaces acting parallel 1o the
contaci betwesn the surfaces, as & result of the roughness
of the surfaces in contact

G

Cravitatbonal potentls! ceergy (GPE) (or polenital energpy
(PE): the encrgy thal a body possesses because of its

position (in a gravitatenal field) The potential energy is the
vroiduct of the weight and the height It is a scalar quantity
mcasured in joules (1)

Gravity: atiraction betwesn two objects as a result of their
miasies, usually thought of &z a foree acting on an object
towards the Earth

[

Impac: a collsion or othes interaction between two
bodies

Iestanlamess aceckerallon: the acceleration at an mstant,
which is the b ient at a pl.r:i||1 0n a '.q.'|q.h.'i1:.- i 2r u.|.l||2
usually just refeined to as aceeleration

Iestaniameows velocby: the velocity at an instant, which
iz the gradient at a point on a displacement—time graph;
usa ly just referred to as velocty

r

Bolmetlc emerpy (of Unear Khnetle energy): the energy that a
body podseases because of its motion; calculated as half
thie product of the mass amd the square of the speed; a
scalar quanfity, measured in joules (1)

L

Lighi: having no, or megligi ble, neasa

Limliimg equilibeium: whon friction is at its maximum
possible valwe bui the re is no net force on the object
Lime of action: the direction in which a force acts
Limez il preatesk shope: the steepest path up or down a
surface whicn i at an anghk 1o the honzontal

M

Victsenlumy, of lnear mwomsetium: the prodsct of the mass
and the velocity of an object; a vector quantity, measured in
M g; itg direction ig the same as the direction of the velocty.

N
Segligible: small enowgh to be ignored for the purposes of
the mathematical model

wewlon's first law: the principle that an object continues
moving in the same directson at the same gpeed unless a
net foree acts on the object

“wewlon's secoted law: the principle that the rate of change
of momentum ©2 proportional e force acting on an object,
which leads o tie \.'\i.]l.linlil.lll F =g in the case whene
miEss ig couaLant

Sevion's thind aw: the principle that for every action there
is an cqual amd opposite reaction



M om-conservalive fbee: any force for which the sork done
i moving a partick between Dwe points is different for
different paths taken

Poormeal conlaet forec: inilluence of one object on ancther
thrcugh being in contact; the force acts perpendicular 1o
the touching surizces

L

“Ohm ke palnd of lippng’: state of an objpeet when friction
is liviting 2o that any increase in the force applied (o the
chiject will cause it Lo move

Cetlghn: reference point from which displacemes, is
meagured

]'.I

Power: the rate of doeing work, mewacred in watts; the poswer
generated by the engine of a vehiclz ia the product of the
driving force and the speed at which the vehicl: is moving

R
Reactlon force: aleriative name for normal contact force

Resistamce: force cpposing motion possibly caused by the
air of other medium through which the obgect moves

Resodvhig: process of splitting forces into components in
given (vaually perpendicular) directions

Resvitont: singhe force equivalent 1o the net total of other
foorea

= any light rigid connector joining two obijecis; it can be
in tengion or in thrust

Rough: having friction

5

Scalar: quantity having a numetical value but no assigned
direction

Smwooth: having no friction

Smooth pulley: a pulley for which the magnitude of the tension
in a string passed cwer it is the same on each sde of the pulley

Speed: rate of moving over a distance

Strimg: any fesible connector joining two objects; it can be
in tengion but not i threst; it s assomed to be light and
iextenarble (does not stretch)

T

Tenslon: foroe in a string, or other conneciing object, which
provides a force in the direction of the string away frem the
olrject it i3 conneded 1o

Thrwsi: the force provided by, for example, a rod when
under compresgion, acting along the rod towards an object

W

Vector: gquantity havin g 2 vumerical value in an assigmed
direction, which may = negative
Veelmclly: rate of change of displacement

w
Wark: the work done by a foroe that causes an object to
o e abong the line of action of the ferce & the product

of the magnitude of the force and the distance the object
miowes in the direction of the forcs; a scalar quantity,
measured in joules (1)

Work done apalmsd gravity: the work done by the weght
of a body when the body iz raised vertscally; ift the body
has mass wm and rises through a vertical height & then the
work done against gravity & migh; equal 1o the ferease in
potential energy

Work done by gravity: the work done by the weght of a
by whien the body falls vertically; if’ the body has mass
and fallz through a vectical height b then the work dene by
gravity i mgh; eqeal 1o the deereade in polential energy
Work—enetay primedple: for any motion the increase in
kinetic ensory is equal to the work dome by all forees or the
icrease i mechanical energy i3 equal to the work done by
all T {excluding weight)
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Index

e leration 911, 37
ad the denivative of welocily with respect to tume
134-7
due to gravity (gh 42-5
equatisg of congtant acederation 11-13
fincding the direction of 71-4
and (nstion 90
istanianeoes 134
modelling aggumptions 23
Mewlon'8 second law of motion 37-8, 39, 558
from velocily-time graphs 22
serer erlio non-conatant acceleration
air resmlance 36, 47
angle of frection Wd-2
Acrchimiediss 115
anca under a weloatytime graph 22
Anstotle 36, 37
awerage spooed 5, 5
el ade vebocrly 4 -5

hutterfly efect 42

cionan y curve 55
clianges of direction 132
vhaos theory 48
civalegcence 162
coelTicent of Triction {g) &4
experimental determnation of 101
relatwonship Lo angle of friction
i
collsiong 1612
coalecenee and explogions 1624
modelling assuimptions 28, 161, lbd
A T it el i
componenls of o veclor 54-6, 5396l
compresson 3
conhecled obpecls 10
mosde g aggumplions 115
i oy lafts 121-3
by rods 110-13
by strangs 11418
comservation of mechansal crergy
with conservative forces 193-3
with mon-conger vative forces 1960
comervation of momenium 1614
condervative forces 143
contacts, rough amd smooth 24

deceleraton %, 135
sew alte aooeleration

Degcartes, Rend 159
direction, changes of 132
digplacement 3, 4-5
differemce from dstance travelled 141
as the integral of weloaty with nespect to time 13945
refationship to acseleration 11
Fromm velocity—time graphs 22
digplacement—time grapha 15-19, 130
instantaneous changes in gradsent 27
diggapation of energy 196
digtamce 2, 4-5
difference from dizplacement 141
driwing force H2—4
dynamics 2

energy 170-|
coligel watwon of 1939
graatational potential 179480
kinete 178
meehamical and non-mechanical 185
mocdelling assumptions 130
work—ciergy principle 15691
ENETgy Converdicds
with comervative forees 193-3
with nom-congervative foroms 1964
energy degipation 196, 202
eqquitiong of constant acatoaton 11-13
eqquilibrium 3, 55-6, 5
himiting &4
triangle of forces and Lami’s theorem 62-5
Euler, Leonhard 01
eaplogiong 162

force duagrams 3941
forces 36
combinatsong of 39-41
conSer vatmve 193
driving fore: 2024
gravity 42-5
Lann's theorem a3
hne of action 171, 172-3
modelling assemptions 37, 67
Mewlon's laws of motson 358, 39, 10810
oi-condervative 196
moi-equilibrium problems 668, T1-4
mormal contact foice 47-9
regolution of 546, 7961
redultants 714
triangle o 62-5
work done againgt 1755



work done by 171-3
L Y [ T

frcteon 36, B3-7
angle of 100-2
changs of direction 95-8
cocfficien ol =4, 100, 101
direction of wetwn B4-5
and furd dy mamac 71
lamit of B0-3
biriting value 84, 55, 90
inodelling assumplions 91, %6
movi g ohgects 90
ag part of the contact foro: 84

Cralibeo Cralile 42
gradienis
digplacement-time graphs 15
instanianeous changes 27
vielocity—time graphs 22
graphs
with digcontinuitios 27-9
digplacement Lime 15-1% 130
'.ll.']um'i]l laimbe 22-4, 140
gravitational potentral energy (GPE) 17920
work -cmergy princple 138491
gravity
Avceheratwen dwe Lo (g) 36, 42-5
work done by of against 172, 173-5

Halley, Edmund 132

hight, changed in
work done 179350
work—emergy princmple 13891

impact 1612
coalmcenee and explosong 1624
modelling asswmptions 28, 161, 1bd
st nta neous acceleration 134
instanta neous wloaty 130

Joule, James Prescodl 171
juuh'.‘ 1) 17

kinetic energy 178
modelling assumptions 130
work—cmergy princmple 13691

Lamis theoram 62-5
Laeibnite, Gottfireed 196
hiftg, ohgects in 121-3
limiting equilibrnem 84
lime of action of a force 549, 171
different direction from line of motion 172-3
line of greatest ghope %5

rechaneal emergy (86, |54
congervition of 193-9
work-cnoigy principhe 188491
Mechamca 2
ol g wi—vid
el ing asdumpteong &7
connecied ohpects 118
fore=s 37
friction 91, %6
&, vitlue of 43
impact 161, 164
instantaneous changes in welocty 28
kimctic energy 130
with non-constant acouleration 148
rri-euilibrigm problensg 67
merimial contact foose 48
puower DZ
vihocity—firme graphs 23
mesmeniein 386l
cotssrvatun of 161—4
i, Mewlon's laws of 368, 39, 10810
muli-gtage probbems
and displacement-—time graphs 15-1%
and vebocity-time graphs 22-4

Mawicr-Stokes squations 91
Mewlon, 12aac 36, 132
Mewlon's cradle 161
Mewlons first law 37
Mewlon's second law 37-4, 3 668
a.p-p]'l::d.iiul'l Lo connest ed ul:-jL'L-'L'I- 11013, 115, 117, 121-3
Mewlon's third ks FE—10
nof-conger vatmve iviced 196
non-congtant socekerabon 1249
digplacsinent 13945
ot ng @ssumplions 148
veiscily 130-32, 14850
non-gravitatonal redstance 175
normal contact feree (reacton fonss) 47-9
and friction 34
modelling azsumptions 45
Mewlon's third law 109-10

‘on the poant of shipping” 84
ofigin 3

Peancane, Henr 48
podential energy (gravitational potential energy) 17980
porwer 186, 200-4
modelling sssumptions 202
problem solving
pulleyz i15
modudling assumptions 118
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reacion force (mormal contact foree) 47-9
and friction 84
modelling assunmptions 44
Mewlon’s third kaw s - [l
regiglance: forces 57
mon-gravitatasi| (75
e aplter air negedance; (rclon
regolving force 54-6
i directsons other than honzontal and verteal 596
regultaot fonoes 341, 71-4
rogls
modelling aggumptions 115
objeets connected by 110-13
rough contacis 34

suakar quantities 3
gmooth contacts 54
gimisoth pulbeys 115
modelling assunmplions 115
Bpoed 1, 4-5
glatics 2
gtationary pounts 13%
atringa
modelling agsumplions 115
objects connected by
1id-13
Buval equations 11
Systime Inter mationale (51) system of wnits 159

lengion 36
im rods 11012
imstrings 11414

three-body problom 48
thruwst 36, 11012

lodal contact force B4, T
traanghe of furces G2-3

uidergrowndmat emates wehdite vii

veclons 3
COMponents of 546
veloeily 3-5
ag the denvative of digplacement with regpect to timse
13032
from digplacement-Tume graphs 16
indfanfancous 130
instantaneous changes 27-4
ad the integral of socderation with respect 1o time
15
modelling agguaptions 28
refationship 1o acseleration
Wl
gt ol 135
veloeiiy—time graphs 22-4, 140
digeontinuitses 27
miodelling assumptions 23

walls (W) 200

weight 42-3, 193

wilk 170

wiorrk o againt a foree 173-5

work dome by a foree 171-3

work dome by o againgt grovity 172, 173-5
work—energy pinciphe 185 41









